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THE STREAMLINE DIFFUSION METHOD WITH
IMPLICIT INTEGRATION FOR THE
MULTI-DIMENSIONAL FERMI PENCIL BEAM
EQUATION

E. KAZEMI

Communicated by Mohammad Asadzadeh

ABSTRACT. We derive error estimates in the appropriate norms,
for the streamline diffusion (SD) finite element methods for steady
state, energy dependent, Fermi equation in three space dimensions.
These estimates yield optimal convergence rates due to the maximal
available regularity of the exact solution. High order SD method
together with implicit integration are used. The formulation is
strongly consistent in the sense that the derivative in the pene-
tration is included in the stabilization term. Here our focus is on
theoretical aspects of the h and hp approximations in SD settings.

1. Introduction

In this paper we shall consider a pencil beam of particles normally in-
cident on a slab of finite thickness. The particles enter at a single point,
say at (z,y,2) = (0,0,0), in the direction of positive z-axis (p = 1).
We assume the mean scattering angle is small (fig &~ 1) and that large-
scattering is negligible. (This is often valid assumption for charged par-
ticle, such as electrons, protons, or heavy ions.) Thus the beam will
gradually broaden as it advances into slab. The problem of determining
quantitatively how such a beam broadens was first considered in 1940
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by Fermi([15]) who, using physical reasoning, derived a monoenergetic
model equation with a closed form solution. Fermi’s work was motivated
by the study of cosmic rays in the atmosphere. This physical problem
has applications in such diverse fields as astrophysics, material science,
electron microscopy, and radiation therapy. The Fermi equation is ob-
tained either as an asymptotic limit of the Fokker-Planck equation as
the transport cross-section (o) gets smaller or as an asymptotic limit of
the transport (linear Boltzmann) equation for vanishing transport cross-
section and high (tends to co) total cross-section (o¢). It can be shown
that under appropriate conditions, the linear Boltzmann and Fokker-
Planck equations do in fact have the same leading-order approximation
(the Fermi equation) for pencil beam problems. For details in derivation
of Fermi equation we refer to [11]. (The physical quantities oy and oy
are defined below). The Boltzmann equation for the basic pencil beam
transport problem with no absorption and no energy-dependencies is
given by

0 0 0 , , .
Mazi‘m;yb + f% = /. os(Q- Q) [(z, Q) — (2, Q)] d*Q,
O<z <,
(1.1) 51 )
$(0.y,2,9) = 6Wiy) =5 0<p<l,
w(layaz7g)—07 _1§[J<0

Here we follow the conventional notations. We use dimensionless spatial
variables, scaled so that the slab width is unity. The slab width in units
of mean free paths is o; ', with oy = 27 f_ll os(po)dpo. We use the
notation

Q=(n8), n=v1-p?cosg, {=+/1-pu?sing.

The differential scattering cross section, for the case of no absorption,
has the expansion

(12)  os(mo) =o0r ) 2n4i 1fnPn(/~L0)7 fo=1, fi = po.
n=0
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with P, being the nth Legendre polynomial. The Fokker-Planck ap-
proximation to this transport equation is given by

(1.3)
&b 31/1 8¢ Utr 0 2 8 1 82
0 <z <l,
(1 —
0(0.9,29) = 0 o<ust,
¢(17y727g):07 _1§M<0

where o4, = 04(1 — fip). The Fokker-Planck equation (1.3) is usually de-
rived from transport equation (1.1) by assuming that small-angle scat-
tering dominates large-angle scattering, and by expanding the angular
flux in the integral in equation (1.1) into a Taylor series about Q' = Q,
retaining only the second order terms. Fermi proposed the following
model to approximate pencil beam problems for oy, < 1:
2 2
0y 0% w o < * 0

¥(0,y, 2,7775) = 6(y)(2)a(n)5(&)-

Fermi obtained this model using physical reasoning, not as an approx-
imation to the transport or Fokker-Planck equations. The main virtue
of the Fermi equation is that by artificially extending the range of n
and £ to the entire real line and by Fourier transforming with respect
to y,z,m and &, one can obtain the exact solution for oy = oy ().
However, it is not generally possible to derive an exact form solution
for oy = o4 (2,y,2). In this paper we study the approximate solution
for the three-dimensional Fermi pencil beam equation using high order
stabilization methods. We prove stability estimates and derive optimal
convergence rates for the weighted current function, as in the convec-
tion dominated convection diffusion problems. This work extends the
results introduced in [2] to the case of the multidimensional Fermi equa-
tion. The SD-method and DG-method for Fermi equation in two space
dimensions are studied there and error bounds of order O(h*+1/2) are
given for the weighted current function. A posteriori error estimates are
also studied in [3]. We refer to [6] which considers different stabilization
techniques for Vlasov-Poisson-Fokker-Planck System using continuous
and discontinuous space-time elements. The hp-analysis are also inves-
tigated in [8]. Some fullydiscrete schemes with numerical results can
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be found in [7]. There are several points of concern with this type of
problems: The Fermi equation considered in this paper is degenerate in
both convection and diffusion in the sense that drift and diffusion are
taking place in, physically, different domains. Besides the problem is
convection dominated since the diffusion term has a very small coeffi-
cient compared to the coefficient of the convection term. Furthermore,
the problem is associated with a boundary condition in form of product
of certain ¢ functions, which are not suitable for numerical considera-
tion involving Lo norms. We have therefore considered model problems
with somewhat smoother data approaching Dirac ¢ function. Finally, in
spite of the assumption of no back-scattering, i.e., the scattering angle
—7/2 < 0 < 7/2, we still need to restrict the range of 6, through fo-
cusing or filtering, and avoid small intervals in vicinity of the endpoints
+7/2, in order to get, after scaling, bounded computational domains
relevant in numerical considerations. The streamline diffusion method
(SD-method) is a generalized form of the standard Galrekin method de-
signed for the finite element studies of the hyperbolic problems, giving
good stability and high accuracy. The SD-method which is used for our
purpose in this paper is obtained by modifying the test function through
adding a multiple of the ”drift-terms” involved in the equation to the
usual test function. This yields a weighted least square control of the
residual of the finite element solution. See, e.g., [17] and [18] and the
references therein for further details in the SD method. Here we have
considered both A and hp versions of SD methods. As for numerical
implementation, a characteristic method, as well as a semi-streamline
diffusion for Fermi pencil beam equation have been studied in [2] and
[7], respectively. An outline of this paper is as follows: In Section 2, we
introduce the model problem and present some notations. Section 3 is
devoted to the study of stability estimates and proof of the convergence
rates for the, h, streamline diffusion approximation of the Fermi equa-
tion. In Section 4 the hp analysis of streamline diffusion with implicit
integration over x variable are illustrated and studied.
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2. Notations and preliminaries

By introducing the new angular variables

_n_ n
vl_;_ 1—n2—¢2
(2.1) ¢ :
Vg = — =

oo J1—n2 =€’
in (1.4) we consider a model problem for three dimensional Fermi equa-

tion on a bounded polygonal domains €, C R? with velocities v € Q, C
R2:

(2.2)
%+v.va:%(Avf), in (0,L] x Q,
f(O,xj_,U):f[)(.Z'J_,U), inQ:le XQ%
f(x7xJ_7U) :07

in (0, L] % ([T x Q] U[Q, x 9.

Tl

where fo € L2(€2), and the outflow boundary is given by
(2.3) Iy ={z, €09 n(zy) v<0}, forvel,.

Here n(z)) is the outward unit normal to 0€);, at the point =, €
0, 1 = (y,2), v = (v1,02), V1 = (&, %) and, o1y = 01r(2,y, 2)
is the transport cross-section (actually oy = oy [E(z,y,2)] is energy
dependent).

We shall use a finite element structure on {2, x €2,: by letting T,f =
{72, } and T} = {7} be finite element subdivisions of €, and €,
into the elements 7%+ and 7Y, respectively. Thus, T} = T;f P x Ty =
{72, x 1} = {7} will be a subdivision of Q@ = Q,  x €, with elements
{2, x 7} = {7}. We also use the partition 0 = zp < 21 < ... < xzp =
L of the interval I = (0, L] into subintervals I,, = (Zy—1,Zm), m =
1,..., M. Now, let Cj, be the corresponding subdivision of Q, := (0, L] x
into elements K = I, x 7 with the mesh parameter h = diam K. Let
P,(K) be the set of all polynomials of degree at most p on K; in z,z
and v, and define the finite element space

(2.4) Vi ={g€Ho:goFk € P(K); VK € Cp},
with

(2.5) Ho = HH&(Sm), S =1, x Q, k=1,---, M.
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and
(2.6) HY(Sm)={g€ H'(Sn):g=0 on 99Q,}.
Moreover
(fs@)m = (f9)Sm: 197 = (9, 9)m:
(2 7) <fa g>m = (f(l'm, “ .),g(xm, “ )>Q7 !g!?n = (g,g>m,
) <fa g)l—‘* = frf fg(ﬁ ' Il)dS, <f7 g>1"fn = f[m <fa g>1"7d87
<f7 g)F; - f[ <f7g>F*dS
where
I ={(z1,v) eI'=0(Q, xQy):[-n<0},
g = (v,0) and n = (ng, ,n,) with n,, and n, being outward unit

normals to 0€);, and 0€),, respectively. Throughout the paper C will
denote a constant not necessarily the same at each occurrence and inde-
pendent of the parameters and functions involved in the problem, unless
otherwise specifically specified. Finally, for piecewise polynomials wj
defined on the triangulation C; = {K} with C; C Cj and for D; being
some differential operators, we use the notation,

(2.8) (Dywy, Daws)gr = Z (Dyw1, Dows) g, Q = U K,
Kec;, Kec),

where (.,.)q is the usual Ly(Q) scalar product and ||.||¢q is the corre-
sponding L (Q)-norm.

3. Streamline diffusion method

3.1. Streamline diffusion method. For oy, constant or oy = oy.(x)
one can obtain closed form analytic solution for the Fermi equation. Be-
low we use a variational formulation, with a test functions consisting
of the sum of a trial function g and an extra streaming term: h(0,g +
v -0z, 9), i.e., we use test functions different from the trial functions,
therefore we are dealing with a kind of Petrov-Galerkin method. We
prove a stability lemma for the discrete problem in general three dimen-
sional case, i.e., with o = oy, = o4(x,y, ), using also the corresponding
variational formulation we derive our first a priori error estimate. In our
studies the parameter o is, basically, of the order of mesh size or smaller.
For Fermi equation (2.2) we define continuous variational formulation
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as: Find f € H'(Qr) such that for all g € H'(Qp),
(3.1)
(fo+v-Vif,g+0(ge+v-Vig)g, +0(Vuf,Vug)a,
—60(Auvf, 90 +v-Vig)g, +{f,9)0 — (f,9)r- = (fo.9)o.

where § is of order of mesh size. To proceed, we introduce the corre-
sponding bilinear form

(3.2)
B(f,g9) = (fa +v-V1if,g+h(ge+v-Vig))g, +(Vuf,Vug)o,
- ha(Ava gz +v- VLQ)QL + <f7 g>0 - <f7 g>F*'

Now our objective is to solve the following discrete variational problem:
Find f* € V" such that

(3.3) B(f" g)=L(g),  Vg&€ Vi,
where
(3.4) L(g) = {fo, 9)o-

Below we shall show that the bilinear form B is coercive:
Lemma 3.1. There is a constant C such that

(3.5) B(g,9) > Clllglll?, Vg€ Wi,
where

glll? = [o1IVoglly, + lgl3s + 1906 +h |l g +v-Vig I,

+/ g* | B |duds].
Ix0Q

Proof. We let f" = g in (3.2). Then,

(3.6)
B(g,9) = hllge +v-Vigl, +0llVuglg, — ho(Dug, gz +v-Vig)o,
{9, 9)r- + (92, 9)@r +(9:9)0 + (v-V1g,9)q,-

By a partial integration, we have that

(3.7) (90,9) = 509, 9) [21= 3 [ol9*(zpr) — g (w0)],
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and also since § = (v,0),

(v-Vig,9) — <979>r; = 1/I><8Q 92(5 -n)dv — / 92(5 -n)dv

2 IxI'—
1

= 2/ g°|8 - n|dv.
Ix00Q2

Now since 0 = o0y, is independent of velocity variable v, we may use the
inverse estimate and assumption on ¢ to obtain

(3.8)

ho(Avg, 9o +v-V1ig)g, < 5(0lVugld, +hllge +v-Viglp,)

Thus our bilinear form will satisfy

(3.9)
1
B(g,9) = hllgs +v- V19lG, +olVegllty, + 5(9.9)0
1 1 1 1
+ 549, 9)m — Shllge +v-Vuglly, — 50lVeald, = Slllgll%,
2 2 2 2
which gives the desired result. O

We shall also need the following interpolation error estimates, see
Ciarlet [14]: Let f € H™t1(Q) then there exists an interpolant f* € V},
of f such that

(3.10) If =" < ORI e,
(3.11) 1= < ORIl
(3.12) F =" < ORI f g

Let n = f — f be the interpolation error and set £ = f* — fi. We
may write the error as

(3.13) e=f—ft=n-¢
The convergence theorem is now:

Theorem 3.2. Let f and f" be the solutions of the continuous and
discrete Fermi equation satisfying (2.2) and (3.3), respectively. Then
there is a constant C = C(§2) such that we have

(3.14) [I1f = £2NF < CREFY2] |
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Proof. Using the relation B(e,{) = 0 (since £ € V},), we have that
(3.15)
€Nl < B(&,€) = B(n — e,€) = B, €)
= (e +v-Vin,&+ (& +v-ViE))q, +(Vun, Viul)q,
- hO’(Aqﬂ%gx +v- VL&)QL + <7]a£>0 - <7Ia£>rl—-
Integrating by parts,
Nz +v- VJJ?af)QL +(n,&)o0 — (777§>FI—

3.16
(3.16) ——(n,§m+v-VL§)+<n,§>M+;/l mnf\ﬁﬂl-

By the inverse estimate and assumption on o
(3.17)

g
(Vo Vob)a, < ollVunle, | Votllo, < ollVunlla, + 5 1IVul,

and
ho(Ayn, & +v - vLf)QL < hUHAvnHQL €x +v - vLfHQL

_ h
< Wiy, + Gl + o Vo],

Combining the estimates (3.15)-(3.18) gives
(3.19)

1 _
1l < Bn,&) < LlIEN* +C [hH 011G, +hlime +v- Vinlg,

(3.18)

Lo Vunll?, + 0+ /I B nlduds|

x0
Using (3.10)-(3.12) and a kick-back argument we obtain the desired re-
sult. O

Remark 3.3. Here are some features of problem (2.2): (i) The lack of
pure current term for the beam problem, i.e., no absorption on the left
hand side of the equation, will lead to stability with no explicit Ly-norm
control. Besides, in all the above estimates the semi-norms, (Lo-norms
of partial derivatives), appear with a small coefficients of order (’)(\/ﬁ)
Since the test functions are zero on part of 0S) with positive Lebesgue
measure, we could again use a version of the Poincare-Friedricks inequal-
ity and obtain an estimate for the Lo-norm with the same coefficients
as for the semi-norms involved in the weighted stability norm, i.e., we
add a Ly-norm with a coefficient of order O(V/'h) to the |||.||| norm in
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Lemma 3.1. However, a better approach would be through Lemma 3.4
(cf. [2]) below, in a situation where jump discontinuities are introduced
and included in the stability norm |||.|||. This approach improves the
Lo-norm estimate regaining the factor h'/2.

Lemma 3.4. For any constant C1 > 0, we have for g € Vp,,
(3.20)

M
l9llq, < |&:llge +v.Vigllg, + Zlgliﬁr/l . 9’18 - n!] heC1h
X

m=1

Proof. See the argument in the proof of Lemma 4.2 in [2]. O

4. Stabilized high order SD method

In this section, we address the full discretization of Fermi equation
(2.2) by considering both the backward Euler for variable x and the high
order streamline diffusion method for remaining variables. We derive a
stability estimate in a general framework that may be easily extended
to include theta-scheme. For notational simplicity, we use the uniform
partition 0 = xp < 1 < ... < 2y = L of the interval I = (0, L] into
subintervals I, = (Zym—1, Tm ), where z,, — 21 = k for m=1,..., M.
Now, let 75 be the subdivision of €2 into elements {K} with the mesh
parameter h = diam K. We assume that each K € Ty is the image
under a family of bijective affine maps {F} of a fixed standard master
element K into K , where K is purely the open unit hypercube in R*.
Let P,(K) be the set of all polynomials of degree at most p on K.

(4.1) VP =P N H (),
where
(4.2) Xh ={g€C%Q): g0 Fx € P)(K); VK € Tp}.

In the previous section we descretized all variables with finite element
method, assuming f" to be the approximate solution and using test
functions of the form g + (g, + v - V1 g) where § as a small parameter
of order h (or h®, a > 1), would supply us with a necessary (missing)
diffusion term of order h in the direction of streamlines: (1,v,0). More
specifically, in the stability estimates we have been able to control an
extra term of the form h|lg; + v - V_g||. In this section, however, the
choice of ¢ is somewhat involved and in addition to the equation type, it
also depends on the choice of the parameters A and p which are chosen
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locally (elementwise) in an optimal manner. Therefore, in hp-analysis,
0 would appropriately appear as an elementwise (local) parameter.

4.1. The semidiscrete problem. Now the semidiscrete problem reads:
Find fy(x) € V¥ such that for all g € V7,

43)  Oufnl(2)9) + > (Oufn(x), k(v 9))k + Bs(falx),9) =0,
KeT,

where bilinear form Bj(.,.) is defined by
Bs(f,9)= > [(v-Vif.g+dx(v-Vig)k +o(Vof, Vog)k
(4.4) KEeT,
—0xo(Avf,v-Vig)k] = (f,9)r-

Here 0 is the non-negative piecewise constant function which satisfies
Ok = 0K, 0k = constant for K € 7j,.

The precise choice of § depends on the nature of the coefficients in the
partial differential equation and will be discussed in more details later.
Note that in the hp version of the SD-approach we interpret (.,.)q as
> reT, (- )k counting for the local character of parameter dx. We

also define the norm [||.||]5, in a natural way obtained from (4.4) by
considering the local effects of dg,
1
(4.5) gl =5 > (@lVeglic + dxcllv - Vogllk) -
KeTh

Further, we assume that the family of partitions {7, },~0 is shape regu-
lar, in the sense that there is a positive constant Cy, independent of h,
such that

(4.6) Cohfc <meas(K), VK € | J{Ti},
h>0

where meas(K) is the diameter of four dimensional sphere inscribed in
K. In order to analyze the semi-discrete method (4.3), we define the

Ritz projection Rjp associated with the stabilized bilinear form Bs as
Ry, f € VP such that

(4.7) Bs(Rnf.g) = Bs(f.9).  Vge VL.
For the problem (4.7) we have the following stability lemma:



1170 Kazemi

Lemma 4.1. Assume that the local SD-parameter dx is selected in the
range

2

4. O < —K K
( 8) 0< K_O_C]Qp4’ v 6771’

where C7 is the constant in an inverse estimate. Then the bilinear form
Bs(.,.) is coercive on Vi x VP i.e.,

A~

1
(4.9) Bs(g.9) = 5lllallls, Vg€ Vy.
Proof. We use the definition of hatBs in (4.4) and write

o) Bs(g,9) = dxcllv -V 1gl|% + ol|Vugl%
— 6o (Avg,v-Vig)k + (v-Vig,9)k-

Using Green’s formula we also have

(4.11) (v-Vig,9)= %fagﬁ 9*(6 - n)dv.

The estimate of the term involving § o, where we apply Cauchy-Schwarz
and inverse inequalities together with the assumption on dx, implies that

dxo(Avg,v-Vig)k

1,
(4.12) < SCihi' P’V o [0l Vgl + dxcllv - Vgl]
1
< 5 [olIVugll + dxllv - Voglii]

Combining (4.10)-(4.12) will give the desired result. O

In what follows we shall use the following approximation property:
Let g € H*(K) and ||.||s,x be the usual Sobolev norm on K; there exists
a constant C depending on s and r but independent of g, hx and p, and
a polynomial II,g of degree p, such that for any 0 < < s the following
estimate holds true (see [9]),

h
(4.13) lg = Thagllrac < O Nl

S—1T

where s > 0, and g = min(p + 1,s). We shall also require a global
counterpart of the above approximation result for the finite element
space V7, so in the sequel we adopt the following:
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Lemma 4.2. Let g € H}(Q) N H"(Q), © > 2 such that g |x€ H*(K),
with a positive integer s > r and K € Cp. Then there exists an inter-
polant IT,g € VI of g which is continuous on Q0 such that

pn—1
LK < Cpf,l llglls, ks

(4.14) lg —Tpg

where, C > 0 is a constant independent of h and p, and p = min(p+1, s).

Proof. See, e.g., [16] where a proof is outlined, assuming certain regu-
larity degree. More elaborated proof can be found in [23], [12] and the
references therein. 0

We shall also need the following trace inequality:

(4.15) Inl3x < CUVallxlinllx +hg i), VK € T

Theorem 4.3. Let T;, be a shape reqular mesh on  and let f be the

exact solution of (2.2) that satisfies the assumptions of Lemma 4.2.

Let Ry, f be the solution of (4.7) and assume that the SD-parameter
2

satisfies 0 < 0 < %524 for each K € Ty. Then the following error
I

bound holds true

(4.16)

2 ML L ohet gt 4 DK
1 = Bfllls <€ 3, i G+ ot + 0wl + 505
h

MAIZ -

Proof. We first decompose the error in a discrete and interpolation error

(4.17) f—=Rnf=n-¢

where n = f—1II,f and £ = Ry, f—1II,f. Here IL, f € V}! is the conforming
interpolant of f in Lemma 4.2. Using triangle inequality we get

(4.18) (11 = Bafllls < [Hnllls + [l€]lls,
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Using (4.7) and Lemma 4.1 we get

SIEI < Bs(e.&) = Bo(n.)

=0(Vun, Vo) =0 Y 6x(Avn,v- V&K
KeTy,

(4.19) +(v-Vin &)+ Z dx(v-Vinv-Vi€k
KeTh

5
— ZTZ
=1

The terms 17 and T3 to T% can be estimated by the same techniques as
in the proof of Theorem 3.2. Further, using the inverse inequality and
assumptions on ¢ and dx we get

T2 < ol Avnllxllv- Vi€l
< Crogop’ b IV | kllv - V1€l
< 20lnlf% + X o 7€l
We shall rewrite the estimates above concisely as
(4.20) €115 < C(11 + I2),

where
I =Y gee, (Il + o5t Inll% + dxllv - Vinl% + ol Venl?) ,
I, = / 7?5 - n|dvds.
o0+

Below we estimate I; and Is separately. As for I1, using Lemma 4.2 and
assumption on dx we have,

Tt 2
pQS,Q (6;{ pT + 0Kk + O-)Hst,K'

(4.21) L<C)>

KeTy,

As, for the term I, we have from trace estimate (4.15),

b
(4.22) L< Yy (i =fIEx
KeTy
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Hence from (4.20)-(4.22) we get that
(4.23)

[l1glns < ¢ Z

KeT

> 1 1

)HfH

,u 1
25 2
Finally, the term [||n||]s can be estimated in the same way and we get,

1

2#
(4.24) lnllf<c . X 252 +0h + b Ik
KETh

Substituting the estimates (4.23)-(4.24) into (4.18), we get the desired
result and the proof is complete. O

Remark 4.4. In Theorem 4.3, we chose §x for all K € C;, when o
is small compared to hy and %. The parameter Cs is selected in a way
that 0 satisfies the hypothesis of Theorem 4.3. This particular choice
of 6k is motivated by our analysis in the discretization error (4.16) in

the norm [||.||]s, in order to give hp-error bound as,
2,u 1
(4.25) IIf = RafllF<C D 11z
ket P

We note that our assumption on o has a key role on obtaining the opti-
mality of the error bound simultaneously in h and p.

Remark 4.5. For notational simplicity we have not chosen to allow an
element-by-element variation of the polynomial degree p and the local
Sobolev smoothness parameter s of the analytical solution f. However
our analysis can be extended easily to this case by replacing p by pk,
s by sk and ||f|ls by ||flls,x for K € Ty. Subsequently, in the local
approximation (4.13), p = min(p + 1, s) is replaced by px = min(pg +
1,8K).

For the semi-discrete problem (4.3) we have the following stability
result:

Lemma 4.6. Suppose that f is the exact solution of problem (2.2), fp, is
the solution of problem (4.3) and dx satisfies the hypothesis of Theorem
4.8. Then there is a constant C independent of x, h and p such that for
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all z € [0, L] we have
2/,1, 1

IFa(e) = FI? <lfuo ol +C 3 2K (1ol
(4.26) K€Tn
+ [ 10u112 .
and
(4.27)
T h#*1/2
1056 = sesas <c{ino - ol + 3 s (ol

KeTy,
+ /0 UGl + ||8xf(8)!|s,Kd5)]}~

Proof. We decompose the error in two partes

(4.28) fu(x) = f(z) = fa(x) — Rpf(z) + Rp(x) — fz) = 6(x) + n(z),
where
0(x) = fu(z) — R f(x),
and
n(x) = Ruf(x) — f(z).
To bound the projection error 7(z) from Theorem 4.3, we have

2/11

a2) Il <e 3 Ta [ufo||sK+ / |raxf<s>||§,de]

KeT

where we have used

430 1@k <O [t [ 10:0) B s
Since the projection Rj does not depend on z, using (2.2), (4.3) and
definition (4.7) of Rj we have
(4.31)
(0:0(x), 9) + B5(0(x), 9) = —(9en(2), 9)

= > (On(@) + 0u0(2), 6k (v- V10))x Vg e VL.
KeTy,
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By choosing g = §(x) and using Lemma 4.1 we obtain
% [10:0()]” + [116]113] < (9:0(x),6(x)) + B5(6(x),6(x))

= —(0n(2),0(x)) — Y (Qem(@) + 0u0(x), 0k (v - V10))x

KeTy

(4.32)

To bound the second term on the right hand side the inequality above,
we have

(4.33)  (0ub(x), 0k (v V10)K < 0k [|0:0(x)|* + %Kll(v VL)

The term (9;n(z),dx (v-V 1 6))k may be estimated in the same fashion.
We proceed by choosing dx < i and absorbing these terms in the left
hand side of (4.32), to obtain

(4.34) 10:0(2)[I* < Cll0wn(x)|.

By integrating from 0 to & we have

(4.35) 16)II* < 16(0)II* + C/O 10217(s)[|*ds.
Using Remark 4.4 we have
1000)1* < 2[| fno — foll* + 211 £(0) — R (0)]|?

4.36 haet
(436) <2fuo— folP 2 S P
KeTy,
and also
h2,u71
(4.37) [Dan () < > pQKSi_lII@mfII?,K
KeTy,

Thus, from (4.35)-(4.37) we deduce
18@)II* < [l fno — fol?

4.38 hat-
( ) +C Z p25 1 |’f0HsK+/ Ha f ”stS]

KeTy

Combining (4.31), (4.29) and (4.43) we obtain the desired result. To
prove the estimate (4.27), using (4.32) and the coercivity Lemma 4.1 we
have

(4.39) %H&c@(fﬁ)ll2 + 10113 < 10zn()l10()]],
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and thus by integration over x we obtain

|W@MA%W$Mk§myﬁw

(4.40) p—1/2

h x
+C K Wil + [ 10256 eds] .
KeT, p 0

which proves the estimate (4.27). O

4.2. The discretization in x variable. Below we discretize in = by
the backward Euler scheme which leads to a sequence of boundary value
problem. Find ;' € V" such that

(4.41)

KeTy

where f,? is some suitable approximation of fy and and 0, is a first step
backward Euler operator defined by

_ n_ gn—1
Ouffy = i

Based on discretization, we consider the following variational formula-
tion: Find f; € V/”, such that

(frog)+ Y (fi0k(v-9))k +kBs(fi',9) = L"(g) Vg e VY,
KeT,

where

(4.42) LMg)=(f )+ > (kv 9))k.
KeTy,

We shall now prove the following error estimate for the fully discrete
problem (4.41):
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Theorem 4.7. Suppose f;' and f be the solutions of (4.41) and (2.2),
respectively. Then for n > 0 we have

(4.43)

17— f(@n H+Zufh @)N3 < I fno — fol®

2#1

+ol Y Th [||foHsK+ / ||azf<s>|r§,de}

KeT
o [ ot ds).
Proof. In an analogy with (4.44) we write
(4.44)  fi = f(en) = fi = Buf(2n) + Buf(2n) — f(2n) = 0" + 1"
It follows from variational formulation (4.41) and (2.2) that for n > 1
(4.45)
(8:8",9) + B5(6", 9) = (", 9)

— D W'+ 0,0 6k(v-Vig)k  Vge VY,
KeTy,

where

(4.46) W' = (R, — 1)0pf(tn) + 0uf(tn) — Ouf(tn) = Wi + wh.
By Cauchy’s inequality we have

(4.47) (9:0", 0K (v-V 19)) K < (||9”||K+||9” i)+ 7H(U'VLQ)H%<'

We also use a smnlar argument to estimate the term (w",dx(v-g)). By
choosing 6 < 7, g = 0", and using standard kick-back arguments to
(4.45) we obtaln

(4.48) 67117 = 1"~ + K[l10"([15 < € [klwtl* + kw3 ]I] -

Now sum over j = 1,...,n. Then by application of standard dissipation
relations, we have

(4.49) [|6" 17+ kY _[I611F < 16°1° + C |k DNl I* + & D Il 1

J=1 J=1 J=1
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We may write

(4.50)
' — (R, —I)k—l/ " 9, fds = k‘l/ " (Ry — D)0, fds

j—1 j—1

<k2 ( / (R, — I)axfds|) :

NI

whence by Remark 4.4,

(4. 51)
2,u 1
kZ il < Z/ (Ra=D0.fPds <€ S Ty [ 0,1 s
Tj-1 KeT
The second term is estimated by Taylor’s formula,
(4.52)
. z;
wp =k (f(xg) = f(xj1)) = Ouf (2) = — k7 / (s = 2j-1)0pa f(s)ds
j—1 A
1 Zj 2
<k} / Ounf(s)lds |
Tj—-1
so that
(45) b bl < 82 [ 0 f(5) P
j=1 0

It remains to estimate the approximation of the Ritz-projection, i.e.,
[ln™||]s- By equation (4.29) we have

(4.54)

Sl < 3 [\fo
j=1

KeTy

/ 10,5 ()2 eds| -

Combining all the estimates, we complete the proof of the theorem. [

Conclusion: Our analysis extends the result of [2] to a three dimen-
sional degenerate type convection-dominated convection-diffusion prob-
lem with a small and variable diffusion coefficient. To enhance stability
while keeping accuracy, we used a consistent stabilized method using
space-time elements. We also considered semidiscretization as an inter-
mediate step and combined the method with backward Euler scheme and
obtained optimal error estimates in appropriate norms for sufficiently
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smooth solutions. However, as it is known, the main drawback of us-
ing hp-SD method is that, the stabilization terms involve coupling with
the second order term, the source term and the z-derivative. This can
cause to severe computational costs. Regarding the numerical aspects,
the dimension of the discretized problem is 4-dimensional in transversal
domain which is difficult to handle. One remedy shall be considering
the discrete velocity model of the Fermi equation which we address in
our future work.
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