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EXISTENCE OF POSITIVE SOLUTIONS FOR A
BOUNDARY VALUE PROBLEM OF A NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATION

F. J. TORRES

Communicated by Mohammad Asadzadeh

ABSTRACT. This paper presents conditions for the existence and
multiplicity of positive solutions for a boundary value problem of
a nonlinear fractional differential equation. We show that it has at
least one or two positive solutions. The main tool is Krasnosel’skii
fixed point theorem on cone and fixed point index theory.

1. Introduction

In this paper, we discuss the existence and multiplicity of positive
solutions to boundary value problem of nonlinear fractional differential
equation

(1.1) Dgiu(t) +a(t)f(u(t) =0, 0<t<l, 2<a<3

(1.2) u(0) = u"(0) =0, /(1) =~u'(n)

where D, is the Caputo’s differentiation and 7, € (0,1).
Throughout the paper, we assume that f and a satisfy the following
conditions.

(H1) f:]0,00) — [0,00) is continuous.
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(H2) a € L*[0,1] and there exists m > 0 such that a(t) > m a.e.
t €[0,1].

Fractional differential equations have gained considerable importance

due to their application in various sciences, such as physics, mechan-
ics, chemistry and engineering. El-Shahed [4] used the Krasnosel’skii
fixed point theorem on cone to show the existence and non-existence of
positive solutions, and Kaufmann and Mboumi [6] studied the existence
and multiplicity of positive solutions of nonlinear fractional boundary
value problem, where D, is the standard Riemann-Liouville fractional
derivative. Qiu and Bai [8] studied the existence by using Krasnosel’skii
fixed point theorem and nonlinear alternative of Leray-Schauder type in
cones and Benchohra et al [1] studied the existence and uniqueness by
using the non-linear alternative of Leray-Schauder type and Banach’s,
Schaefer’s and Burton and Kirk fixed point theorem, where D, is the
Caputo fractional derivative. In [2], the authors obtained existence and
multiplicity of positive solutions for using the fixed point theorem due
to Avery and Peterson. Motivated by the above works, we obtain some
sufficient conditions for the existence of at least one and two positive
solutions for (1.1) and (1.2).
The structure of the paper is as follows. In section 2, we present some
necessary definitions and preliminary results that will be used later. In
section 3, we discuss the existence of at least one positive solution for
(1.1) and (1.2). In section 4, we analyse the existence of multiple pos-
itive solutions for (1.1) and (1.2). Finally, we give some examples to
illustrate our results in section 5.

2. Preliminaries

For the convenience of the reader, we present here the necessary def-
initions from fractional calculus theory [7].

Definition 2.1. The Riemann-Liouville fractional integral of order a >
0 of a function f:(0,00) — R is given by

197 (t) = F(la) /O (t — 57 f(s)ds

provided that the right side is pointwise defined on (0,00).
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Definition 2.2. The Caputo’s fractional derivative of order o > 0 of a
continuous function f : (0,00) — R is given by

1 Lfm(s)
Dy, f(t) = d
0+f( ) F(n _ Oé) /O (t _ S)a—n+l §
where n — 1 < a < n, provided that the right side is pointwise defined
on (0,00).

Remark 2.3. If a is an integer, the derivative for order « is understood
in the sense of usual differentiation.

Lemma 2.4. ([8]) Letn—1 < a <n, uec C"0,1]. Then
I8. DS u(t) = u(t) — O — Cot — oo — Cpt™ ™
where C; e R, i =1,2,...,n.
Lemma 2.5. ([8]) The relation
ST ult) = 15 u(t)
s valid in the following case
ReB >0, Re(a+B)>0, u(t)c L'(a,b)

Definition 2.6. Let E be a real Banach space. A nonempty closed
convex set K C E is called cone if

(1) x € K,A> 0 then A\x € K

(2)zeK,—zx€K thenz=0

We shall consider the Banach space E = C]0, 1] equipped with stan-
dard norm

= t
Jull = maxu(t)

The proof of existence of positive solution is based upon an applications
of the following theorems.

Theorem 2.7. ([3][5]) Let E be a Banach space and let K C E be a
cone. Assume 1 and Qo are open subsets of E with 0 € 1 C Q1 C Q9
and let o
T:KnN (92\91) — K

be a completely continuous such that

(i) |Tul| < fJul] if ue KNIy and ||Tu|| > ||u]| if w € K NOQ,

or

()| Tu|| > ||u|| if ue KNOQ and ||Tul| < ||u|| if u e K NoQe

Then T has a fized point in K N (Q2\Q1).
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Theorem 2.8. ([3]) Let E be a Banach space and K be a cone of E.
Forr >0, define K, = {u € K : |[ul| <r} and assume that T : K, — K
is a completely continuous operator such that Tu # u for u € 0K,
(1) If | Tu]| < ||lu| for all w € OK, then (T, K,, K) = 1, where i is
the fized point index on K.
(2) If | Tul| > ||u]| for all w € 0K, then i(T,K,,K) =0

Consider the boundary value problem
(2.1) Diiu(t)+g(t) =0, 0<t<1
(2.2) u(0) = u”(0) = 0, /(1) = u'(n)

where n,v € (0,1).

Lemma 2.9. Let v # 1, g € L'[0,1]. Then the boundary value problem
(2.1) and (2.2) has a unique solution

(2.3) / Galt)g(s)s + 12— [ Galin, 9)g(s)ds
where
(a—1)t(1—5)*2—(t—s5)>~! 0<s<t<l1l
Gi(t,s) = {(a 1)t(1— sgo(g)? e
Ta) 0<t<s<1
(a—1)(1—8)*2—(a—1)(n—s)*2 0<s<n<li
Ga(n,s) = { (a—1)(1—s)a*g(a) oo
fem bl 0<n<s<l1

Proof. From Lemmas 2.4 and 2.5
u(t) = —Ig g(t) + C1 + Cat + Cst?
for some C; € R, i =1,2,3.
D'u(t) = —D'I§g(t)+ Co+2Cst
= =D IS g(t) + Cy + 2Cst
thus,
(2.4) W (t) = =I5 g(t) + Co + 205t

and
u'(t) = —I37g(t) +2Cs
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from (2.2), C; =0 and C3 =0
From (2.4), one has

(2.5) W(1) = —I87 (1) + Cy
and
(2.6) ' (n) = =I5 g(n) +7Ca

combining (2.5) and (2.6), we have
— I8 g(1) + Co = =I5 g(n) + 7 C

therefore

— 1 ! _504—2 S)ds — Y
G = Ty, 0 e ey

/ (0 — 57 2g(s)ds
0

TENCEDN

1 —5)%2g(s)ds — il ! —5)*2g(s)ds
I A R e e AR O

splitting the second integral in two parts of the form
t k t

_|._
Ma-10 T 0= )Ma-1 ~ 1-7Ta-1)
we have k = ~t.
replacing in (2.7)

_ 1 ' — )2 Lg(s)ds _t 1 — )% 2g(s)ds
wh) = —gpm | =0 s mr [ A=

’Yt ! _Sa72 s)ds — tfy
T ) 9~ ey

n
/ (n— 5)*2g(s)ds
0

Now, let

__L ' — )% 1g(s)ds 7t 1 — 5)*2¢(s)ds
A= g [ = e)s+ 5 [ -9 gt
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and

B t L 20(s\ds ty
B = ety 09— iy

n
/ (n— 5)*2g(s)ds
0

by the above

i [ 5 o [

and

g 2t [/077 [(1 —s5)*?  (n— S)G_Q]g(s)ds +/771 wg(s)ds

1—7 MNa—-1) MNa—-1) a—1)
Finally I'(p + 1) = p!, with p > —1 and p € R. This completes the
proof. O

Lemma 2.10. Let 5 € (0,1) be fixred. The kernel, G1(t, s), satisfies the
following properties.

(1) 0 < Gy(t,s) < Gi(1,s) for all s € (0,1).
(2) ,BIgtiglGl(t’ s) > BG1(1,s) for all s € [0,1]

Proof. (1) As2<a<3and 0 <s<t<1, we have
(a—=Dt1 =) 2>t(1—5)22>(t—s)(t—s) 2= (t—s)>"!
0G1(t,s)

thus, G1(t,s) > 0. Note =5~ > 0 then G1(t, s) is increasing

as a function of ¢, therefore
Gi(t,s) < Gi(1,s) Vs €[0,1]
(2) For g <t <1, we have

Brggl&(t, s) =G1(8,s)

where

2
Gi(B:s) = {(a_lm(l_sgga)?
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(a)

(2.10)

(2.11)

(2.12)

fo<s<p

min Gi(t,s) = -
B<t<1

On the other hand

Bla—1)(1—5)*2  B(1—s)0!
(I
Since 2 < v < 3 and
i) a-1>1,8€(0,1)=p*1<p
i) s<p=5<l=1-52>0
i) f<l=1<g=-s53<-s=>1-s53<1—s
thus, we have

(=3 < =g

from (2.8), we obtain

B—s)*"t = (B(L—2)"

It follows from (2.8), (2.9) and (2.10), that (2) hold.
If<s<l1

: ~ Bla—1)(1 —s5)*?
ﬂlgtlglGl(t’ 5) = I'(a)

a— —g a—2 — s a—1
PSS, gy (R0

It follows from (2.11) and (2.12) that (2) hold.

O

Lemma 2.11. Let g(t) € C[0,1] and g > 0, then the unique solution of
problem (2.1), (2.2) is nonnegative and satisfies

in u(t) >
BI;I;&U( ) > Bllull
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Proof. From the definition, u(¢) is nonnegative. From (2.3) and Lemma
2.10 we have

ut) = G1 t,5)g ds+7t’Y ' Gon, $)g(s)ds

1
/G115 ds+i7 Ga(n, 5)g(s)ds

IN

then )
||u|r</ Gi(1.9(s)ds + 12— [ Galrn.as)ds

—
on the other hand,

a(t) = /Glts ds+17—t Ga(n, 5)g(s)ds

> /ﬁGlls) ds—i— /Gz 7,8
> [/ Gi(1,s)g ds—i—/ ng,)()ds}
> Bull

therefore

Define the cone K by
K={ueFE:u(t)>0 and ﬁlgmu()>ﬁ\|u||}
t<

and the map T : K — E by

1 yt 1
:/0 Gi(t, s)a(s)f(u(s))ds + —— ; Ga(n, s)al(s) f(u(s))ds

Remark 2.12. By Lemma 2.9, the problem (1.1), (1.2) has a positive
solution u(t) if and only if u(t) is a fixed point of T.

Lemma 2.13. T is completely continuous and T(K) C K.

Proof. By Lemma 2.11, T(K) C K. In view of nonnegativeness and
continuity of functions G;(z,y) with ¢ = 1,2 and a(t)f(u(t)), we con-
clude that T : K — K is continuous.

Let 2 C K be bounded, that is, there exists M > 0 such that ||ul| < M
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for all u € Q.
Let

L= max [f(u)l

0<usM

then using u € Q, and by Lemmas 2.9, 2.10 and definition of a(t), we
have

1 1
Tuol = | [ Gt s + 2= [ Galns)as) fuyas

IN

1 7 1
/0 Gl(t,s)a(s)f(u)ds—i—l_’y/o Ga(n, s)a(s)f(u)ds

IN

1 ~ 1
/0 Gl(l,s)a(s)f(u)ds—i—l_’y/o Ga(n, s)a(s)f(u)ds

(a—1)
I(a)

1
/0 (1-— s)a_Qa(s)f(u)ds

(0= Diflalls | o= DLlale] [ aa,
T (1—W)F(04)]/0(1 )

o 1)
(

o= Difale 1 ] ' ey

(o) <1—7>M)“ )"
o 1)

1 — 5)*2a(s) f(u)ds M
| = aras + s

IN

Q

IN

_ [la=1Ljals 1 } 1
I'(a) (I=7)
Llales .
(1=7)(a)
Hence, T(2) is bounded.
On the other hand, let u € Q, t1,t2 € [0,1] with ¢; < ta, then

a—1

ty —t
[t2 1|7><

’Tu(tg) — Tu(tl)] < LHCLHOO [/0 [Gl(tQ, 8) — Gl(tl, 8)]d8 + 1— ~

/01 Ga(n, S)ds}

The continuity of G; implies that the right-side of the above inequality
tends to zero if to — t;. Therefore, T is completely continuous by
Arzela-Ascoli Theorem. O
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We introduce the notation

fo := liminf @ fb := limsup
u—a u—b

fw)

u

where a,b =07, 00
Let

1 1
N = *m </g Gi(1,s)ds + 117/5 Gg(n,s)ds>

and
1 y 1
M = flaf </ G1(1,s)ds+/ Gz(n,s)ds>
0 1=2Jo

In what follows, we will impose the following conditions

a.f0:0andfoo:oo e.OSfO<Randr<foo§oo
b. fo =cc and f* =0 f.r<fy<occand 0< f* <R
c. fo=o00and fo = 00 g. dp > 0 such that f(u) < Rp, 0 <u<p
d. f=0and f*=0 h.3p>05uchthatf(u)>7‘p,p<u§§

Remark 2.14. We Note that (a) corresponds to the superlinear case
and (b) corresponds to the sublinear case.

Remark 2.15. In condition (e) and (f), r= Nt and R= M. It
s obuvious that r > R > 0.

3. Existence of positive solutions

Theorem 3.1. Assume that (H1 — H2) hold.
If (a), (b), (e) or (f) holds, then (1.1), (1.2) has at least one positive

solution.

Proof. (a)
(al). Since fO =0, 3H; > 0 such that f(u) < eu where 0 < u < H; and
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e > 0. Then for u € KNOQy, where Q1 = {u € X : ||u|]| < Hy}, we have

1
Tu(t) = jﬁ Gi(t, $)a(s)  (u >ds+“7 ' Galn, s)als) f(u)ds

1 - 1
< /OGl(l,s)a(s)f(u)ds—l—M ; Ga(n, s)a(s)f(u)ds

1 1
< /G1(1,5)||aHooeuds+v/ Ga(n, s)||a|lcccuds

< e[l ([ ttoms+ 12 [ aatnsyas) |
= eM|ull
if eM <1 and taking the maximum in 0 < ¢ < 1, we have
[Tul| < Jlul
(a2). since f* = oo, IHy > 0 such that f(u) > du with Hy < u,

t€[B,1] and § > 0. For u € K N0y, where Qo = {u € X : [Jul| < Ha}
with Hy = max{2H;, %} Then u € K N 9Ny implies that Briltiglu(t) >

Bllu|| = BHs > Hs. we have
1 o 1
Tu(t) = / G1(t, s)a(s) f(u)ds + 1T~ Ga(n, s)a(s)f(u)ds
0 0

1 1
> /Gwﬂawmm+{” Galn,s)a(s)f (u)ds

-7

> / BG1(1 s)méuds—i— / Ga(n, s)mduds
2
> gle)

/BQGl(l,s)mc;Hqus—l— /Gg(n,s)m5|u\|ds
8 L=vJs
1 - 1
= 6[52m </ Gl(l,s)ds—i-/ Gg(n,s)ds” [l
8 L=vJs
= ON|ull

if )N > 1 and taking the maximum of Tu(t) with respect to ¢t 0 <
t <1, we have

[ Tull = (]
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Therefore, by Theorem 2.7, T has at least one fixed point, which is a
positive solution of (1.1), (1.2). O
Proof. (b)

(b1). The proof is similar to that of (a2), so we omit it.

(b2). Since f* = 0, 3Hy > 0 such that f(u) < A\u where u > Hs and
A > 0 satisfies that

AM <1
we consider two cases

(a) Suppose that f is bounded, 3L > 0 such that f(u) < L and
N = {u € X : ||lu| < Hz2} where Hy = max{2H;,LM}. If
u € K N Oy, then by Lemma 2.10, we have

Tut) < /0115 ds+/ Ga(n, s)a(s) f(u)ds

< /G1(1,5)||a||ooLuds—|—/ Go(n, 5) | alloo Luds
0 1—vJo

)]

A\
EY
8

N\
O\H
Q
=
N
QL
@
+
S—
&
=

< Hy=|ju
therefore
[ Tul] < [[ull

(b) Suppose f is unbounded , by (H1), 3H2 > 0 such that Hy >
max{2H1, %} and f(u) < f(Ha) for 0 < u < Hy and let Qy =

{u € X :||ul]| < Ha}. If u € K N0OQy, then, by Lemma 2.10 we
have

1 1
Tut) < /0 Ga(1.)al)f (w)ds + 17— | Galon )a(s) f(u)ds

1
< / Gr(1,5)all oo f(H)ds + / G (11, 5)[alloo f (H2)ds

< [Hauoo(/ G118d5+/ Galne2) ﬂ

< Ha = |lu]

therefore
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by Theorem 2.7, T has at least one fixed point, which is a positive
solution of (1.1), (1.2). O

Proof. (e)

(el). Since 0 < f° < R, 3H; > 0,0 < &1 < Rsuch that f(u) < (R—e1)u,
if0<u<H;andtel0,1]. Let Q ={ue X : ||u| < H1}. So for any
u € K N0, by Lemma 2.10, we have

1 1
Tu(t) = /0 Gl(t,s)a(s)f(u)ds—kl%t | Gals)a(s)f (s

1 v 1
< /0Gl(l,s)a(s)f(u)ds—i—1_}y ; Ga(n, s)a(s) f(u)ds

1
S N

1

|| ot laloR = e1yuas
1 v 1

< (-2l [ a5+ 7 [ Gatnopts) |l
— (R—e)M|u
< ul

Thus,
[Tull < [ull
(€2). Since 7 < foo < 00, IHy > 0, £2 > 0 such that f(u) > (r+ez)u, for

u> Hyand 3 <t <1. Let H2>max{2H1,%2} and Qy={ue X:
|lu|| < Ha}. Then for u € KNQy implies Brgtln u(t) > Bllul| = BHy > Ha.

By Lemma 2.10 , we have

1 1
Tut) = [ Gilt.s)als) >ds+1”—t Gl 5)a(s)f (u)ds

v

1
/ 56 (1, s)a(s) f(u)ds + 2 / Goln, s)a(s) f (u)ds
B8

v

1
/ BG1(1, s)m(r + &2 uds+/ Ga(n, s)m(r + e2)uds
B
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B
17

> //BG;[ 1 8) (T+€2)

/ G, s)m(r + £2)B|ullds

> (r4e) [5% </ﬁl Gr(1, 5)ds + 117/[; Ga(r, s)dsﬂ Il

= (r+e2)N|ull

> ul
Thus,

[Tull > lu]

by Theorem 2.7, T has at least one fixed point, which is a positive
solution of (1.1), (1.2). O
Proof. (f)
The proof is similar to that of (e), so we skip it. O

4. Multiplicity results

Theorem 4.1. Assume that (H1 — H2), (c) and (g) hold, then (1.1),
(1.2) has at least two positive solutions.

Proof. Since fy = oo, dH; > 0, 0 < H; < p such that f(u) > ru with
0<u<Hjandte€ [B,1]. Foru € KNy where Q; = {u e X : [Jul| <
H,;} by Lemma 2.10 , we have that

1 1
Tu(t) = /0 Gl(t,s)a(s)f(u)ds+17_1t7 [ Gals)a(s)f (s

1 ,}/5 1
> / BG1(t, s)mruds + / Ga(n, s)ymruds
8 1=vJs

1 7/82 1
> /BQGl(l,s)mrHqus—i— /Gg(n,s)mrHqus
8 1=9Js

= o / ' Gu(L s)ds + — 1 Ga(o.5)ds ) | Il

= rN[Ju] = [lu]

then
[ Tull > |lull
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By Theorem 2.8
i(T,Kp,, K)=0
Since foo = 0o, 3Hy > p such that f(u) > ru, u > Hy > 0 and
t € [5,1]. Let Hy = % and Qo = {u € X : |lul]| < Hz}. For u € KNSy,

ﬂrggglu(t) > Bllul| = BH2 = Hs. By Lemma 2.10, we have

1 1
Tu(t) = /0 G1(t, s)a(s)f(u)ds—l—iy/o Ga(n,s)a(s)f(u)ds
1 ,YB 1
> /B BGl(t’s)mTUds+M/3 Ga(n, s)ymruds

7/82 /1
Ga(n, s)mr|lul|ds
17 ) Gt s

= [ (] et s + / Gt s)is )|

= rNull =[]

1
> / B2G1 (1, s)ymer||ul|ds +
B

SO
[Tull > [lull
By Theorem 2.8
i(T,Kp,, K) =0
Now, let Q3 = {u € X : ||u|]| < p}, thus, for u € K N 0N3, we get from
(g) that f(u) < Rp for t € [0,1], then

1
Tu(t) = / Gi(t,s)a(s)f(u )ds—{—lrytv/o Ga(n,s)a(s)f(u)ds
- 1
< /0 Gr(1, s)als)f(u)ds + 77— [ Galn, s)als) flu)ds
1 1
< /0G1(1,3)|]aHoodes+1_77/0 G2(n, s)||lal|c Rpds

< R [\auoo (/01G1(1,s)ds+1_77/01 Gg(n,s)ds>] p

= RMp = ||uf
then
[Tull < [ull
By Theorem 2.8
i(T,K,, K)=1
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Therefore
i(T, Ky, \ Kp, K) = (T, Ky, K) —i(T, K, K) =0— 1= —1
i(T,K,\ Kp,, K) =i(T,K,,K) —i(T,Kp,, K) =1-0=1
Then there exist at least two positive solutions u; € K N (€23\Q1) and
ug € K N (Q2\Q3) of (1.1),(1.2) in K, such that
0 < lwll < p < jusll
O

Theorem 4.2. Assume that (H1 — H2), (d) and (h) hold, then (1.1),
(1.2) has at least two positive solutions.

Proof. The proof of Theorem 4.2 is similar to that of Theorem 4.1, so
we skip it. 0

5. Examples

Example 1. Superlinear and Sublinear Case

a) If f(u) =u®, a > 1, the conclusions of Theorem 3.1(a), hold.
b) If f(u) =1+ u®, a € (0,1) the conclusions of Theorem 3.1(b),
hold.

Example 2. Let f(u) = An (1 +u) +u?, fix X\ > 0, sufficiently small.
Clearly fO = X\ and fs = oo. By Theorem 3.1(e), (1.1) and 1.2 have at
least one positive solution.

Example 3. Let f(u) = u?e™" + psinu, fiv p > 0 sufficiently large.
Then fo = p and f> = 0. By Theorem 3.1(f), (1.1) and (1.2) have at
least one positive solution.

Example 4. Let f(u) = v® +u°—1, a(t) = 1, a = %, b e (0,1),
c>1,’y:iandn:%thenfozooandfoozoo. By a simple
calculation, M = fol Gi(1,s)ds + % fol Ga(3, s)ds = ﬁ [% - %} then
R ~1.633012.

On the other hand, we could choose p = 1, then f(u) < 1 < Rp for
u € [0,1]. By Theorem 4.1, (1.1) and (1.2) have at least two positive
solutions uy , uz and 0 < |lug|| <1 < [Juz]|.
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