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RICCI TENSOR FOR GCR-LIGHTLIKE
SUBMANIFOLDS OF INDEFINITE KAEHLER
MANIFOLDS

S. KUMAR, R. KUMAR* AND R. K. NAGAICH

Communicated by Mohammad Bagher Kashani

ABSTRACT. We obtain the expression of Ricci tensor for a GCR-
lightlike submanifold of indefinite complex space form and discuss
its properties on a totally geodesic GC R-lightlike submanifold of
an indefinite complex space form. Moreover, we prove that every
proper totally umbilical GC R-lightlike submanifold of an indefinite
Kaehler manifold is a totally geodesic GC R-lightlike submanifold.

1. Introduction

The geometry of C'R-submanifolds of Kaehler manifolds was initiated
by Bejancu [2], as a generalization of complex and totally real subman-
ifolds of Kaehler manifolds and has been further developed by many
others [3-6,12,13]. Due to growing importance of lightlike geometry
in mathematical physics and relativity, Duggal and Bejancu [7], intro-
duced the notion of C'R-lightlike submanifolds of indefinite Kaehler man-
ifolds, which does not include complex and totally real subcases. Then
Duggal and Sahin [9], obtained a new class of submanifolds, namely,
SC R-lightlike submanifolds of indefinite Kaehler manifolds but there
was no inclusion relation between C'R and SCR-cases. Later on, Dug-
gal and Sahin [10], introduced GC R-lightlike submanifolds of indefinite
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Kaehler manifolds. This class of submanifolds is an umbrella over real
hypersurfaces, invariant, screen real and C R-lightlike submanifolds. In
this paper, we obtain the expression of Ricci tensor for a GC R-lightlike
submanifold of indefinite complex space form and discuss its proper-
ties for a totally geodesic GC R-lightlike submanifold of an indefinite
complex space form. We also prove that every proper totally umbilical
GC R-lightlike submanifold of an indefinite Kaehler manifold is a totally
geodesic GC' R-lightlike submanifold.

2. Lightlike submanifolds

Let (M,g) be a real (m + n)-dimensional semi-Riemannian manifold
of constant index ¢ such that m,n > 1,1 <¢g<m+n—1 and (M,g)
be an m-dimensional submanifold of M and ¢ the induced metric of g
on M. If g is degenerate on the tangent bundle TM of M, then M is
called a lightlike submanifold of M, (for detail see [7]). For a degenerate
metric g on M

(2.1) T, M* = U{u € T,M : §(u,v) =0,Yv € T,M,z € M},

is a degenerate n-dimensional subspace of T, M. Thus both T, M and
T, M+ are degenerate orthogonal subspaces but no longer complemen-
tary. In this case, there exists a subspace Radl,M = T, M N Ty M=+,
which is known as radical (null) subspace. If the mapping

(2.2) RadTM : x € M —» RadT, M,

defines a smooth distribution on M of rank r > 0, then the submanifold
M of M is called an r-lightlike submanifold and RadT M is called the
radical distribution on M.

Screen distribution S(T'M) is a semi-Riemannian complementary dis-
tribution of Rad(T'M) in TM, that is

(2.3) TM = RadTM & S(TM),
and S(T'M~) is a complementary vector subbundle to RadT M in TM=.
Let tr(T M) and ltr(T M) be complementary (but not orthogonal) vector

bundles to TM in TM |y and to RadTM in S(T M)+ respectively.
Then we have

(2.4) tr(TM) = ltr(TM)LS(TM?1),

(2.5)
TM |p=TM & tr(TM) = (RadTM @ ltr(TM))LS(TM)LS(TM™).
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Let u be a local coordinate neighborhood of M and consider the local
quasi-orthonormal fields of frames of M along M, on uas {&1, ..., &, W1,
s Wy N1y ooy Npy X1,y ooy, X}, where {&1,...,6:}, {1, ..., N} are lo-
cal lightlike bases of I'(RadTM |,), T'(ltr(T'M) |.), respectively and
Wity ooy Wi 1, { X541, ..., Xin} are local orthonormal bases of
L(S(TM*Y) |,), T(S(TM) |.), respectively. For this quasi-orthonormal
fields of frames, one has

Theorem 2.1. ( [7]). Let (M,g,S(TM),S(TM=)) be an r-lightlike
submanifold of a semi-Riemannian manifold (M,g). Then, there erists
a complementary vector bundle ltr(TM) of RadT M in S(TM*Y)* and a
basis of T'(Itr(T M) |4) consisting of smooth section {N;} of S(TM*)* |y,
where u is a coordinate neighborhood of M such that

(26) g(NZ,fj) = 5ija ?](N“Nj) = O,fO?” any i,j € {1,2, ..,’r‘}7
where {&1,...,&} is a lightlike basis of I'(Rad(T'M)).

Let V be the Levi-Civita connection on M then, using the decompo-
sition of TM |5s in (2.5), the Gauss and Weingarten formulas are given
by

(2.7) VxY =VxY +h(X,Y), V XY el(TM),

(2.8) VxU=-ApX +VxU, YV X eI(TM),U e T(tr(TM)),

where {VxY, Ay X} and {h(X,Y),VxU} belong to I'(T M) and
[(tr(TM)), respectively. Here V is a torsion-free linear connection on
M, h is a symmetric bilinear form on I'(T'M), which is called second
fundamental form, Ay is a linear operator on M, known as shape oper-
ator.

Considering the projection morphisms L and S of tr(T'M) on ltr(TM)
and S(T M), respectively, then (2.7) and (2.8) become

(2.9) VxY =VxY +h(X,Y) + h*(X,Y),

(2.10) VxU = —AyX + DU + D%U,
where we put h!(X,Y) = L(h(X,Y)),h*(X,Y) = S(h(X,Y)), D\ U =
L(V%U), D5U = S(VxU).

As h! and h® are T'(Itr(TM))-valued and T'(S(TM~'))-valued respec-

tively, therefore they are called the lightlike second fundamental form
and the screen second fundamental form on M. In particular

(2.11) VxN = —AyX + V5N + D*(X, N),
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(2.12) VxW = —Aw X + VW + DY(X, W),
where X € I'(TM),N € T(ltr(TM)) and W € T'(S(TM+*)). Using
2.9)-(2.12) we obtain

2.13) g(h*(X,Y), W)+ g(Y,D'(X,W)) = g(Aw X,Y),

2

(
(
(2.14) (WX, Y),6) + (Y, R (X,€)) + g(Y, V&) =0,
(2.15) g(D*(X,N), W) = g(N, Aw X),

(

2.16) G(ANX,N")+g(N, Ay X) =0,

for any ¢ € T(RadT M), W € T(S(TM+*)) and N, N’ € T'(itr(TM)).

Let P be the projection morphism of TM on S(T M), then using (2.3),
we can induce some new geometric objects on the screen distribution
S(T'M) on M as

(2.17) VxPY = V% PY + h*(X, PY),

(2.18) Vx¢=—A{X + V¥,
for any X,Y € I(TM) and ¢ € T'(RadTM), where {V5PY, A{X}
and {h*(X, PY), Vi) belong to T'(S(TM)) and I'(RadT'M), respec-
tively. V* and V* are linear connections on complementary distribu-
tions S(TM) and RadT M, respectively. h* and A* are I'(RadT M )-
valued and I'(S(T'M))-valued bilinear forms, known as the second fun-
damental forms of distributions S(T'M) and RadT M, respectively.
Using (2.9), (2.10), (2.17) and (2.18), the following relations hold
good.

(2.19) g(h'(X,PY),&) = g(A{ X, PY),

(2.20) g(h*(X,PY),N) = g(An X, PY),

for any X,Y € I'(T'M),§ € I'(Rad(TM)) and N € I'(itr(T'M)).
Denote by R and R the curvature tensors of V and V, respectively,
then by straightforward calculations ( [7]), we have
R(X, Y)Z - R()(7 Y)Z + Ahl(X,Z)Y - Ahl()/,Z)X + AhS(X,Z)Y
~Ape v,z X + (Vxh)(Y, Z) = (Vyh') (X, Z)
+D'(X, h*(Y, Z)) = D'(Y, 1*(X, Z)) + (Vxh*)(Y, Z)
(2:21) —(Vyh*)(X, Z) + D*(X,h\(Y, Z)) = D*(Y, h'(X, Z)),
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where
(Vxh)Y,2) = Vih'(Y,Z) — h*(VxY, Z)
(2.22) —h¥(Y,VxZ),

(Vxh)(Y,Z) = V&h\(Y,Z) - h(VyY,Z)
(2.23) —hl(Y,VxZ).

Let M (c) be a complex space form of constant holomorphic curvature
¢, then the curvature tensor R is given by

RX,Y)Z = %{g(Y, 2)X — §(X, 2)Y + g(JY, Z)JX

(2.24) —g(JX,2)JY +29(X,JY)JZ},

for X,Y, Z vector fields on M.

Using (2.24) and (2.21), we obtain
YR V)ZI) = S{g(V, 2)g(X W) — g(X, Z)g(¥, V)

+9(JY, Z2)g(JX, W) — g(J X, Z)g(JY, W)
+29(X, JY)g(JZ, W)} — g(Apx, )Y, W)
+9(Ap iy, )Xo W) — g(Aps (x,2)Y, W)
+9(Aps (v, )X, W) — g(Vxh) (Y, Z), W)
+g((Vyh')(X, 2), W) = g(D'(X, h*(Y, 2)), W)

(2.25) +g(D'(Y,h*(X, Z2)),W).

Definition 2.2. (' [1]): Let (M, J,g) be an indefinite almost Hermitian

manifold and V be the Levi-Civita connection on M with respect to g.

Then M is called an indefinite Kaehler manifold if J is parallel with
respect to V, that is

(2.26) (VxJ)Y =0, V X,Y eI[(TM).
3. Generalized Cauchy-Riemann lightlike submanifolds

Definition 3.1. ( [10]). Let (M, g,S(TM)) be a real lightlike submani-
fold of an indefinite Kaehler manifold (M, g, J) then M is called a gen-
eralized Cauchy-Riemann (GCR)-lightlike submanifold if the following
conditions are satisfied

(A) There exist two subbundles Dy and D2 of Rad(TM) such that
(3.1) Rad(TM) = D1 ® Dy, J(D1)=D1, J(D2) CS(TM).
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(B) There exist two subbundles Dy and D' of S(TM) such that
(3.2) S(TM)={JDs® D'} LDy, J(Dy)=Dy, J(D')=LLLs,

where Dy is a non-degenerate distribution on M, L1 and Lo are vector
subbundle of ltr(TM) and S(TM)*, respectively.

Then the tangent bundle T'M of M is decomposed as
(3.3) TM =D& D', where D= Rad(TM)® Dy @ JDs.

M is called a proper GCR-lightlike submanifold if D; # {0}, Dy #
{0}, D() 7& {0} and LQ 7& {0}

Let @, P, and P, be the projections on D, J(L1) = My C D’ and
J(La) = My C D', respectively. Then for any X € I'(T'M), we have

(3.4) X=QX+PX+PRX=0QX +PX,
applying J to (3.4), we obtain
(3.5) JX =TX + wP X +wPX = TX +wX,

where T X and wX are the tangential and transversal components of
JX, respectively.
Similarly

(3.6) JV = BV + OV,

for any V e I'(¢tr(T'M)), where BV and C'V are the sections of TM and
tr(T'M), respectively. Differentiating (3.5) and using (2.9)-(2.12) and
(3.6), we have
(3.7)

D (X, wP,Y) = —ViwPY +wPVxY — h3(X,TY) + Ch*(X,Y),

(3.8) DY(X,wP,Y) = —ViwP, Y +wP,VxY —h (X, TY)+Ch (X, Y).

Using Kaehlerian property of V with (2.11) and (2.12), we have the
following lemmas.

Lemma 3.2. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler manifold M. Then we have

(3.9) (VxT)Y = Ayy X + Bh(X,Y)
and
(3.10) (V&w)Y =Ch(X,Y) - h(X,TY),

where X,Y € T'(T'M) and
(3.11) (VxT)Y = VxTY — TVxY,
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(3.12) (Viw)Y = ViwY —wVxY.

Lemma 3.3. Let M be a GCR-lightlike submanifold of an indefinite
Kaehler manifold M. Then we have

(3.13) (VxB)V = Acv X —TAy X
and

(3.14) (Vi C)W = —wAy X — h(X, BV),
where X € T(TM), V € T'(tr(TM)) and

(3.15) (VxB)V = VxBV — BV4V,
(3.16) (VKO =V5CV - CVLV.

4. Ricci tensor of GCR-lightlike Submanifold of an indefinite
complex space form

Let {E1, Ea, ..., By} be a local orthonormal frame field on M such
that {El, EQ, Ep, Ep+1 JEl, p+2 — .]EQ, ...,Egp = JEP},
{61,862, 85,8511 = J&1, &2 = JE&ay o €as = JEs}, {25415 €252, 60 )
and {J&2s41, J€2542, ..., J&} be local frame fields on Dy, D1, Do and
J Dy, respectively and {F}, Fy, ..., F,;} be a local frame field on D', then
by direct Computation we have

(4.1) Zg U,E)g(E;, V) = g(U,V),
(4.2) > 9(U, E)g(E;, V) = g(PU, PV),
i=r+1
(4.3) 9(U, Ei)g(E;, V) = g(QU,QV)
=1
and
(4.4) Zg (U,E;)g(E;, V) = g(PU, PV),

for any U,V € F(TM ) and the Ricci tensor is given by

m

(4.5)  Ric(U,V) Zg (U, &)V, Na) + > g(R(U,U,)V,Tp).
b=r+1
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Using (2.25), we obtain

St 9(RUEIVIN,) = —{jg (V€9 (JU, Na) — T o(U, V)
-3 > 60 V)g(J, o)
a=1
—fZg (JU,€)g(JV, N,)
+29(Ah’(£a7V)Uv Na) — il 9(Anwv)€as Na)
(4.6) +Zg Aps(e,,v)U, Na) ig Apsv)éas Na)-

Now, using equation (2.30) of [7] at page 158, for any U € I'(T'(M)),
define a differential 1-form as
Ua(U) = g(U7 Na)’va € {]—7 2, ~"7T}7

then any vector field U on M can be expressed as

(4.7) U= PU+Z77a )a:
a=1

where P is the projection morphism of TM on S(T'M). Therefore, we
have

(4.8) g(U, JV) = g(PU,JV) + > g(U, No)g(éa, JV).
a=1
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Also, using (2.15), (2.16) and (4.8) in (4.6), we obtain

Zg (U,€)V,Ny) = —C(TZ?’) (UV)+BZ(TUTV)

_E > g(JU,V)g(J&as Na)
a=1

— > 9(AN, U B (&, V)

a=1
+>  9(AN, &, (U, V)
a=1
+Y g(D*(U, Na), b*(6as V)
a=1
(4.9) — Zg (D*(Eay Na), h5(U, V).
Using (2.13), (2.20), (2.25) and (4. ), we obtain
S GRBEUWV.LY) = —Sg(PUPV) - "y
b=r+1

+ Z {g Ub7 h*(Uv Ub))
b=r+1

—g(W (U V), h*(Up, Uy))
+g(h* (U, V'), h*(U, Uy))
(h*(

(4.10) —g(h*(U, V), h* (U, Up)) }-
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Thus subsituting (4.9) and (4.10) in (4.5), we obtain the expression of
Ricci tensor of a GC R-lightlike submanifold as

Ric(U,V) = _(ng) g(UV) + 32 (TU,TV) ~ Sg(PU, PV)

¢ Zg (JU,V)g(JEq, Nu) + Zg AN, &a, BI(U, V)

- Zg(ANaU, (&, V) + Zg(DS(U, Na), h* (&, V)

a=1 a=1
—Zg (D*(&a, Na), B5(U, V) =Y g(B{(U, V), b*(Up, Uy))
b=r+1
+ Z hl Uba ’ (U7 Ub)) _Z g(hs(Uv V)’hs(Uvab))
b= 7"+1 b=r+1
(4.11) + Z (R*(Up, V), (U, Up)).-
b=r—+1

Next, by using an orthonormal frame fields on D', Dy, J Dy and Rad(T M),
we can also express the Ricci tensors as

2p
Ric(U,V) Zg (U, F)V,F)+>_ g(R(U, E)V, Ey)
k=1
(4.12) + Z R(U, J&)V, JN;) + Zg (U, &)V, Ny),
1=2s+1 a=1
therefore, we have
2p r
Ricp(U,V) = g(RU.E)V,Ex)+ > gR(U,JG)V,IN))
k=1 1=2s+1
(4.13) +Zg (U, &)V, N),
q
(4.14) Ricp(U,V) =Y _g(R(U,F)V, F,).

=1
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Using (2. 15) (2.20), (2.25) and (4.3), we obtain

Zg (UEV.E) = ~59(QU.QV) ~ Zg(U,V)
2p
+> g(h (B, V), h* (U, Ey))
k=1

—Zg WU, V), h*(Eg, Ey))

2p
+>g(h* (B, V), (U, Ey))
k=1
(4.15) = g(h*(U, V), h*(Ey, E}))
and
u c(r —2s)
> 9BUIGVIN) = ————g(U.V)
1=2s+1
c T
+1 D 9(J&,V)g(U, IN)
1=2s5+1
= Y A Ta IN)
1=25+1
T
+ Z g Ahl (J&,v UJNl)
1=25+1
= Y 9(Apwn I, IN)
= 2s+1
(4.16) + Z (Aps (e, U, TNY).

1=2s+1

1019
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Using (4.9), (4.15) and (4.16) in (4.13), we obtain

2+ 2r — 2
Rie(U,V)=2g(r0,1v) — 2223 0y vy L gqu v
c T
»Zg (JUV)g(J&ar Na) + 5 > 9(J&, V)g(U, TN))
1=2s5+1
+Zg (An,&a, W' Zg (AN, U, B (&, V)
a=1 a=1
—Zg D3(£4,N,), h*(U,V)) —i—Zg D3(U,N,), h* (€4, V)
a=1
2p
+) g (B, V), h*(U, Ey)) Zg (R'(U, V), h*(Eg, Ey))
k=1
2p
+> _g(h* (B, V), (U, Ey)) Zg (h*(U, V), b*(Ex, Ey))
k=1
= > AT IND + D (AU TN
1=2s+1 1=2s+1
(417) - Z Ahs U,v) J{l,JNl) Z g<AhS(J§l,V)U7 JN[)
1=2s+1 1=2s+1

Also using (2.13), (2.20), (2.25) and (4.4), we obtain
Ricp (U, V)==59(PU,PV) = L2q(U, V) = 3~ (W' (U. V). 1* (F;, Fy))
=1
q q
+y g (B, V), R (U, F) =Y g(h*(F;, F), b*(U, V)
i=1 =1
(4.18) > g(h*(F, V), (U, Fy).
=1
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Let X,Y € T'(D) and Z,W € T'(D'), then particularly, we have

Ricp/(X,Y)=="2g(X.Y) = > g(h/(X.Y), b*(Fy, )
=1

q
g hl(Fiv Y)? h*(Xa Fl)) - Zg(hs(Fiv Fi)ﬂ hs(X7Y))
=1

+Z(
Z(

(4.19) g(*(F;,Y), h* (X, F})),
. c(s—r—p—1)
Ricp(X,Y)= 5 g(X,Y) Zg (JX,Y)g(J€q, No)
a=1
+Zg (AN, &a, B! Zg (AN, X, h!(€,Y))
a=1 a=1
—Zg (D*(&a, Na), B*(X,Y)) +Zg D*(X, Na), h* (&, Y))
a=1
2p 2p
+Zg(hl(Ek’Y)’h*(X7Ek))_Zg(hl(va)ah*(Ekka))
k=1 k=1
2p
+> g(h*(Eg,Y),h* (X, Ey)) Zg (h*(X,Y), h*(Eg, Ex))
k=1
B Z Ahl X)Y) J{[,JN[) Z g(Ahl(ng’y)X,JNl)
1=2s+1 1=2s+1
(4.20) - Z (Aps(x ) T IND + D g(Apsge, X, TN,
1=2s+1 1=2s5+1
q q
Ricp(X,2)=)Y g(h"(X,Z),h*(Fi, Fy)) + > _ g(h!(F}, Z), h*(X, Fy))
=1 i=1
q q
(4.21) =Y g (F, F), h*(X, 2)) + > g(h*(F;, 2), h*(X, Fy)),

i=1 i=1
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r

Rz‘cD(X,Z):Z N 9 2)9(X, IN) + Y 9(An,Eas H(X, 2))
a=1

=2s+1

—Zg AN X W (60, Z Zg (D*(éas Na), *(X, 2))

a=1
—i—Zg D*(X,No), h*(€a, Z —i—Zg W By, Z), h*(X, Ey))
a=1
2p 2p
— Y g(h'(X, Z),1*(Ex, Br)) + Y _ g(h*(Ex, 2), h*(X, Ey))
k=1 k=1
—Zg W (X, Z), 0 (Ep, Br)) — Y 9(Apx.zI& TN
1=2s+1
+ Z (Apt(e, 2 X, JNI) — Z 9(Aps(x,2J&, JNI)
1=2s+1 1=2s+1
(4.22) + Z (Aps g2 X, INY)
1=2s+1
and
. +2)c . .
Ricps (2.W)=—C2 g2, W) = 3" g0 (2.W), 1 (B, F)
i=1
q q
+Zg(hl(Fi7W)7h*(Z7E))_Zg(hs(FhFi)vhs(va))
=1 =1
q
(4.23) > 9(h*(F, W), h*(Z, F,)).
=1
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c(2p+2r —2s+3)
4

Ricp(Z,W)=— g(Z, W)

+ Z (J&, W)g(Z, IN) + Y g(An, 0, B (Z,W))
a=1

l 2s+1

_Zlg AN, Z B (&, W Zg (D*(£a, Na), b*(Z, W)

+§ijlg<Ds<Z, Na>,hm,W>>+§j:g<hl<Ek,W>,h*<Z, £)
—ig(h%z, W), (B, Ey))

—I—Zg (B, W), h*(Z, Ek))—ig(hs(Z, W), h*(Ey, Ey,))

- Z AhlZW)ngﬂ]Nl) Z g(Ahl(Jél’W)Z,JNZ)
= 28+1 1=2s+1

(4.24) - Z (ApszwJ& IND + > g(Apse,w) 2, TN,
1=2s+1 1=2s5+1

Definition 4.1. A GCR-lightlike submanifold of an indefinite Kaehler
manifold is called:

(i) Totally geodesic GCR-lightlike submanifold if its second funda-

mental form h vanishes, that is, h(X,Y) = 0, for any X,Y €

(T M).

(ii) D-geodesic GCR-lightlike submanifold if h(X,Y) = 0, for any
X,Y €T(D).

(iii) D’-geodesic GC R-lightlike submanifold h(X,Y) = 0, for any
X,Y eT(D").

(iv) Mized-geodesic GCR-lightlike submanifold if h(X,Y) = 0, for
any X € (D) and Y € T'(D’).

Thus from (4.19) to (4.24), we have the following results.

Theorem 4.2. Let M be a totally geodesic GC R-lightlike submanifold
of an indefinite complex space form M/(c), then for any X,Y € I'(D)
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and Z,W € T'(D’)

r

c(s—r—p—1)

c
iep(X,Y) = X.Y)— - XY a, Na),
RZCD( ) ) 9 g( ) ) 4;.9(‘] ) )g(Jg )
. Cc 4
RZCD(sz):E Z g(Jé.le)g(ijNl)a
1=2s+1
2 2r — 2 3
Riep(2,W) = ~CLIA 2D )
c T
+1 D, 9(J&W)g(Z, IN)
1=2s+1
and

Ricp/(X,Y) = —%g(x, Y),
Ricp (X, Z) = 0,

Ricp (Z,W) = —(q—zz)cg(z, W),

Theorem 4.3. Let M be a D-geodesic GC R-lightlike submanifold of an
indefinite complex space form M (c), then for any X,Y € T'(D)

. c(s—r—p—1 ¢ w—
Ricp(X,Y) = ( 5 )g(X, Y) - 1 Zg(JX,Y)g(Jfa,Na)
a=1
and
q
. c .
Ricp/(X,Y) = _qu(X, Y)+ 3 g(h(FLY), 0 (X, F)
i=1

+>_g(h*(F,Y), 1% (X, F)).

=1
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Theorem 4.4. Let M be a D’-gefodesic GC R-lightlike submanifold of
an indefinite complex space form M/c), then for any Z,W € T'(D’)

) c(2p+2r —2s+3 ¢ —
Ricp(2.W)=— L2 B L) 7y S g(ag. Wha(Z, )

1=2s+1

= (AN Z B (W) + ) 9(D*(Z, Na), b (€a, W)
a=1

a=1

2p

+ Zg(hl<Ekv W)v h*(Z7 Ek))+z g(hs(Eka W)7 h‘s<Z7 Ek))
k=1

+ Z (Aptge,wyZ, JNI) + Z 9(Aps e, w)Z, JNI)
1=2s5+1 1=2s+1
and

Riep(Z,W) = 8207 1) 4+ 37 g(bl(F, W), (2, F)
=1

4

q
+ Zg(hs(Fi7 W)7 hS(Za FZ))
i=1
Theorem 4.5. Let M be a mized-geodesic GC R-lightlike submanifold
of an indefinite complex space form M(c), then for any X € I'(D) and
Z e T(D)
. & d
Ricp(X,2) =7 >, 9(J&, Z)g(X,JN))
1=2s+1

and

q q
Ricp(X,2Z) =Y g(h{(F;, 2), 0" (X, Fy)) + > _ g(h*(F, Z),h* (X, F})).
i=1 i=1
Definition 4.6. ( [8]). A lightlike submanifold (M, g) of a semi-
Riemannian manifold (M ,g) is said to be a totally umbilical in M, if
there is a smooth transversal vector field H € T'(tr(TM)) on M, called
the transversal curvature vector field of M, such that, for X, Y € F(TM)

(4.25) WX,Y) = Hg(X,Y).
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Using (2.9), it is clear that M is totally umbilic, if and only if, on
each coordinate neighborhood u there exist smooth vector fields H' €
L(itr(TM)) and H® € T'(S(TM+*)) such that

hl(X7Y):Hl g(XaY)7 hS(X,Y):HSg(X,Y),
(4.26) DY(X,W) =0,
for X,Y € T(TM) and W € T'(S(TM™)).

Theorem 4.7. Let M be a proper totally umbilic GCR-lightlike sub-
manifold of an indefinite Kaehler manifold M, then H' = 0.

Proof. Using (2.9), (2.10) and (2.26) with the hypothesis that M is a
totally umbilic GC R-lightlike submanifold and then taking tangential
parts of the resulting equation, we obtain

(4.27) AwzZ + TV 37 + BRN(Z,Z) + Bh*(Z, Z) = 0,

where Z € T'(JLg). Taking inner product with £ € T'(D3), we ob-
tain g(AwzZ,J€) + g(h'(Z,Z),6) = 0 and further using (2.13), we
have g(h*(Z,J€¢),wZ) + g(h'(Z,Z),€) = 0. Hence, using (4.26), we
get g(Z,Z)g(H',€) = 0, then the non-degeneracy of .JLy implies that
H' =0, which completes the proof. ]

Lemma 4.8. Let M be a totally umbilic GCR-lightlike submanifold of
an indefinite Kaehler manifold M, then VxX € T'(D), for any X €
(D).

Proof. Since D' = J(L1LLy), therefore VxX € I'(D), if and only if,
9(VxX,JE) =0 and g(VxX,JW) = 0, for any £ € I'(Dg) and W €
['(Lg). Since M is a totally umbilic GCR-lightlike submanifold, we
obtain

9(VxX,JE) =—g(VxJX,£) = —g(h'(X,JX),¢)
(4.28) = —g(H', £)g(X,JX) =0
and
g(VxX,JW) =—g(VxJX,W)=—g(h*(X,JX),W)
(4.29) =—g(H*W)g(X,JX)=0.
Thus from (4.28) and (4.29), the result follows. d

Theorem 4.9. Let M be a proper totally umbilic GC R-lightlike sub-
manifold of an indefinite Kaehler manifold M, then H® € T'(Ls).
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Proof. Since M is a totally umbilic GC R-lightlike submanifold, therefore
using (3.7), we get g(X,JX)H® = wP,VxX + g(X, X)CH?, for any
X € I'(Dyp). Then, using the Lemma (4.8), we have g(X, X)CH?® = 0.
As Dy is non-degenerate, we get CH® = 0. Hence H® € T'(Ls). O

Theorem 4.10. Let M be a totally umbilic GCR-lightlike submanifold
of an indefinite Kaehler manifold M, then VxJX = JVxX, for any
X € T'(Dy).

Proof. Using (3.10) and (3.12), we have wVx X = h(X, JX)—-Ch(X, X),
for any X € I'(Dy). Since M is totally umbilic, using (4.25), we have
wVxX = Hg(X,JX) — CH'g(X,X) — CH*g(X,X). Consequently,
using the Theorems (4.7) and (4.9), we get wVxX = 0. Hence

(4.30) VxX eI'(D).
Moreover, using (2.26) and the fact that Dy is non-degenerate, we obtain
that VxJX = JVxX, for any X € I'(Dy). O

Theorem 4.11. Let M be a proper totally umbilic GC R-lightlike sub-
manifold of an indefinite Kaehler manifold M, then H® = 0.

Proof. For any W € T'(S(TM™)) and X € I'(Dy), using (2.26), (4.25)
and the Theorem (4.10), we have

g(IVxX,JW) = g(VxJX,JW) = g(VxJX,JW) + g(h(X, JX), JW)
= g9(VxJX,JW) +g(X,JX)g(H, JW)
(4.31) =g(JVxX,JW)=g(VxX,W)=0.
Also using (4.26), we have
g(IVxX, JW) =g(VxX, W) = g(h*(X, X), W)
(4.32) =g(X, X)g(H®* W).
Comparing (4.31) and (4.32), we have g(X, X)g(H?®, W) = 0. Thus, the

non-degeneracy of Dy and S(TM~) implies that H* = 0. Hence the
result follows. O

As a consequence of Theorems (4.7) and (4.11), we obtain the follow-
ing result.

Theorem 4.12. Let M be a proper totally umbilic GC R-lightlike sub-
manifold of an indefinite Kaehler manifold M, then M 1is a totally geo-
desic GC R-lightlike submanifold.
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In [10], Duggal and Sahin proved a theorem for non-existence of totally
umbilic proper GC R-lightlike submanifolds in a complex space form as

Theorem 4.13. ( [10]). There exist no totally umbilic proper GCR-
lightlike submanifold of an indefinite complex space form M (c), such that

c#0.
Finally, using the theorems (4.12) and (4.13) in (4.11), we obtain

Theorem 4.14. Let M be a totally umbilic GCR-lightlike submanifold
of an complex space form M/(c), then Ric(U,V) = 0, for any U,V €
N(TM).
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