Bulletin of the Iranian Mathematical Society Vol. 39 No. 3 (2013), pp 529-557.

ASYMPTOTIC PROPERTIES OF THE SAMPLE MEAN
IN ADAPTIVE STRATIFIED SEQUENTIAL SAMPLING
WITH MULTIPLE SELECTION CRITERIA
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ABSTRACT. We extend the method of adaptive two-stage sequen-
tial sampling to include designs where there is more than one crite-
ria used in deciding on the allocation of additional sampling effort.
These criteria, or conditions, can be a measure of the target popula-
tion, or a measure of some related population. We develop Murthy
estimator for the design that is unbiased estimators for the pop-
ulation mean, and propose another, more efficient, estimator. We
investigate asymptotic properties of this estimator. We use a sim-
ulation study to investigate design properties of the multi-criteria
adaptive stratified sequential sampling scheme and also some esti-
mator properties under the design.

1. Introduction

Asymptotic normality of estimators in finite populations has been the
focus of attention for many years for researchers in sampling and prob-
ability. Some examples of work over the last 50 years on asymptotic
normality include research on estimators for the sample mean for simple
random sampling without replacement (SRSWOR) (Erdos and Renyi [§]
and Hajek [12]), the Horvitz-Thomson estimator (HTE) for sampling
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without replacement and with different probabilities design (Rosen [20]),
ratio and the regression estimators for SRSWOR (Scott and Wu [22])
and two-stage sampling estimators (Ohlsson [19]). Berger [1] analyzed
the rate of convergence to the normal distribution for the HTE under any
unequal probability sampling without replacement design. Brewer [2],
Sarndal [21], Isaki and Fuller [15] have shown the consistency of some
regression type estimators under different sampling design with unequal
probabilities, and more recently, Martin [17] has investigated asymptotic
normality in adaptive cluster sampling.

Despite this research activity, asymptotic normality results for com-
monly used estimators are still not available for many sampling designs.
In this article we consider adaptive sequential sampling where the deci-
sion to adapt the sample is based on more than one decision criteria. We
develop Murthy estimator for these designs and explore its asymptotic
properties.

The commonly used estimator in adaptive sequential designs (e.g., adap-
tive two-stage sequential sampling, Brown et al. [3]) is the unbiased
Murthy estimator. In section 2, we derive Murthy estimator for mul-
tiple criteria designs, and, based on a derived form of it, propose a
new estimator. This new form of the estimator was first introduced by
Moradi and Salehi [18] for single criterion adaptive stratified sequential
sampling. Moradi and Salehi [18] have shown that this new form is
asymptotically unbiased and can be more efficient than Murthy estima-
tor. In section 3, we investigate the asymptotic properties of the new
estimator, drawing on the method of Chen and Rao [5]. We prove this
new estimator is consistent for the population mean and is asymptoti-
cally normal under Multi-criteria Adaptive Stratified Sequential (MAS)
sampling. In section 4, we conclude with two case studies to illustrate
the use of multiple criteria for adaptive sequential sampling. We discuss
the efficiency of these designs and of our new estimator and briefly the
asymptotic normality of the estimator under the design.

2. Adaptive two-stage sequential sampling with multiple
criteria

Two-stage sampling designs (Fattorini and Pisani [9]) are popular
choises for sampling surveys. In conventional two-stage sampling, the
population is divided into Primary Sampling Units (PSU) from which a
sample is drawn. Within selected PSUs a sample of Secondary Sampling
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Units (SSU) is drawn. PSUs are typically large units, such as geographic
units while SSUs are smaller, such as plots, quadrats, or households.

Adaptive Two-Stage Sequential (ATS) sampling was initially proposed
by Brown et al. [3] as a sample design for sampling rare and clustered
populations. Allocation of second-stage effort among PSUs is based on a
preliminary information from the sampled PSUs. Additional survey ef-
fort is directed to those PSUs where the SSUs in the initial sample have
met a pre-specified criterion, or condition (e.g., an individual from the
rare population is present). This design effectively over-samples PSUs
with high values, compared with other PSUs, a method consistent with
the approach recommended by Kalton and Anderson [16] for sampling
rare populations.

We begin by introducing the notation of Brown et al. [3]. Suppose we
have a total population of N units partitioned into H PSUs of size Ny
units. Let {(h,i),h = 1,2,....H,i = 1,2,...,N,} denote the i** unit
in the A" primary unit with an associated measurement or count yp;.
Then, Yy, = N%l vaz’ll Yni is the mean of the y-value for the ht" PSU

and Yy = % Zthl N, Yy, is the population mean.

According to Brown et al. [3], a simple random sample of size m is taken
without replacement, say s, in the first stage and in the second stage an
initial simple random sample of ny; units without replacement is taken
from PSU h in s. The total initial sample size is ny = > ;. np1. Let
C be the condition that, if satisfied for [ units in the initial sample set
from PSU h, results in [}, X d number of additional units being selected
at random from the remaining units in PSU h, where d is a predeter-
mined value. The number of adaptively added units in the ht" PSU is
npo = lpd and ng = Zhes npo is the number of adaptively added units
in the final sample.

We now extend the design to more than one condition. We begin consid-
ering a design with just one PSU. For simplicity assume that we have just
one PSU of size N with measurement y;,7 = 1,2,..., N. We begin with
two mutually exclusive conditions, C7 and C9 such that we have three
different types of y;, yi € Ucy, yi € Ucy,, yi € Un — (U, UUg,) = Ug;
where Uy = {y;,i = 1,2,..., N} and Ug, is the set of y; that satisfies Cj.
With this notation, Ug, , k = 1,2, 3 is a partition for Uy. Note that each
y; can satisfy only one of the conditions. Assume we take a sample of size
n1, denoted by si, in the initial phase, and let /11 /12 denote the number
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of units in the initial sample that satisfy respectively Ci,C5. We then
take a sample of size ny = f(l11,l12) where the number of adaptively
added units, no, is a function of /17 and [13, and can be constructed
according to the relative importance of C; and C3. We summaries the
design in Table 1.

In the next subsection, we drive an unbiased Murthy estimator for two

TABLE 1. Summary of two conditions situations, where
L=l +hale=lo1 +loo, l =ley +ley =11 + 1o

number condition Initial phase s; | Second phase so s =81 Usg
N ni ng = n(li1,li2) n =mni + ng
Nc, Ci l11 l21 len =111 + 121
Nc, Co l12 l22 leg = l12 + 122
Nc, =N —Ng; —Ng, | C3 =(C1UC2) ny — Iy ng — la n—1

conditions in ATS design.

2.1. Murthy estimator for ATS. To estimate the mean of the PSU,

we can use
- NP(s)

1ES

=D

where P(s) and P(s | I; = 1) are the probability of getting the sample
s and the conditional probability of getting the sample s given the "
unit was selected in the first draw, s is the final sample and I; is an
indicator function which takes the value 1 when unit ¢ is chosen as the
first selected unit, and 0 otherwise. Now with

’I’L(S) — lcl lc2 n — lcl — lc? n "I’L |
li1 12 n1 —lin —l12 i

and
n(s, I; =1) =
Do) () (i et e
L e N (R v i LR e P
S () (i Yo e ve
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where n(s) and n(s,I; = 1) are the number of permutations giving rise
to s and the number of permutations giving rise to s,I; = 1, because
P(I; = 1) = %, we have

lin . ifu €U
CHVENITVENINS RO
NP(S) B Nn(S)P(IZ = 1) - nile2’ Yi Co

m—lb_. if Y; € UC3

n1(n—1[)’

Therefore

gy hey |l
Seq n1 Secq ny ysc3

=D
I

= Pu¥s, + ﬁ12§3C2 +(1—pu1 — 2312)?303
= DPu¥s,, P12V, + P13V,

where s, is the total sample that are satisfied in condition Cj and
ysck - Q Z Yi-
ZESck
We introduce another estimator by changing the form of the estimator
to allow us to investigate the asymptotic properties. This new estimator
not only has desired asymptotic properties but also can be more efficient
than Murthy estimator for ATS. In the next subsection we introduce this
new estimator.

2.2. A new form of Murthy estimator for ATS. In an ATS design
we have,

l117l12 ~ HG(N,NCI,NCQ;TH),
lo1,lo2 | li1,lig ~ HG(N —ny, Noy, — l11, Noy, — lLig; na).

where ” HG” denotes the multivariate hypergeometric distribution. As

shown above, Murthy estimator, Y, is a weighted estimator of the mean
of y;’s from the three conditions, where the weights are a vector of
the unbiased estimators (%11 = D11, 1137? = ]/512,%? = p13) of the three
subcomputations portions (% = pq, % = pa, % = p3). This vector
is constructed using just the information from the first phase of sampling.
We propose a new estimator where all the information, from both phases

in the design, is used to construct these weights. The new estimator
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constructed using information from both phases is

— lcl — l027 n— lcl - l02f
Ys = Zyscl + ;ySCQ Tyscs
1 1
= H(Z yi+zyi+zyi):5(zyi)-
iescl iESC2 iESCS i€ES

Although this estimator is not an unbiased estimator for the population
mean, Moradi and Salehi [18] have shown that this estimator under
ATS is asymptotically unbiased for one condition. Furthermore, we
show that this estimator is consistent for the population mean and it is
asymptotically normal.

3. Asymptotic properties of the sample mean under MAS
design

To investigate the asymptotic properties of the estimator we extend
our application to adaptive stratified sampling. First we define a new
form of the population to address the two conditions (i.e., there are
three kinds of individuals). Hereafter, we add the index v to every
population or sample size. Setting this index to infinity means that all
the populations and sample sizes tend to infinity under some condition.

Let {z;}and {z]} be sequences of real numbers, with z; = (y;,%;) =
(Yir X105 T2i, 33) and z7 = (27}, 25;, 23;) = (Yi%1, YiT2i, Yix3i), where y;
is the value corresponding to the i** individual and zy;, k = 1,2, 3 are
indicator functions that take 1 if y; satisfies condition k and 0 otherwise.
We define a sequence of finite populations {Fyv} , where the N finite
population is composed of the first N values of the sequence {z;} .

Assume that

. 1
lim {W > (@kiyi Thitizmiti) | Fav} = (0g, Opm); m <k =1,2,3,

vV—00 .
i€Unv

where (0, Okm), m < k =1,2,3 are finite and we assume that (0, Ox.,)
are satisfied in all conditions that are necessary (for example, Oy, — 67 >
0). We call this assumption as a moment assumption. Hereafter, when
we write 71 € U Ng, 7 it means every index ”¢” that "y; € U N, 7,
We then have

Y:E1N” '

1
— *
Znov = m E z, = YxQN“ s

iEUNU YxSN’U
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where
NY
Yone = E Yilik = NG, -
ZEUNU k ’LEUC
Also we have
1 /
2 _ * =k E—
Szr, = N _1 E (Zz —Zyo) (2; —Zjv)
ieU
2
1 S yr1 NV Syflsz“ SymwaN“
= S. S? S
- Nv_1 yxr1x2 NV yxa NV yxax3 NV ,
N S. S. 52
yz1z3NY yzowg NV yr3 NV
where
SQ _ 1 ( e ? )2
yrp Nv  — Nv — 1 YiTik T NV
€Uy
1 _ _
Syapan Nv o E (Yitik — Yo, ne ) Wiin — Y opnNv)-
i€U o

According to the moment assumption, the population covariance SZ*
N’U

approaches to a positive definite constant matrix I' as v — oo, with

o7 o012 013

2
'=| o012 05 o923 |,

o13 02 O3

where a,% = Op — 9,% and ok = Ok — 0x0m, m < k=1,2,3.

Now note that we can decompose 7, — Y yv as below:

v v

I e ny,_ 3% ny A%

(31) Ys — YNU = E(yfmsl - YxlNU) + ﬁ(yzgsl - YIEQNU)
an _ — né’ - _

+ ﬁ(yl‘g,sl - Y$3Nv) + ﬁ(yaqsg - Y$1Nv)
ny = ny -

+ ﬁ(yl’QSQ - YCEQNU) + ﬁ(yxgsg - Y:EgN“)-

And, because 7, — Y yv is decomposed to the first and second phase of
sampling, the following theorem will be helpful before the main theorem.

Theorem 3.1. (Chen and Rao [5]) Let Wyv, Vo be two sequences of
random variables and let Byv be a o-algebra. Assume that
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(1) there exists o0 > 0 such that
-1 d
Ulann’U H N(O, 1)

as n’ — 0o , and Vyo is Byo measurable,
(2) E{W,» | B,o} =0 and Var(Wpo | Byw) = 03, such that

Slip ’P(G;nluan <t|Bp) - @ (t)‘ =op (1),

where ® (t) is the cumulative distribution function of the stan-
dard normal random variable,
2
(3) v2, = Zé—”” — ~2 in probability as n® — oo,

n

then as n® — oo
Woo + Voo
% 4, N0, 1).
V Uln“ + UZnU

Now, with this background we are ready to formulate a theorem about
asymptotic normality of v/nv(Ys — Y nyv) for just one condition with
ny =d x 1y +1. We begin with one condition with completely specified
situation.

Theorem 3.2. In adaptive sequential sampling, let By, the o —algebra
generated by s1, contains all the information from the first phase of
sampling, and
o (1) NV, N¢, ,n{ ,nj | Bpy — 00 as v — o0, and Ng, <
NvY,n{ < NY n§ <N —n{,

N’U
o (C2a) (Aﬁ)’“ | Fnv) is a fized sequence that converges to fy as
v — 00,
e 02) (1% | Fnv) is a fived sequence that converges to fi as
v — 00,
e (C2) <NUn7—2nf | By, Fv) is a fized sequence that converges to f3
as v — oo and
o C3) foralle >0
. 1 ~x% 12
Jim {5 > &7 | Fa} = 0,

v
1

{ieUnv}n{i:||Z||>eNv -2y

where z} =z} — Zxv, and ||.|| is the Buclidean norm,
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- - —(5+9)
o C4a) [(Ya,nv—s = Yaune) | Buy, Fne] =O0(ng > )
- - —(}+9)
and [(Yaynv—s; — Yaonv) | Buy, Fae] = O(n§ 27 7)  for some
6 > 0, where NY — s1 means whole population after excluding s1,
2 2
e o[ Svenvoe SumeNeea ) (0 Synne Symaa
yr122 NV —s1 SngN“—sl Sy:vl:va“ SyacQN“
| Bpv, Fav] — 0 as v — oo,
e CYc) for all e >0

1 2
lim { ——— E z;
U—)OO{ NU _ n’u . . | (] H
~x n, n
i >6(NU7niJ)NU_2nqu (171\]1)_2»,7}11)}

{iEUN“—sl}m{i: z
‘ Bnif,f]vv} == 0

Then as v — 00
Vv nv(ys - ?N“) i> N(O? Voo)7

where

[

_ fiHdhfs vy [ 5
Voo = (]. — Tdfl) \/(0'1 +O'2 +20’12).

and furthermore,

(T — Yo | Fv) = 0p(1)

The proof of Theorem 3.2 is in Appendix A.
In adaptive sequential sampling, n is a random variable. The exact
variance of the 7, is difficult to find, but the asymptotic form of the
variance to standardize the estimator can be presented in an easy and
simple form. There are some unknown parameters in the estimator. The
next corollary helps us to use the available information in the sample.

Corollary 3.3. Under the conditions of Theorem 3.2, we have

Vil (g, — Y yo
n (ys/\ N ) i)N(O,].),
g

where

frtdhfs

1
“22)2 4 /(82 + 52 + 2519
del)wl 3+ 2s10)

5=
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and
v v
A= o ny o g
oyt T N2 T Ny
2 = 1 (vi Yomy)? k=1,2
S = nv —1 Yillq zEny) >N — 4, 4
1 1€S1
1 — _
S12 = nv_1§ (yixli_Y$1n7f)(yim2i_yac2n7i’> xknl: 5 YiTls-
1 1€81 Zesl

Proof. Using the conditions in Theorem 3.2, it is easy to show that:
i +dfif;

(1—- )2 \/(8? + 53+ 2512) | Fv

1+dfy
P JT+dhfs 1
Implementing Slutsky Theorem (see Ferguson [10], chapter 6) the proof
is completed. ]

According to results from Theorem 3.2, we can easily extend a theo-
rem for more than one condition. Below we represent a theorem for two
conditions with a general sample size n§ = f(l11,l12). For more than
two conditions the method will be the same.

According to (3.1) we can decompose v/n?(Ys — Y o) as below:

o ’U
\ nU(yS - YNU) =N [\/ (y$181 - -TINU \/ 11) yl‘gsl - $2Nv)
ny /7
+ n (y{l‘gsl - Z‘SNU + ymlsg - ZlNU)
ny _ —
+ ﬁ(y$252 - Yl’ZNU) + nv (yacg,sg - deNU)]

We now have the following theorem.

Theorem 3.4. In adaptive sequential sampling, let By, the o —algebra
generated by s1, contains all the information in first phase of sampling,
and
e 1) N, Ng ,n{ ,ns | By — 00 as v — oo, and N¢, <
N© n‘f<N“ ny < NV —nf,
e 2a) (35 | Fnv) is a fized sequence that converge to fi asv —
m?
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e 2b) <NUn7é}n"f | Bpy, Fv) is a fived sequence that converge to f3
as v — 00,

e 2c) (Z—i—a\]-"m) 250,

e 3) foralle >0

1

. oy B

RS > EP A=,
{ieUnv In{i|| 27 ]| >eNY 1b (1— 24}

where z} =z} — Zxw, and ||.|| is the Euclidean norm,

1
i 4a) [(?ﬂﬁkN”—Sl _?IkN”) ’ Bn}’a‘FN”] = O(ngi(iw))} Jor k =
1,2,3 and some § > 0 where NV — sy means the whole population
after excluding si,
szle—sl Syz1w2N“—81 Syw1x3N”—81
o 4b) [| SyzizaNv—s SggzzN"—sl SyzazsNv—s
Sy9012703N“—S1 Sy2702333N“—81 S;ngU—Sl
ngle Sy3319E2N“ SyrlmsNU
- Sy:plng“ S;ﬂ?QNU SyxgngU ‘ E"?’INU] —0asv —
SyziasNv  SywwsNv Sixng

e jc) for alle >0

: 1 =% |2
Jim (e X =
{ieUNu,Sl}ﬂ{i:H'z”;‘H>e(N“—n71J)NUn772n71J(1—Nf73MIJ)}
| Bn?,f]vv} =0.

Then as v — 00

\/ﬁis_?’u — Avd
(ya ) L N©0,1), (G, — Ve | Faw) = 0p(1)

where

c=la0-fH+a-a) - f;)]%\/s% + 85 + 55 + 2512 + 2513 + 283,



540 Parvardeh, Panahbehagh, Salehi, Brown and Smith

and
-~ ny o ny ny
a = ﬁjfl = Wan = m,
1 —
2 2
% = D wiwki = Vo) b =1,2,3
1€81
1 — —
Skm = n,i) 1 Z(yzxkz - Y:vknll’)(yzxmz - Ymmn’f)ym <k=1,23
1€81
— 1
Yxkni’ = ﬁ Z YiTki, k= 17273°
1 1E€S51

The proof of this follows from the results for one condition.

It is notable that in these theorems, we have established a set of con-
ditions which guarantees the asymptotic normality and consistency for
the estimator in the design. However, in practice we have a finite pop-
ulation with fixed size and in a real sampling situation, it will generally
be impossible to verify this set of conditions. Therefore, the set of con-
ditions should be used only as a general guideline. For example, here the
conditions in the theorems suggest that in situations where the size of
population and sample are large and also there are not so many outlying
data in the population, the estimator will be normally distributed.

3.1. Design estimator. We now extend these results to MAS sam-
pling. It is necessary to add an index h to all above result and then
construct the final estimator. From the previous results (Theorem 3.4)
we have, for h=1,2,.... H
(Ten — Y Np) d
et | iy <5 N (0.,

where
or = lan(1=fin)+(1—ap) (1= f3,)] (01, + 03, +03,+20120+ 20130+ 20231 ).

We use stratified sampling setup where a PSU is considered a stratum,
to construct conventional estimator, i.e.,

H
ys - Z Wf?gsha
h=1

where A
W];Lj - Ni};},
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and
H

Us = Yo =) WiGan —Yyp).
h=1
According to previous section we can re-state the final theorem as below:

Theorem 3.5. In adaptive stratified sequential sampling, under the con-
ditions in Theorem 3.4, with fixed H, if

(1) (Z—ﬁ — | Fae) 250, h=1,2,..., H as v —» 00, where n¥ =
S hey iy and nf = ny), +ng,,

(2) (WP | Fnv) is a fived sequence that converge to Fy, ;h = 1,2, ..., H,
as v —>» 0o.

then
g— _? v
./nvu 4 N(0,1), 5, — Yo | Fave = 0p(1)
o
where
~ F 5
=t I
R O 3
Gn = [an(1—Fi) + (L =an) (1= 5124 D st +2) . ) skwns
k=1 k=1k'>k
> nlh ngh ~ nquh oo Txx nlli
fin = NU’f2h_M’ah_Tz’Fh_Wﬁ’ h = v

and s%h,k‘ =1,2,3 and Sgmp,m < k = 1,2,3 are defined as before (in
Theorem 3.4) but in the h'" PSU.

See Appendix C for the proof of Theorem 3.5.
The results of the above theorems give us some information about the
distribution of the estimator. This allows us to use the standard in-
ference methods like large sample and population size, and calculate a
(1 — «)100% confidence interval using normal distribution as below

(s — \F’ Us + \F)
where zo is the right tail of the normal distribution containing § prob-
ability (0 < a < 1).
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4. Case Study

In this section, we illustrate the use of multiple criteria adaptive sam-
pling and we investigate asymptotic normality of the estimator under
MAS design. We use an artificial population of mussels and the stan-
dard poisson cluster process population. We investigate sample effi-
ciency and, in the second part, we briefly investigate normality of the
estimator under the new design.

4.1. Multiple criteria adaptive sampling. In this part we try to
evaluate multiple criteria adaptive sampling design using two data series.

4.1.1. Mussels populations. One of the standard data sets used in
adaptive sampling research is a freshwater mussel population from the
Cacapon River, West Virginia (Smith et al. [23]). The mussels in the
population occur in clusters and at low density, what we refer to as a
rare and clustered population.

In ecological systems there are usually multiple species present along
with the species of interest. In this simulation study we have a target
mussel population and treat the other species as auxiliary populations.
We generated artificial populations of mussels and of some other species.
The counts of the mussels were correlated with the auxiliary species’
counts. The auxiliary species could represent a different mussel species,
or a population of another animal or plant.

Each sample unit, or quadrat, contains two variables, yp;, the count of
the target mussels in the i*"* quadrat in the A" PSU and z,;, the count
of the other species in the respective quadrat. For the multiple criteria
sampling, the first condition is based on the target mussel count. The
second condition is based on the auxiliary variable.

The data set was divided into 400 quadrats. The quadrats are parti-
tioned evenly into 4 PSU. We simulated three generated mussel popu-
lations whose parameters were set to be similar to real life studies by
Hornbach et al. [13,14]. They could span a realistic range, with mean
count/quadrat of 0.785, 0.500 and 0.240 and variance of 3.973, 2.265
and 1.170 respectively for target variable. We call these three synthetic
populations ”popul, popu2” and ”popud”.

We used one auxiliary population, with mean count of 0.675 and vari-
ance of 5.212 (figure 1). The correlation between the target and the
auxiliary populations were 0.312, 0.375 and 0.322, respectively, for the
three simulations. We compared the sample design with one condition
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FIGURE 1. Three artificial mussel populations. The

red circles and black pluses indicate where counts of the
target mussel and auxiliary population were one, or more

and the two conditions design. For each design we calculated the propor-
tion of proportions (PP) of the design. We define this as the proportion
of the quadrats occupied by the target species that were detected in the

design,

divided by proportion of the quadrats occupied by the target

species in the whole population. Also we calculated the expectation and
variance of §; and Murthy estimator for the two designs and using them
to compute the relative efficiencies of the designs. We calculated relative
efficiency as the ratio of the simulated variances. We used a range of
sample design parameters:

(1)

ATSs5., ATS with two conditions, where both the target and
auxiliary populations were used in the condition definitions. In
this design n1 = 3,6,9,12,n2 = dy % l11 + do x l12 + 1 with
dy = 6,ds = 3 (for popu3 we set dj = 7). We define C as
the condition when the quadrat has at least one mussel (target
population) in it (yp; > 0), and Cy as the condition when the
quadrat does not satisfy C1 and the quadrat has at least 1 indi-
vidual from the auxiliary population (yp; does not satisfy C; and
xp; > 0). Therefore, C5 is the condition when neither condition
1 nor 2 are met, the complement of C; U Cs.

ATSq., ATS with one condition. In this design ny = 5,ny =
dx*li +1 with d = 5. We define C' as the condition when the
quadrat has at least one individual in it from either the target
or auxiliary population.
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The values of nq, d, di and do were chosen such that the final sample
sizes in both design were the same to have a fair comparison between
the two.

It is notable that according to the plots of the populations, the target
variable can help us more than the auxiliary variable to find more target
variable and that’s why we gave more weight to the target variable
(d1 = 6) relative to the auxiliary variable (da = 3) in AT Sco.

The sample results are shown in tables (2,3 and 4). In these tables when
four PSU are selected (m = 4), we have adaptive stratified sequential
sampling design.

TABLE 2. PP for ATS in 3 artificial mussels populations.
The numbers of primary sample units sampled (m) was
1, 2, 3 and 4. Results from the two condition sample are
in the column, 2c, and one condition results in column
lc.

m=4 m=3 m=2 m=1
2c lc 2c lc 2c 1c 2c lc

popul
n1=3 | 1.289 1.231 | 1.211 1.169 | 1.080 1.070 | 0.836 0.855
n1=6 | 1.344 1.273 |1.284 1.236 | 1.164 1.136 | 0.884 0.893
n1=9 | 1.365 1.287 | 1.304 1.245 | 1.179 1.142 | 0.917 0.925
n1=12|1.375 1.299 | 1.321 1.254 | 1.204 1.160 | 0.937 0.936
popu?2
n1=3 | 1.263 1.247 | 1.213 1.206 | 1.047 1.059 | 0.815 0.832
n1=6 | 1.345 1.306 | 1.271 1.247 | 1.145 1.138 | 0.893 0.911
n1=9 | 1.357 1.316 | 1.296 1.267 | 1.145 1.142 | 0.928 0.933
n;=12|1.371 1.327|1.286 1.256 | 1.184 1.162 | 0.928 0.930
popu3
n1=3 | 1.014 0.997 | 0.992 0.985 | 0.893 0.920 | 0.705 0.769
n1=6 | 1.079 1.036 | 1.039 1.018 | 0.944 0.949 | 0.795 0.836
n1=9 | 1.095 1.039 | 1.089 1.034 | 1.029 1.007 | 0.853 0.866
n1=12|1.126 1.062 | 1.094 1.046 | 1.027 1.002 | 0.866 0.894

The AT'S5. design detected the highest proportion of quadrats occu-
pied by the target species (Table 2), for almost all simulations except
for m = 1. The two-condition design uses information from both the
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TABLE 3. Efficiency of AT Ss. relative to AT'Si. for s
for 3 artificial mussels population

m=4 | m=3 | m=2 | m=1

popul
n1=3 | 1.033 | 1.016 | 1.045 | 0.993
n1=6 | 1.000 | 1.031 | 1.019 | 1.043
n1=9 | 1.043 | 1.009 | 1.000 | 1.016
n1=12 | 1.067 | 1.019 | 0.996 | 1.007
popu2
n1=3 | 1.000 | 1.000 | 1.033 | 1.033
n1=6 | 0.960 | 0.970 | 1.007 | 1.025
n1=9 | 1.000 | 1.038 | 1.015 | 0.987
n1=12 | 1.000 | 1.042 | 1.024 | 0.992
popu3
n1=3 | 0.981 | 1.003 | 1.082 | 1.203
n1=6 |0.934|0.975 | 1.032 | 1.114
n1=9 | 0.909 | 0.907 | 0.965 | 1.029
n1=12 | 0.896 | 0.924 | 0.958 | 1.065

target and auxiliary population separately in allocating second phase
effort. With the two conditions, finding either the target mussels or the
auxiliary species will initiate second phase effort. In the simulation with
m = 1 the two condition design detected fewer occupied quadrats which
may be a result of the low sample size. The relative improvement of the
two condition design over the one-condition design was consistent over
the range of densities of three populations.

The two conditions design showed a slight improvement in efficiency
compared to the one condition design for populations 1 and 2 (Table 3).
There was little, or no, gain in efficiency for population 3, the population
with the lowest mussel abundance.

The comparison of new estimator, g, with Murthy estimator for AT So.
(Table 4) showed remarkable gains in efficiency especially at the higher
sample sizes (m = 4). The new estimator was more than twice as efficient
as Murthy estimator for 20 of the 48 simulations, and for all simulations
relative efficiencies ware greater than 1.
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TABLE 4. Efficiency of 75 relative to Murthy estimator
for AT Ss. for 3 artificial mussels population

m=4 | m=3 | m=2 | m=1

popul
n1=3 | 2.035| 1.700 | 1.619 | 1.563
n1=6 | 2.141 | 1.555 | 1.370 | 1.348
n1=9 | 2.317 | 1.409 | 1.279 | 1.205
n1=12 | 2.840 | 1.349 | 1.221 | 1.157
popu2
n1=3 | 2.322 | 2.054 | 1.880 | 1.820
n1=6 | 2.323 | 1.758 | 1.563 | 1.481
n1=9 | 2.320 | 1.589 | 1.375 | 1.281
n1=12 | 2.544 | 1.463 | 1.303 | 1.208
popu3
n1=3 | 2.626 | 2.666 | 2.927 | 2.741
n1=6 | 2.213 | 2.194 | 2.145 | 2.209
n1=9 | 2.134 | 2.160 | 1.883 | 1.840
n1=12 | 2.180 | 1.938 | 1.739 | 1.677

4.1.2. Poisson cluster population. To illustrate another example of
multiple criteria adaptive sampling we use the standard Poisson clus-
ter process data (Diggle 1983). This dataset is another example of a
clustered population, generated by a linked pairs process (Diggle 1983,
pp.93-94) together with a bivariate Poisson cluster process, which is a
generalization of Poisson cluster process (Diggle [7], pp.55-57), (Figure
2). The dataset has been used by both Chao [4] and Chutiman [6] to
evaluate their results in using auxiliary variable in adaptive cluster sam-
pling design. We partitioned the population into 8 PSUs, each of them of
size 50 quadrats. The mean and variance of the target variable are 0.64,
and 0.48, respectively. It is not necessary to have auxiliary information
for using multiple conditions. Instead the sample design uses informa-
tion based on the value of the target population count. For ATSy. we
set C1 as 70 < yp; < 2” and Cy as "3 < yp;”, with dy = 1, do = 8. For
ATS . we set 7y > 07 as C with d = 1 and for both of them n; = 3,5, 7.
Again the parameters were chosen such that the final sample size for
both designs were the same.

The results are summarized in Tables 5, 6 and 7.
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TABLE 5. PP for ATS for Poisson cluster process population

m=_8 m=06 m=4

2c lc 2c lc 2c 1c
n1=3 | 1.081 1.036 | 1.066 1.022 | 1.039 1.004
n1=>51(1.110 1.063 | 1.102 1.057 | 1.067 1.029
ni=711.133 1.070 | 1.118 1.061 | 1.092 1.0491

TABLE 6. Efficiency of ATSs. relative to AT'Si. for g
in the Poisson cluster process population

m=8 | m=6 | m=4
n1=3 | 1.316 | 1.366 | 1.299
n1=511.302 | 1.312 | 1.233
ni1=7 | 1.285 | 1.265 | 1.306

As with the mussel population, the AT Ss. design detected the highest
proportion of quadrats occupied by the target species (Table 5), for
all simulations. The two conditions design was more efficient than the
one condition design (Table 6). The sample variance for AT'Sy. was
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TABLE 7. Efficiency of g5 relative to Murthy estimator
for AT Ss. for the Poisson cluster process population

m=8 | m=6 | m=4
n1=3 | 2.201 | 2.226 | 2.560
n1=>51| 1.975 | 2.094 | 2.030
ni1=711.914 | 1.904 | 1.888

smaller than the variance for the one-condition design for all simulations.
The comparison of new estimator, ys with Murthy estimator for AT S5,
(Table 7) showed remarkable gains in efficiencies for all the situations.
Here the AT'Ss. design help us to spend the additional samples in more
important PSUs.

4.2. Investigating normality of the estimator under MAS. To
investigate the normality of the new estimator, g5, we revisited the mus-
sel and the Poisson cluster populations. We used adaptive stratified
sequential sampling and constructed a histograms from the simulation
results (figures 3, 4, and 5). We calculated the sample fraction, the pro-
portion of the quadrats that were include in the final sample. Normality
was tested by Shapiro Normality test with 500 iteration and the p-values
are included in figure 3, 4 and 5.

We used ny = 2,3,4,6,8 and 10 for popul of the mussels and ny =
4,6,8,10,13 and 15 for popu3 of the mussels. For both populations we
used di = 3 and do = 2. For the Poisson cluster population we used
n1=3,5,7,9,11 and 13 and d; = 1 and do = 6. The conditions for the
adaptive selection were the same as in the previous sections.

The shape of the histograms of the new estimators were normal with the
higher sample fractions. This was more evident with the lower density
populations, the Poisson cluster population, and popu3 of the mussel
population. For popul of the mussels, when the sample fraction was
larger than 0.08 the distribution of the estimator was normal. For popu3
and the Poisson the sample fraction needed to be larger than 0.25 for
normality.



Asymptotic properties of the sample mean under MAS design 549

n1= 2 p-value= 5e-04 n1= 3 p-value= 0.0018 ni= 4 p-value= 0.1049

Frequency
0 40 80
S -}
Frequency
0 40 80
S -}
Frequency
0 40 100
)

T T T T T T T T S B B
0.0 0.5 1.0 15 0.0 05 1.0 15 00 05 1.0 15
full ful full
n1= 6 p-value= 0.4056 n1= 8 p-value= 0.6662 n1=10 p-value= 0.1138
3
x> 2 > 8 >
3 - 3 e 3
g g g 8
g g 2 g
g g g ¥ g 2
[ [ o v
o °
i T T 1 [ B B S T T T 1
0.0 05 10 15 02 04 06 08 10 12 14 04 06 08 10 12
full ful full

FiGURE 3. Normality of the estimator for popul, with
"yp; > 07 as Cp and ”yp; does not satisfy C; and xp; > 07
as Cs, and d; = 3,dy = 2. Sample fractions were 0.04,
0.06, 0.08, 0.11, 0.15 and 0.18 respectively.

ni= 3 p-value= 0 ni1=5 p-value= 0 ni=7 p-value= 0
5o z 8 5 8
5 s - 5
g o A Z
£ v g ° g s
° ° °
T T T T 1 T T T 1 —r T T 1 71 1
00 05 10 15 20 00 05 10 15 00 02 04 06 08 1.0 12
full full full
n1= 9 p-value= 0.0181 n1= 11 p-value= 0.0434 n1= 13 p-value= 0.3855
5 8 > 8 > g
< € e @
Y S o g
g - g - g %
& i &
° ° °
T T T T T T 1 T T T T T T 1 T T Tr 1
00 02 04 06 08 10 1.2 00 02 04 06 08 10 12 02 04 06 08 10
full full full
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0.12, 0.16, 0.21, 0.25 and 0.29, respectively.

5. Conclusion

We have extended the design for adaptive sequential sampling by
including more than one condition. Considerable effort is often spent
searching for rare individuals in sampling rare populations. Any design
that allows the survey effort to be better focused to where the individ-
uals are likely to occur is a welcome addition to the survey toolbox. In
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as (s, and d; = 3,do = 2. Sample fractions were 0.08,
0.11, 0.15, 0.18, 0.23 and 0.27 respectively.

this study the simulation study showed that when there was auxiliary
information correlated to the target population, it can be used to help
focus, or, adapt the survey effort and improve efficiency.

We illustrated multiple criteria sampling with two examples. In the first
example, auxiliary information (e.g., a related species) was used for a
second criteria and the adaptive allocation of the sample effort. In the
second example, information from the target population was used as the
second criteria whether the sample unit had a ”high” count (yp; > 3).
In both examples the two criteria designs had high efficiency especially
in finding rare units.

We developed a new estimator and showed that it is consistent and
asymptotically normal. We also provided its asymptotic variance es-
timator to standardize the estimator. For large-population sampling ,
where the size of the final sample is large, we recommend the use of this
new estimator instead of Murthy estimator. Asymptotic normality of
the estimator allows standard, well known, inference techniques to be
used.

Appendix A: Proof of Theorem 3.2: First assume we have one
condition C and n§ = d *l; + 1, where d is fixed before sampling and
N¢g, = NV — N¢g, (see Table 8). According to (3.1) (but for one
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TABLE 8. Attributes of the design for just one condition

number condition | Initial phase s; Second phase s2 s =51 Uso
Nv ny ng =n"(l1) =dxl1 +1 | n" =n] +n3
Ngl Cy 11 Iy l=11+ 12
Ngz =NV —Nél Cy =C ny — 1l ny —lo n¥ —1

condition) we have:

VY gs_YN”)

n(
_ 7’1}1} _
- \/ yxlsl - Yﬂ?le) + ﬁ(gmgsl - Y-T2NU))

from first-phase

_ ny _
+\/7 H yoc152 _Yx1N“)+ \/ ;i(yIQSQ _YCL‘2N“))'

from second-phase

Now we need first to state and prove the below lemma.

Lemma 5.1. In adaptive sequential sampling, under conditions given
in Theorem 3.2,

.(])( fl‘fNu)—>O as v —» 00
o (II) (nu W | Fvw) = op(1),

o (D) (% - % | Fve) = o0p(1) ,

o (IV) (g5, — Yarnv | Faw) = Op(n‘ff%)-

For proving Lemma 5.1 see Appendix B.
Now for the first phase of v/n?(y, — Y nv) according to the above results
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\% Ys — ?Nv)ﬁrst—phase | Fv

nY (Y,

_ n"f . _
=N yzlsl - Yl‘lNU) + ﬁ(yxgsl - Y:L"QN“))
Nv — —
_ /v — —
- nl m[(ywlsl - Y$1NU) + (yxgsl - YLEQNU)]

ny Nv _ = _ =

+/ny (\/ w o W)[(ymsl =Y Nv) + (Uppsy — Yaonw)l

_1
Opx(rl) Op(n} 2) Op(ny 2)

Then
\/ﬁ(@s - 7NU)ﬁrst—phase ’ JrN“

’U

=N m)[@zm —Youne) + Wapsy — Yaunw)]
+op(1).

From (C3) we have (see Thompson [24], page 60)
N < Vaisy = Vaune ) | Fao 5 N(0, (1= £)D).

yanSl - Y$2NU
Then for the first phase of sampling using Slutsky Theorem we have:

V nll}(\/ NUJJFVW(?M“ - ?ﬂhN“) + A/ Mﬁ(yzgéﬂ - ?mN“))

\/(1 - ff)((]\/'v-ﬁ[;]\f“ Ul + NUinUNU 02 + 2Nu+dNU*O'12))

Now for matching to Theorem 3.1 we can set:

Nv _ =~ — i3
Vi = m( m)[<ywls1_yw1l\7“)+(ym$1_YxQNU”’
1
v
Oy = (1—ff)m(0%+05+2012)-
1

Let B,y be the o — algebra that contains information from the first
phase. Conditional on By, the second phase sample is a simple random
sample without replacement of the populations Fyv after excluding s;
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with constant sample size n§ = d x [ + 1.

Y, 52 S Nv—
let ( Yo Nv—s: ) ) < g yzNv=s1 gf;m *' | are the vectors of
YzoNv—g; yr122 NV —81 yroa NV —s1

mean and the matrix of variance of the remainder population.

Also ¥, s, and 7, 5 conditional on By, Fyv, are the mean of a simple
random sample without replacement with constant sample size n§ =
d x l1 + 1 of the population Fnv — s1(Fyv after excluding s1). Then we
have

E( ’ Bn1f7FN”):Y;EkNU—Sl7 k:172

For the second phase of v/n?(Y s — Y nv) according to the above results
and (C4a), it is easy to show that

Yay,s0

v nY (ys - ?N“ )second-phase ’ an ’ ]:N“ -

| dN§ B _ B _
VAL Wd}\f&((y“” = Yanv—s,) + (Uapsy — Yaonv—s,)) + 0p(1).

Then from moment assumption and (C4b) we have

52 S, Nv_ o2 o
[ yr1 NV —s1 ygmz S1 | anafNU] T = 1 122 as
SyxlngUfsl Syiv2N“—S1 012 0y

v — 00, and then from (C4c) we have

e < aiss ~ Vortvi—s ) | Buy, Fao —5 N(0,(1 - f5)D).
yxzsz o NV —s1

Now for the second phase of sampling according to all above results we
have, as v — o0

. NG - NG, Y
\/772( W(ym@ — Y Nvos) + W(ym@ —Yarnv-a))
dNg, 9 dN¢, 2 dN¢§
V= 1D rrratgot + w78 + 2ot ora)
d
’ By, Fnv — N(0,1).

Again for matching to Theorem 3.1 we can set:

[ dN¥ _ _
w. C _ _
nv = ng NV + d}vg ((ymlsg - Y$1N“—81) + (nySQ - YwQN“—S1))7
1

2 o (1 f*) ng’l ( 2 2 ) )
Oopv = — J2 7]\7”4—ng, o] + 05+ 2012).
1
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We have
_ d
o Vo | Fyo == N(0,1),
O'an nv’Bn,J—"NU—>N(O )

and because the normal distribution has a continuous F' we have (see
Ferguson [10] chapter 1):

sup | P05 Wi < t| By, Fav) — @(t)]| — 0.

Also we have

(1- ff)]vuf%((ff% + 05 + 2012)

Tnv =
( f2)Nv+dNU ((U%+U%+2012))
_a —@)NU B /)
(1= f3)dNg, (1= f3)dfr
and with gathering all condition in Theorem 3.1 we have
Vi + Whe

\% Ulnv + UQnU
but Vn? (g, — Ynv) = Vo + Wio + 0p(1) and /0?2, + 03, = [(0F +

N ff+dN,
03+ 2092)(1 — W)] = O(1), Therefore,

| Fnv —>N(0 1),

Vit (Fs — Y ) _ Vet War
Nv *+dNu * = D 3
(1—W)%V(U%+U§+2au) o + O30
1

Then from Slutsky theorem we have

\4 nv(@s _?N“>
N“fl*—ﬁ-nglfQ* 1

| Fao -5 N(0,1).
(I — —xvrang, )24/ (07 + 05 + 2012)

Also for consistency, because of \‘//% —%% () we can deduce that

s — Y v \vai>0

and therefore
To— Yo | Fyo =50
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The proof of Theorem 3.2 is completed.
Appendix B: Proof of Lemma 5.1:

from l )
Iy
ZI‘FNUNHG(NU Ncl,n]_) _ﬁ L1
1 1 1ES]
it is easy to show that
i Ng -5
(= o | Pve) = Oyl )
and then with (C2a) in Theorem 3.2
h o Ng N¢
e v) = v v) — 0.
(= | Fae) = (= o | )+ (G = ] Foe) 2
Proof of (II) and (III) are easy using (I) and
ny 1 ny ny
w TR
ny
For (IV) , since from moment assumption S7, = O(1), we have

1

j:)(nll)j ‘yxk.sl _?ka“ ’> M. ‘ FN“) =

_ — v( U) ny
NV ar(Gy,, — Youne | Fav) M Sge (1 - 2H)0(1)

NU
= = <€
M2 M M

when we set M2 > % and M is a bound for (1 — %)O(l)
Appendix C: Proof of Theorem 3.5:

Because \/> Yo — Y ny) converges in distribution with finite constant
variance, it is easy to ShOW that

\/n*v(* —Y) =
_ =l \/nT _
\/n Y v — V4D Y v
Z\/W ysh Nh)_'—;(\/n»v h \/? ysh N)

h

Z\/?\/»ysh YN” ) + op(1).

and using Theorem 3.4, we have

45 N(0,0%),

F _
D /@ — Yve) | (Fp, h=1,2, ..., H)|
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where

H 2
2 _ Fy o
h=1"h

The rest of the proof follows from 62 -5 ¢2 and Slutsky Theorem. The
proof of the consistency is obvious according to the previous results.
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