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Abstract. Let I be an ideal in a regular local ring (R, n), we will
find bounds on the first and the last Betti numbers of (A,m) =
(R/I, n/I). if A is an Artinian ring of the embedding codimension
h, I has the initial degree t and µ(mt) = 1, we call A a t−extended
stretched local ring. This class of local rings is a natural general-
ization of the class of stretched local rings studied by Sally, Elias
and Valla. For a t−extended stretched local ring, we show that(
h+t−2
t−1

)
− h + 1 ≤ τ(A) ≤

(
h+t−2
t−1

)
and

(
h+t−1

t

)
− 1 ≤ µ(I) ≤(

h+t−1
t

)
. Moreover τ(A) reaches the upper bound if and only if

µ(I) is the maximum value. Using these results, we show when
βi(A) = βi(grm(A)) for each i ≥ 0. Beside, we will investigate the
rigid behavior of the Betti numbers of A in the case that I has ini-
tial degree t and µ(mt) = 2. This class is a natural generalization of
almost stretched local rings again studied by Elias and Valla. Our
research extends several results of two papers by Rossi, Elias and
Valla.
Keywords: Artinian rings, Hilbert function, number of genera-
tors, Cohen-Macaulay type.
MSC(2010): Primary: 13E10; Secondary: 13H10, 13D40, 13D02.

1. Introduction

Suppose I is an ideal of the regular local ring (R, n) and R/n is an
algebraically closed field of characteristic zero. Let (A,m) = (R/I, n/I),
it is a classical problem to study the Hilbert function of A and the
numerical invariants of its minimal R−free resolution.
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Artinian local rings of homogeneous type 158

Denote by µ() the minimal number of generators of an ideal of A (or
R), the Hilbert function of A is, by definition,

HFA(j) := dimkm
j/mj+1 = µ(mj) where k = R/n = A/m.

Hence HFA is the Hilbert function of the homogeneous k-standard al-
gebra

grm(A) = ⊕j≥0m
j/mj+1

which is called the associated graded ring of A. If dim(R) = n then the
associated graded ring of R, grn(R), is the polynomial ring over the n
variables, say P = k[x1, . . . , xn].

By Macaulay’s Theorem, there exists a lexsegment ideal L = Lex(I) ⊂
P = grn(R) with HFA = HFP/L and it is known that

βi(A) ≤ βi(grm(A)) ≤ βi(P/L) for each i ≥ 0.

The local ring A is called of homogeneous type if for each i ≥ 0,
βi(A) = βi(grm(A)). By a result of Rossi and Sharifan the Betti numbers
βi(A) can be obtained from the Betti numbers βi(P/L) by a sequence
of zero and negative consecutive cancellations (see [10, Theorem 4.1 ]).
In particular, βi(A) = βi(P/L) for each i ≥ 0 if and only if µ(I) = µ(L)
(see [9, Corollary 3.4 ]. In this paper, we apply this approach to study
the numerical invariants of some classes of Artinian local rings.

Assume that A is Cohen-Macaulay and d = dim(A), e is the multi-
plicity of A and h = µ(m) − d is the embedding codimension of A. By
a theorem of Abhyankar, we know that e ≥ h + 1, and if the equality
e = h+ 1 holds we say that A has minimal multiplicity and in this case
βi(A) = i

(
h+1
i+1

)
for each i ≥ 0.

More generally, let A = R/I be a Cohen-Macaulay local ring and t ≥ 2
be the largest integer such that I ⊆ nt, i.e,. t is the initial degree of I.
Then it is easy to see that e ≥

(
h+t−1

h

)
and if the equality e =

(
h+t−1

h

)
holds then

βi(A) =
h∑

k=1

(
t+ k − 2

k − 1

)(
k − 1

i− 1

)
for each i ≥ 0.

In this paper, we study ideal I of initial degree t and show that if
A = R/I is Artinian then

(1.1)

(
h+ t

t

)
− e ≤

(
h+ t− 1

t

)
− µ(mt) ≤ µ(I).
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These bounds generalize the bounds given in [4, Lemma 2.1]. As a con-
sequence of (1.1) and by considering the lexsegment ideal corresponding
to an Artinian reduction of A, we prove that if (A,m) = (R/I, n/I) is a

Cohen-Macaulay local ring, t is the initial degree of I and e ≤
(
h+t−1

h

)
+2,

then (
h+ t− 1

t

)
− 2 ≤ µ(I) ≤

(
h+ t− 1

t

)
.

An Artinian local ring (A,m), not necessary Gorenstein, is called
stretched if µ(m2) = 1. Stretched Artinian local rings have been stud-
ied by J. Sally in [11] and Elias and Valla in [4]. They found a very
nice structure theorem for the defining ideal I of the stretched Artinian
local ring A = R/I of Cohen-Macaulay type type 1 ≤ τ(A) ≤ h . In
particular, they showed that:

(1.2) µ(I) =
{ (

h+1
2

)
− 1 if A is stretched and τ(A) < h;(

h+1
2

)
if A is stretched and τ(A) = h.

If (A,m) is an Artinian local ring of initial degree t and µ(mt) = 1,
we say that A is a t-extended stretched Artinian local ring. Our goal is
to extend Elias and Valla’s results to this larger class of local rings.

By Macaulay’s theorem, the Hilbert function of a t−extended stretched
Artinian local ring A is given by:

j 0 1 · · · t− 1 t · · · s s+ 1

HFA(j) 1 h · · ·
(
h+t−2
t−1

)
1 · · · 1 0

,

for some s ≥ t. It is clear that τ(A) ≤ τ(P/L) where L is the
lexsegment ideal corresponding to A. To find a lower bound for the
Cohen-Macaulay type of A, we apply the cancellation method for a
larger class of local rings. Let

j 0 1 · · · v − 1 v · · · s s+ 1
HFA(j) 1 h · · · hv−1 hv · · · 1 0

,

be the Hilbert function of an Artinian local ring (A,m). If v is the
least integer such that hv ≤ 2, then τ(A) ≥ max{1, hv−1 − hv(h − 1)}
(see Theorems 3.4, 3.5). So, if (A,m) is a t−extended stretched local

ring, then
(
h+t−2
t−1

)
− h+ 1 ≤ τ(A) ≤

(
h+t−2
t−1

)
.

Let R = k[[x1, . . . , xh]] be the power series ring in the variables
x1, . . . , xh and A = R/I a t−extended stretched Artinian local ring.
In Corollary 4.7 we show that
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(1.3)

µ(I) =
{ (

h+t−1
t

)
− 1 if A is t- extended stretched and τ(A) <

(
h+t−2
t−1

)
;(

h+t−1
t

)
if A is t- extended stretched and τ(A) =

(
h+t−2
t−1

)
.

Note that (1.3) extends (1.2) to the case t > 2. In order to prove
Corollary 4.7 we use [9, Corollary 3.4], and standard basis theory to
find a minimal system of generators for I. Our method leads to a struc-
ture theorem for the extended stretched Artinian local rings with the
maximal Cohen-Macaulay type (see Theorem 4.6).

Next, using Corollary 4.7, we characterize extended stretched Artinian
local rings of homogeneous type (see Corollary 4.8).

It is worth remarking that Rossi and Valla [8] studied extended
stretched local rings in the case s = t. They called the defining ideal of
this kind of rings, almost t−extremal. Our research extends and reprove
some of their results (see [8, Lemma 3.7 and Theorem 3.10]).

The last section is devoted to study an Artinian local ring (A,m) =
(R/I, n/I) of initial degree t, embedding codimension h and µ(mt) = 2.
In this case, by Proposition 5.1,(

h+ t− 1

t

)
− 2 ≤ µ(I) ≤

(
h+ t− 1

t

)
,

and (
h+ t− 2

t− 1

)
− 2(h− 1) ≤ τ(A) ≤

(
h+ t− 2

t− 1

)
.

In Theorem 5.5 we find a minimal system of generators for I when τ(A)
is the maximal one. Finally, we find some classes of Artinian local rings
of homogeneous type when µ(mt) = 2 (see Corollaries 5.6,5.7 and 5.8).
In particular, we prove that the following statements are equivalents:

(1) βi(A) = βi(P/I
∗) = βi(P/Lex(I)) for each i ≥ 0.

(2) µ(I) =
(
h+t−1

t

)
.

(3) τ(A) =
(
h+t−2
t−1

)
.

2. Preliminaries

Let (R, n) be a regular local ring of dimension n. Assume that
(A,m) = (R/I, n/I) has dimension d, embedding codimension h and
multiplicity e. The Hilbert function of A is defined as:

HFA(j) := dimk(m
j/mj+1) for j ≥ 0.
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Let P = k[x1, . . . , xn] then that the associated graded ring of the local
ring A is

grm(A) = ⊕j≥0m
j/mj+1 = P/I∗,

where I∗ is a homogeneous ideal of P generated by the initial forms of
the elements of I. Here, if f ∈ R is a nonzero element and and m is the
largest integer such that f ∈ nm, we let f∗ := f̄ ∈ nm/nm+1 and we say
that f∗ is the initial form of f . So

I∗ = ⟨f∗ : f ∈ I⟩.

Therefore the Hilbert function of A = R/I is the same as the Hilbert
function of the standard graded algebra P/I∗.

Numerical invariants of the minimal R−free resolution of A can be
studied by taking advantage of the rich literature in the graded case.
Namely, by a result of Robbiano (see [6] and [9, Theorem 1.8]) from a
minimal P -free resolution of grm(A) we can build up an R-free resolution
of A which is not necessarily minimal. Hence, for the Betti numbers of
A and grm(A) one has

βi(A) ≤ βi(grm(A)) for every i ≥ 0.

According to [6], A is called of homogeneous type, if βi(A) = βi(grm(A))
for each i ≥ 0.

Let A = R/I be a local ring and L = Lex(I) = Lex(I∗) be the cor-
responding lexsegment ideal then βi(A) = βi(P/I

∗) = βi(P/L) for each
i ≥ 0 if and only if µ(I) = µ(L) (see[9, Corollary 3.4]). Moreover, by [10,
Theorem 4.1], for each local ring A = R/I the Betti numbers, βi(A),
can be obtained from the Betti numbers of P/Lex(I) by a sequence
of negative and zero consecutive cancellations where negative and zero
cancellation is defined as follows.

Given a sequence of integer numbers {ci} such that ci =
∑

j∈N cij , we
obtain a new sequence by a consecutive cancellation as follows: fix an
index i, and choose j and j′ such that j ≤ j′ and cij , ci−1,j′ > 0. Then
replace cij by cij − 1 and ci−1,j′ by ci−1,j′ − 1 and, accordingly, replace
in the sequence ci by ci − 1 and ci−1 by ci−1 − 1. If j < j′ we call it an
i-negative consecutive cancellation, and if j = j′, an i-zero consecutive
cancellation. A sequence of consecutive cancellations will mean a finite
number of consecutive cancellations performed on a given sequence.
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Let N be a homogeneous P -module with P - free graded resolution
given by:

G. : 0 → ⊕i≥0P
βlj (−j)

dl→ ⊕i≥0P
βl−1,j (−j)

dl−1→ · · · d1→ ⊕i≥0P
β0j (−j).

According to the above definition, we will say that the sequence of the
Betti numbers {βi =

∑
j∈N βij} of N admits an i negative consecutive

cancellation (resp. i zero consecutive cancellation ) if there exist integers
j < j′ (resp. j = j′) such that βij , βi−1,j′ > 0.

Note that [10, Theorem 4.1] is an extension of Peeva’s result to the
local case. Peeva [7] has proved that the graded Betti numbers of P/I
(I ⊆ P is a homogeneous ideal) can be obtained from the graded Betti
numbers of P/L (L = Lex(I)) by a sequence of zero consecutive cancel-
lations.

For more information about the cancellation method in finding the
Betti numbers of local rings we refer to [10].

We recall that if A is an Artinian local ring, then the socle degree of
A is the last integer s = s(A) such that HFA(s) ̸= 0 and the Cohen-
Macaulay type of A is

τ(A) := dimk(0 : m).

Moreover, A is called Gorenstein if τ(A) = 1. In this paper we apply
the cancellation method to find some bounds on τ(A) and µ(I).

Another tool that we will use in this research is the standard basis
theory. We refer the reader to [5, Section 6.4] for the details and proofs
of what we recall in the following.

Assume that R = k[[x1, . . . , xn]] be the power series ring in the vari-
ables x1, . . . , xn and as before P = k[x1, . . . , xn] = grn(R).

We denote by Tn the set of terms or monomials of P ; let σ be a term
ordering on Tn and assume that x1 > · · · > xn. We define a new total
order σ̄ on Tn in the following way: given m1,m2 ∈ Tn we let m1 >σ̄ m2

if and only if deg(m1) < deg(m2), or deg(m1) = deg(m2) andm1 >σ m2.
σ̄ is called local degree ordering induced by σ. Given f ∈ R we denote
by supp(f) the support of f , i.e., if f =

∑
(i1,...,in)∈Nn a(i1,...,in)x

i1
1 · · ·xinn

then supp(f) is the set of terms xi11 · · ·xinn such that a(i1,...,in) ̸= 0. So
for a given f ∈ R, there is a monomial which is the biggest of the
monomials in supp(f) with respect to σ̄. This monomial is called the
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leading monomial of f with respect to σ̄ and is denoted by Lσ̄(f). It is
clear that

Lσ̄(f) = Lσ(f
∗).

If I is an ideal of R we denote by Lσ̄(I) the monomial ideal of P =
k[x1, . . . , xn] generated by the leading monomials of the elements of I
and call it the leading ideal of I.

Lσ̄(I) = ⟨Lσ̄(f) : f ∈ I⟩.
There is a unique reduced standard basis for I with respect to the

local ordering σ̄ that is a finite set G = {f1, . . . , fm} ⊂ I where
1) Lσ̄(I) = ⟨Lσ̄(f1), . . . , Lσ̄(fm)⟩,
2) for each 1 ≤ i ≤ m, LC(fi) = 1,
3) if u ∈ supp(fi) \ {Lσ̄(fi)} for some i then u /∈ ⟨Lσ̄(f1), . . . , Lσ̄(fm)⟩
and
4) for each 1 ≤ i ≤ m, Lσ̄(fi) /∈ ⟨Lσ̄(f1), . . . , L̂σ̄(fi), . . . , Lσ̄(fm)⟩.

If {f1, . . . , fm} is a reduced standard basis of I then one can easily
show that I = ⟨f1, . . . , fm⟩ and I∗ = ⟨f∗

1 , . . . , f
∗
m⟩.

3. Ideals of initial degree t

Lemma 3.1. Let A = R/I be an Artinian local ring with the maximal
ideal m = n/I, multiplicity e and embedding codimension h. If I has
initial degree t then(

h+ t

t

)
− e ≤

(
h+ t− 1

t

)
− µ(mt) ≤ µ(I) ≤ µ(Lex(I)).

Proof. Let L = Lex(I) ⊂ P = k[x1, . . . , xh]. By [10, Theorem 4.1], it is
clear that µ(L⟨t⟩) ≤ µ(I) ≤ µ(Lex(I)) where L⟨t⟩ is the ideal generated
by homogenous elements of L of degree t. Thus,

µ(L⟨t⟩) = µ(nt)− µ(mt) =

(
h+ t− 1

t

)
− µ(mt) ≤ µ(I).

By definition e =
∑s

i=0 µ(m
i) where s = s(A). Thus e ≥ 1+h+ · · ·+(

h+t−2
t−1

)
+ µ(mt) and(
t

t

)
− e ≤

(
h+ t

t

)
− (1 + h+ · · ·+

(
h+ t− 2

t− 1

)
+ µ(mt))

=

(
h+ t− 1

t

)
− µ(mt).

□
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We remark that if (A,m) = (R/I, n/I) is a Cohen-Macaulay local
ring of dimension d and embedding codimension h, then there exists an
Artinian reduction (B,m) such that the embedding codimension of B
is h, e(A) = e(B) and for each i ≥ 0, βi(A) = βi(B). For example
if J = ⟨a1, . . . , ad⟩ is an ideal generated by a maximal n−superficial
sequence for A, then a1, . . . , ad is a regular sequence and I ∩ J = IJ .
Let

Ī = (I + J)/J, R̄ = R/J, B = A/(a1, . . . , ad)A = R̄/Ī, m = m/J.

Then one can see that e(A) = e(B) and βi(A) = βi(B) for each i ≥
0 if we regard A as an R−module and B as an R̄− module (see ([4,
Proposition 2.2] and [1, Lemma 1.3.5])).

Corollary 3.2. Let A = R/I be a Cohen-Macaulay local ring with di-

mension d, embedding codimension h and multiplicity e ≤
(
h+t−1
t−1

)
+ 2

where t is the initial degree of I, then(
h+ t

t

)
− e ≤

(
h+ t− 1

t

)
− 2 ≤ µ(I) ≤

(
h+ t− 1

t

)
.

Proof. By the discussion just before the corollary, we can assume that A
is an Artinian ring. One can easily see that µ(mt) ≤ 2 and µ(Lex(I)) =(
h+t−1

t

)
. So the bounds follows from Lemma 3.1. □

Note that Corollary 3.2 extends the bounds given in ([4], equation(1))
to the case that initial degree is t > 2.

In order to find some bounds on the Cohen-Macaulay type of Artinian
rings we first remark that it is possible to compute the Betti numbers of
lexsegment ideals from the corresponding Hilbert function. In particular,
for the last Betti numbers we have an easy formula

Given the positive integers a and d, the d−binomial expansion of a
is:

a =

(
k(d)

d

)
+

(
k(d− 1)

d− 1

)
+ · · ·+

(
k(j)

j

)
,

where k(d) > k(d− 1) > · · · > k(j) > j ≥ 1. Let

a[d] =

(
k(d)− 1

d− 1

)
+

(
k(d− 1)− 1

d− 2

)
+ · · ·+

(
k(j)− 1

j − 1

)
.

We have:
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Remark 3.3. Let L ⊂ P = k[x1, . . . , xh] be a lexsegment Ideal with the
Hilbert function HFP/L. Then

βh,h+i(P/L) = HFP/L(i)− (HFP/L(i + 1))[i+1] for each i ≥ 1.

Proof. See [12, Proof of Theorem 2.1]. □

So by Remark 3.3, the Cohen-Macaulay type of P/L can immediately
be computed from its Hilbert function. We apply this fact in the next
theorem in order to find a lower bound on the Cohen-Macaulay type of
a class of Artinian local rings.

Theorem 3.4. Let (A,m) = (R/I, n/I) be an Artinian local ring and

j 0 1 · · · v − 1 v · · · s s+ 1
HFA(j) 1 h · · · hv−1 1 · · · 1 0

be the Hilbert function of A where v is the least integer such that
hv = 1, then

τ(A) ≥ max{1, hv−1 − h+ 1}.

Proof. It is enough to apply the cancellation method. Let L ⊂ k[x1, . . . ,
xh] be the lexsegment ideal corresponding to the Hilbert function of A.
By the shape of the Hilbert function, it is easy to see that G(L), the
minimal set of monomial generators of L, has no element in degree i
where v < i ≤ s and it has just one element of degree s + 1 that is
xs+1
h . Let {βij} be the sequence of the Betti numbers of P/L, since L

is a stable ideal, the Eliahou-Kervaire formula (see [3]) and Remark 3.3
show that

βh,h+v−1 = hv−1−1, βh,h+j = 0 for each v−1 < j < s and βh,h+s = 1,

βh−1,h+j−1 = 0 for each v − 1 < j < s and βh−1,h+s−1 = h− 1.

If we consider any sequence of consecutive cancellations in the h po-
sition, βh,h+v−1 could decrease just by βh−1,h+s−1 and βh,h+s can not be
cancelled. So, the conclusion follows.

□

Note that Theorem 3.4 is an extension of [10, Corollary 4.5]. Let us
give another application of cancellation method in finding a lower bound
on the Cohen-Macaulay type of another class of Artinian local rings.
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Theorem 3.5. Let (A,m) = (R/I, n/I) be an Artinian local ring of
embedding codimension h and v is the least integer such that HFA(v) =
2, then

τ(A) ≥ max{1,HFA(v − 1)− 2(h− 1)}.

Proof. Let s be the socle degree of A. By Macaulay’s theorem, for the
Hilbert function of A there are only two possibilities:

1) For each v ≤ j ≤ s,HFA(j) = 2.
2) There exists v ≤ r < s such that HFA(j) = 2 for each v ≤ j ≤ r

and HFA(j) = 1 for each r < j ≤ s.
We prove the theorem in the case 2, because the other case is easier. So
we assume that HFA is given by the following table.

j 0 1 · · · v − 1 v · · · r r + 1 · · · s s+ 1
HFA(j) 1 h · · · hv−1 2 · · · 2 1 · · · 1 0

Let L ⊂ k[x1, . . . , xh] be the lexsegment ideal that HFP/L = HFR/I

and G(L) be the minimal set of monomial generators of L. Then G(L)
has no element in degree i where v < i ≤ r or r + 1 < i ≤ s, it has one
element of degree r + 1 that is xh−1x

r
h and one element of degree s+ 1

that is xs+1
h .

Let {βij} be the sequence of the Betti numbers of P/L, since L is
a stable ideal, the Eliahou-Kervaire formula (see [3]) and Remark 3.3
show that

βh,h+v−1 = hv−1 − 2,

βh,h+j = 0 for each j where v − 1 < j < r or r < j < s,

βh,h+r = βh,h+s = 1,

βh−1,h+j−1 = 0 for each j where v − 1 < j < r or t < j < s,

and βh−1,h+r−1 = βh−1,h+s−1 = h− 1.

If we consider any sequence of consecutive cancellations in the h po-
sition, βh,h+v−1 could decrease just by βh−1,h+s−1 or βh−1,h+r−1, βh,h+r

can be cancelled by βh−1,h+s−1 and βh,h+s can not be cancelled. So the
conclusion follows.

□
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4. Extended stretched Artinian local rings

In this section, we apply the results of section 3 to a special class of
Artinian local rings. We generalize some results of [4] where the authors
showed that if A = R/I is an Artinian stretched local ring with the
Hilbert function

j 0 1 2 · · · s s+ 1
HFA(j) 1 h 1 · · · 1 0

,

and the Cohen-Macaulay type 1 ≤ τ ≤ h then we can find a basis
{x1, . . . , xh} of n such that the ideal I is minimally generated by:

• {xixj}1≤i<j≤h, {x2j}2≤j≤τ , {x2i − xs1}τ+1≤i≤h, if τ < h.

• {x1xj}2≤j≤h, {xixj}2≤i≤j≤h, x
s+1
1 , if τ = h.

So, the minimal number of generators of the defining ideal I is:

µ(I) =
{ (

h+1
2

)
− 1 if A is stretched and τ(A) < h;(

h+1
2

)
if A is stretched and τ(A) = h.

Now let (A,m) = (R/I, n/I) be an Artinian local ring of embedding
codimension h and assume that there exist integers 1 < t ≤ s such that
I has initial degree t, socle degree s and µ(mt) = 1. In other words A
has the following Hilbert function:

(4.1)
j 0 1 . . . t− 1 t . . . s s+ 1

HFA(j) 1 h . . .
(
h+t−2
t−1

)
1 . . . 1 0

.

In this case, we say that A is a t−extended stretched Artinian local
ring. Because if t = 2 then A is a stretched Artinian local ring. An arbi-
trary Cohen-Macaulay local ring (A,m) is called t−extended stretched
local ring if it has an Artinian reduction B such that B is a t−extended
stretched artinian ring.

Proposition 4.1. Let (A,m) be a t−extended stretched Artinian local
ring. Then (

h+ t− 2

t− 1

)
− h+ 1 ≤ τ(A) ≤

(
h+ t− 2

t− 1

)
.

Proof. For the lower bound it is enough to apply Theorem 3.4 and the
upper bound follows from the inequality τ(A) ≤ τ(P/L) and Remark
3.3 (L is the lexsegment ideal of P = k[x1, . . . , xh] corresponding to the
Hilbert function of A). □
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To continue, we need one more definition.

Definition 4.2. Let Y = {y1, . . . , yh} ⊂ R be a minimal system of
generators of n and t a positive integer. We define

Mon(Y, t) := {yα1
1 · · · yαh

h : αi ∈ N,
h∑

i=1

αi = t}.

Remark 4.3. For each(
h+ t− 2

t− 1

)
− h+ 1 ≤ τ ≤

(
h+ t− 2

t− 1

)
,

we can find an ideal I ⊂ R such that R/I is a t-extended stretched
Artinian local ring with τ(R/I) = τ . For example, let X = {x1, . . . , xh}
be a minimal basis of n. If τ ̸=

(
h+t−2
t−1

)
and ℓ =

(
h+t−2
t−1

)
− τ , it is

enough to take I the ideal generated by Mon(X, t) \ {xth−ℓ, . . . , x
t
h} and

{xtj − xsh}h−ℓ≤j<h. If τ =
(
h+t−2
t−1

)
, we consider the ideal generated by

{xs+1
h } ∪Mon(X, t) \ {xth}.

Proposition 4.4. Let (A,m) be a t−extended stretched Artinian local
ring. Then (

h+ t− 1

t

)
− 1 ≤ µ(I) ≤

(
h+ t− 1

t

)
and if the Cohen-Macaulay type is not the maximal one , τ ̸=

(
h+t−2
t−1

)
,

then µ(I) =
(
h+t−1

t

)
− 1.

Proof. By Lemma 3.1 we get the lower bound. Let P = k[x1, . . . , xh].
If the socle degree of A is s, then by the shape of the Hilbert function,
the lexsegment ideal Lex(I) is:
(4.2)

Lex(I) = ⟨xs+1
h ⟩+ ⟨xa11 . . . xahh : (a1, . . . , ah) ∈ Nh,

h∑
i=1

ai = t and ah ̸= t⟩.

So µ(I) ≤ µ(Lex(I)) =
(
h+t−1

t

)
.

Now if µ(I) =
(
h+t−1

t

)
then by ([9, Corollary 3.4]) all the Betti num-

bers of I and Lex(I) are the same. In particular, τ(A) =
(
h+t−2
t−1

)
. There-

fore, in the case that the Cohen-Macaulay type is not maximal, the
minimal number of generators is exactly

(
h+t−1

t

)
− 1. □

We remark that if t < s then µ(I∗) =
(
h+t−1

t

)
because there is no zero

cancellation in the first Betti number of P/Lex(I).



169 Sharifan

Next Lemma shows that if R/I is a t−extended stretched Artinian
local ring then the Hilbert function of R/I : n is uniquely characterized
by the Cohen-Macaulay type of R/I.

Lemma 4.5. Let I be an ideal of R such that A = R/I is a t−extended
stretched Artinian local ring with the Cohen-Macaulay type τ and the
socle degree s. Then the Hilbert function of R/I : n is given by

j 0 1 · · · t− 2 t− 1 t · · · s− 1 s

HFA(j) 1 h · · ·
(
h+t−3
t−2

)
x 1 · · · 1 0

,

where x =
(
h+t−2
t−1

)
+ 1− τ . In particular, R/I : n is a t− 1-extended

stretched Artinian local ring if and only if τ is the maximum one.

Proof. First, note that the initial degree of I : n is at least t− 1 because
I has initial degree t. Moreover, I ⊆ I : n. So I∗ ⊆ (I : n)∗ and

HFR/I:n(j) = HFP/(I:n)∗(j) ≤ HFP/I∗(j) = HFR/I(j), for each j ≥ 0.

Since ns+1 ⊂ I it is clear that ns ⊂ I : n. So HFR/I:n(s) = 0. If

HFR/I:n(s − 1) = 0 then ns−1 ⊂ I : n and so ns ⊂ I which is a contra-
diction. Thus, HFR/I:n has the desired shape. It remains to compute x.
Consider the following short exact sequence:

0 → I : n/I → R/I → R/I : n → 0.

Denote by ℓ(M), the length of a module over R or P , ℓ(R/I : n) =
ℓ(R/I) − ℓ(I : n/I). Thus e(R/I : n) = e(R/I) − τ . So it follows that

x =
(
h+t−2
t−1

)
+ 1− τ . □

In the following of this section, we assume that R = k[[x1, . . . , xh]].
Our goal is to find a structure theorem for t−extended stretched Artinian
local ring R/I when τ(R/I) is the maximal one. Given a set of minimal
generators Y = {y1, . . . , yh} of n, let ϕY be the automorphism of R
induced by substituting yi for xi in each power series f(x1, . . . , xh) ∈ R.
Given two ideals I and J in R, there exists a k−algebra isomorphism
α : R/I → R/J if and only if for a set of generators Y = {y1, . . . , yh} of
n we have I = ϕY (J).

Theorem 4.6. Let A = R/I be a t−extended stretched Artinian local
ring with the Cohen-Macaulay type τ and the socle degree s then

1) If τ <
(
h+t−2
t−1

)
, then we can find a minimal system of generators

Y = {y1, . . . , yh} of n such that I is minimally generated by the following
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set.

{yiyt−1
h : 1 ≤ i ≤ h−1}∪{u−λuy

s
h : u ∈ Mon(Y, t)\{yiyt−1

h : 1 ≤ i ≤ h}},

where for each u, λu ∈ k and at least one of the λu’s is nonzero.

2) If τ =
(
h+t−2
t−1

)
, then we can find a minimal system of generators

Y = {y1, . . . , yh} of n such that I is minimally generated by Mon(Y, t) \
{yth} ∪ {ys+1

h }.

Proof. Assume that σ be the lexicographic order induced by x1 > · · · >
xh.

Let A = R/I be an arbitrary t−extended stretched Artinian local
ring and set X = {x1, . . . , xh}. By the shape of the Hilbert function of
A we can assume that, after a generic change of variable,

Lσ̄(I) = ⟨{xs+1
h } ∪Mon(X, t) \ {xth}⟩.

Thus the reduced standard basis of I has the following shape:
G(I) = {xs+1

h } ∪ {u+ fu(xh) : u ∈ Mon(X, t) \ {xth}},where fu(xh) =
λu,tx

t
h + · · ·+ λu,sx

s
h, λu,j ∈ k.

For each i = 1, . . . , h−1, if we set ui = xix
t−1
h , then ui+

∑s
j=t λui,jx

j
h ∈

G(I) . Suppose S = k[[y1, . . . , yh]] is a power series ring on the variables
y1, . . . , yh and Y = {y1, . . . , yh}. Define the k−algebra isomorphism ϕ :

R → S induced by the map which sends each xi to yi−
∑s

j=t λui,jy
j−t+1
h

for i = 1, . . . , h − 1 and ϕ(xh) = yh. This isomorphism will send each
u ∈ G(I) to ϕ(u) ∈ J := ϕ(I).

One can easily see that the set A = {ϕ(u) : u ∈ G(I)} is a standard
basis of J for the local lexicographic ordering on S. Starting from A,
it is straight forward to check that the reduced standard basis of J has
the following shape:

G(J) = {ys+1
h }∪{u+gu(yh) : u ∈ Mon(Y, t)\{yth}}, where gu(yh) =

γu,ty
t
h+ · · ·+γu,sy

s
h, γu,j ∈ k and if u = yiy

t−1
h for some i = 1, . . . , h−1,

then gu(yh) = 0.

Next, we show that γu,j = 0 for each monomial u ∈ Mon(Y, t) \ {yth}
and each j ̸= s. By contrary assume that t ≤ r < s is the least integer
that there exists u = yα1

1 · · · yαh
h with αh < t − 1 with γu,r ̸= 0. So

hu = yα1
1 · · · yαh

h +γu,ry
r
h+ · · ·+γu,sy

s
h ∈ G(J). Clearly there exists j < h

with αj > 0. Take v = yhu/yj . So, hv = v+γv,r′y
r′
h +· · ·+γv,sy

s
h ∈ G(J),

where r′ ≥ r. Now it is easy to show that there exists f ∈ k[[y1, . . . , yh]]
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such that yhhu − yjhv − fyjy
t−1
h = γu,ry

r+1
h + · · · + γu,sy

s+1
h ∈ J . This

shows that yr+1
h ∈ Lσ̄(J) which is a contradiction because r < s.

To summarize, with respect to the minimal system of generators

{y1, . . . , yh} where yh = xh and for 1 ≤ i < h, yi = xi+
∑s

j=t λui,jx
j−t+1
h ,

I has the following system of generators:

M = {ys+1
h } ∪ {yiyt−1

h : 1 ≤ i ≤ h− 1} ∪
{u− λuy

s
h : u ∈ Mon(Y, t) \ {yiyt−1

h : 1 ≤ i ≤ h}},
where for each u, λu ∈ k

Now if τ <
(
h+t−2
t−1

)
, we remark that by Proposition 4.4, µ(I) =(

h+t−1
t

)
− 1. To find a minimal system of generators for I which is con-

tained in M , the only generator that we can remove is ys+1
h . So

{yiyt−1
h : 1 ≤ i ≤ h−1}∪{u−λuy

s
h : u ∈ Mon(Y, t)\{yiyt−1

h : 1 ≤ i ≤ h}}

is a minimal system of generators for I and at least one of the λu’s is
nonzero because ns+1 ⊂ I.

If τ =
(
h+t−2
t−1

)
, then by Lemma 4.5, I : n is a t− 1 extended stretched

Artinian local ring. So as we showed before, there exists a minimal
system of generators y1, . . . , yh for n such that I : n is generated by

{ysh} ∪ {yiyt−2
h : 1 ≤ i ≤ h− 1} ∪

{u− λuy
s−1
h : u ∈ Mon(Y, t− 1) \ {yiyt−2

h : 1 ≤ i ≤ h}}.

This shows that Mon(Y, t) \ {yth} ∪ {ys+1
h } ⊂ I. Comparing the Hilbert

functions we see that I = ⟨Mon(Y, t) \ {yth} ∪ {ys+1
h }⟩.

□

We remark that Theorem 4.6 is a generalization of [4, Theorem 3.1].
Actually, it gives a a structure theorem for extended stretched Artinian
local rings with the maximal Cohen-Macaulay type. In the following we
give some application of Theorem 4.6.

Corollary 4.7. Let A = R/I be a t− extended stretched Cohen-Macaulay
local ring then

µ(I) =
{ (

h+t−1
t

)
− 1 if τ(A) <

(
h+t−2
t−1

)
;(

h+t−1
t

)
if τ(A) =

(
h+t−2
t−1

)
.
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Proof. It is enough to recall that A has a t−extended stretched Artinian
reduction with the same Betti numbers as A. So, by Theorem 4.6, the
conclusion follows. □

If (A,m) is a t−extended stretched Cohen-Macaulay local ring of the
embedding codimension h and the socle degree s, then the bounds in
Propositions 4.1 and 4.4 hold for A. Moreover, the Betti numbers of
the corresponding lexsegment ideal (see (4.2)) can be computed by the
Eliahou-Kervaire resolution and we have:
(4.3)

βi(A) ≤ βi(P/Lex(I)) =

(
t + i− 2

i− 1

)(
h + t− 1

t + i− 1

)
for each 1 ≤ i ≤ h.

In particular we can present the following corollary:

Corollary 4.8. Let A be an Artinian t-extended stretched local ring of
the socle degree s. Then A is of homogeneous type if and only if one of
the following condition holds:

(1) s = t.

(2) τ(A) =
(
h+t−2
t−1

)
.

Proof. If A is an Artinian t-extended stretched local ring and s = t then
the the corresponding lexsegment ideal is generated in two successive
degrees so the conclusion follows by [10, Corollary 4.3].

If s > t then it is easy to see that µ(I∗) = µ(Lex(I)) =
(
h+t−1

t

)
. So in

this case the result follows by Corollary 4.7, and [9, Corollary 3.4]. □

Let (A,m) be a t− extended stretched Artinian local ring with the
socle degree t, following Rossi and Valla, we say that the ideal I is
almost t−extremal. They proved that in this case τ(A) = τ(grm(A)) ≤(
h+t−2
t−1

)
(see [8, Lemma 3.7]) and the minimal number of generators of

I is
(
h+t−1

t

)
− 1 if and only if τ <

(
h+t−2
t−1

)
(see [8, Theorem 3.10]). So

Corollaries 4.7 and 4.8 reprove and extend the mentioned results of [8].
Also, by Corollary 4.8, the given bounds for the Betti numbers of

a t− extended stretched Artinian local ring A (see equation (4.3)) are
achieved when τ(A) is the maximal one.

In the last corollary of this section we find the Betti numbers of an ar-
bitrary t− extended stretched Cohen-Macaulay local ring of embedding
codimension 3.
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Corollary 4.9. Let (A,m) be a t−extended stretched Cohen-Macaulay
local ring of the embedding codimension 3 and the Cohen-Macaulay type
τ <

(
t+1
2

)
then

β1(A) =

(
t+ 2

2

)
−1, β2(A) = t(t+2)−

(
t+ 1

2

)
−τ−1 and β3(A) = τ.

Proof. It is enough to notice that, in this case, Corollary 4.7 gives all
the cancellations in the Betti numbers of the corresponding lexsegment
ideal. □

5. The case µ(mt) = 2

In this section, we study Artinian local ringA = R/I of the embedding
codimension h when the initial degree is t and HFA(t) = 2. In this case,
HFA is given by one of the following tables:

(5.1)
j 0 1 · · · t− 1 t · · · r r + 1 · · · s s+ 1

HFA(j) 1 h · · ·
(
h+t−2
t−1

)
2 · · · 2 1 · · · 1 0

for some t ≤ r < s, or

(5.2)
j 0 1 · · · t− 1 t · · · s s+ 1

HFA(j) 1 h · · ·
(
h+t−2
t−1

)
2 · · · 2 0

.

If the Hilbert function is as (5.1), we say that A is of type (t, r, s)
where t ≤ r < s. In this case

Lex(I) = ⟨xs+1
h , xh−1x

r
h⟩+(5.3)

⟨xa11 . . . xahh :

h∑
i=1

ai = t, ai ∈ N and (ah−1, ah) ̸= (0, t), (1, t− 1)⟩.

If the Hilbert function is as (5.2), we say that A is of type (t, s, s)
where t ≤ s. For this type the corresponding lexsegment ideal is:

Lex(I) = ⟨xs+1
h , xh−1x

s
h⟩+(5.4)

⟨xa11 . . . xahh :
h∑

i=1

ai = t, ai ∈ N and (ah−1, ah) ̸= (0, t), (1, t− 1)⟩.
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By Lemma 3.1 and Theorem 3.5 we have:

Proposition 5.1. Let (A,m) be an Artinian local ring of initial degree
t and assume that µ(mt) = 2 then(

h+ t− 1

t

)
− 2 ≤ µ(I) ≤

(
h+ t− 1

t

)
,

and (
h+ t− 2

t− 1

)
− 2(h− 1) ≤ τ(A) ≤

(
h+ t− 2

t− 1

)
.

In the previous section, we showed that if (A,m) = (R/I, n/I) is a
t-extended stretched Artinian local ring then the Hilbert function of
R/I : n is characterized by the Cohen-Macaulay type of R/I. Next
example shows that for an Artinian local ring of type (t, r, s) a similar
result does not hold.

Example 5.2. Let R = k[[x, y]], I = ⟨x2y2 − y5,−x3y, x4⟩ and J =
⟨−x4 + x2y3 + y7, x3y − xy4,−x2y2⟩. Then the Hilbert function of both
R/I and R/J is given by the following table:

j 0 1 2 3 4 5 6 7 8
HFA(j) 1 2 3 4 2 2 1 1 0

.

Moreover τ(R/I) = τ(R/J) = 2. But the Hilbert functions of R/I : n
is

j 0 1 2 3 4 5 6 7
HFR/I:n(j) 1 2 3 3 2 2 1 0

,

and the Hilbert function of R/J : n is

j 0 1 2 3 4 5 6 7
HFR/J:n(j) 1 2 3 4 2 1 1 0

.

If the Artinian local ring R/I is of type (t, r, s) then the Hilbert func-
tion of R/I : n is uniquely determined by τ(R/I) provided that one of
the extra conditions of the next lemma holds.

Lemma 5.3. Let (A,m) = (R/I, n/I) be an Artinian local ring then

1) If A is of type (t, r, s) where t ≤ r < s and τ(A) =
(
h+t−2
t−1

)
then

R/I : n is of type (t− 1, r − 1, s− 1). So:
(5.5)

j 0 1 · · · t− 2 t− 1 · · · r − 1 r · · · s− 1 s

HFR/I:n(j) 1 h · · ·
(
h+t−3
t−2

)
2 · · · 2 1 · · · 1 0

.
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2) If A is of type (t, s, s) where t ≤ s, then HFR/I:n is:

(5.6)
j 0 1 · · · t− 2 t− 1 t · · · s− 1 s

HFR/I:n(j) 1 h · · ·
(
h+t−3
t−2

)
x 2 · · · 2 0

where x =
(
h+t−2
t−1

)
+ 2 − τ . In particular, R/I : n is of type (t − 1, s −

1, s− 1) if and only if τ(A) =
(
h+t−2
t−1

)
.

Proof. By assumption, the initial degree of I is t and therefore the initial
degree of I : n is at least t − 1. Also, by the definition of I : n, R/I : n
has the socle degree s− 1. since I∗ ⊆ (I : n)∗,

HFR/I:n(j) = HFP/(I:n)∗(j) ≤ HFP/I∗(j) = HFR/I(j), for each j ≥ 0.

We show that if HFR/I:n(ℓ) = 1 for some t−1 ≤ ℓ ≤ s−1 then HFR/I(ℓ+
1) = 1.

Assume that σ be the lexicographic ordering induced by x1 > · · · >
xh. Let b =

(
ℓ+h−1

ℓ

)
− 1. If HFR/I:n(ℓ) = 1 then after a suitable

change of basis we can assume that there exist f1, . . . , fb ∈ (I : n) ∩
nℓ that {Lσ̄(f1), . . . , Lσ̄(fb)} = Mon(X, ℓ) \ {xℓh} ⊂ Lσ̄(I : n). Since

n{f1, . . . , fb} ⊂ I one can easily see that Mon(X, ℓ+1)\{xℓ+1
h } ⊂ Lσ̄(I).

So HFR/I(ℓ+ 1) = 1.
Finally, we remark that if HFR/I(ℓ) = 2 for some ℓ then by Macaulay’s

theorem we conclude that HFR/I(ℓ+ 1) ≤ 2.

Now if HFR/I is as equation (5.1) then by the above facts, HFR/I:n(t−
1) ≥ 2, for each t ≤ ℓ ≤ r− 1 we have HFR/I:n(ℓ) = 2, HFR/I:n(r) = 2 or
1, and HFR/I:n(ℓ) = 1 for each r < ℓ ≤ s− 1.

As the proof of Lemma 4.5, we can see that

e(R/I : n) = e(R/I)− τ(R/I).

So if τ(R/I) =
(
h+t−2
t−1

)
then HFR/I(t− 1)−HFR/I:n(t− 1)+HFR/I(r)−

HFR/I:n(r)+1 =
(
h+t−2
t−1

)
. This shows that HFR/I:n(t−1)+HFR/I:n(r) = 3

and so HFR/I:n(t− 1) = 2 and HFR/I:n(r) = 1. So, the Hilbert function
of R/I : n is given by table (5.5).

If HFR/I is as equation (5.2) then by a similar argument we can see
that HFR/I:n is as (5.6). □

In the following of this section we assume that R = k[[x1, . . . , xh]].
Our goal is to characterize Artinan local ring A of homogeneous type
when A = R/I is of type (t, r, s).
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Lemma 5.4. Let A = R/I be an Artinian local ring of type (t, r, s)
or (t, s, s), then one can find a minimal system of generators Y =
{y1, . . . , yh} of n such that I is generated by
ys+1
h ,

yh−1y
r
h +

∑s
i=r+1 λiy

i
h(λi ∈ k),

yjy
t−1
h (1 ≤ j ≤ h− 2),

u+
∑r−1

i=t−1 λu,iyh−1y
i
h +

∑s
i=t γu,iy

i
h

(u ∈ Mon(Y, t) \ {yjyt−1
h | 1 ≤ j ≤ h}, λu,i, γu,i ∈ k),

where if A is of type (t, s, s) then r = s in the above generators.

Proof. Assume that σ be the lexicographic ordering induced by x1 >
· · · > xh.

Let A = R/I be an Artinian local ring with the Hilbert function (5.1)
and set X = {x1, . . . , xh}. By the shape of the Hilbert function of A we
can assume that, after a generic change of variable,

Lσ̄(I) = ⟨{xh−1x
r
h, x

s+1
h } ∪Mon(X, t) \ {xh−1x

t−1
h , xth}⟩.

Thus the reduced standard basis of I has the following shape:

G(I) = {xs+1
h , xh−1x

r
h +

s∑
i=r+1

λix
i
h} ∪

{u+ fu(xh−1, xh) : u ∈ Mon(X, t) \ {xh−1x
t−1
h , xth}},

where fu(xh−1, xh) =

s∑
i=t

λu,ix
i
h +

r−1∑
i=t−1

γu,ixh−1x
i
h

for some λi, λu,i, γu,i ∈ k.

For each j = 1, . . . , h−2, let uj = xjx
t−1
h . Suppose S = k[[y1, . . . , yh]]

is a power series ring on the variables y1, . . . , yh and Y = {y1, . . . , yh}.
Define the k−algebra isomorphism ϕ : R → S induced by the map
which sends each xj to yj −

∑s
i=t λuj ,iy

i−t+1
h −

∑r−1
i=t−1 γuj ,iyh−1y

i−t+1
h

for j = 1, . . . , h− 2, ϕ(xh−1) = yh−1 and ϕ(xh) = yh. This isomorphism
will send each u ∈ G(I) to ϕ(u) ∈ J := ϕ(I).

One can easily see that the set A = {ϕ(u) : u ∈ G(I)} is a standard
basis of J for the local lexicographic ordering on S. Starting from A,
it is straight forward to check that the reduced standard basis of J has



177 Sharifan

the following shape:

G(J) = {yh−1y
r
h +

s∑
i=r+1

λiy
i
h, y

s+1
h } ∪

{u− gu(yh−1, yh) : u ∈ Mon(Y, t) \ {yh−1y
t−1
h , yth}} where

gu(yh−1, yh) =

s∑
i=t

λu,iy
i
h +

r−1∑
i=t−1

γu,iyh−1y
i
h for some γu,j , λu,j ∈ k

and if u = yjy
t−1
h for some j = 1, . . . , h− 2 then gu(yh−1, yh) = 0.

So, if we let yj = xj +
∑s

i=t λuj ,ix
i−t+1
h +

∑r−1
i=t−1 γuj ,ixh−1x

i−t+1
h for

1 ≤ j ≤ h − 2, yh−1 = xh−1 and yh = xh, with respect to the basis
{y1, . . . , yh} the ideal I has the desired generating set.

If R/I is of type (t, s, s), an easy modification of the above proof
shows the result. □

Theorem 5.5. Let A = R/I be an Artinian local ring of type (t, r, s) or
(t, s, s) and maximal Cohen-Macaulay type. Then one can find a mini-
mal system of generators Y = {y1, . . . , yh} of n such that I is minimally
generated by
ys+1
h ,

yh−1y
r
h +

∑s
i=r+1 λiy

i
h,

u (u ∈ Mon(Y, t) ∩ ⟨y1, . . . , yh−2⟩),
yℓh−1y

t−ℓ
h +

∑r−1
i=t−1 λi,ℓyh−1y

i
h +

∑s
i=t γi,ℓy

i
h

(2 ≤ ℓ ≤ t, for some λi,ℓ, γi,ℓ ∈ k),
where if HFA is given by (5.2) then r = s in the above generators.

Proof. We prove theorem in the case that HFR/I is given by (5.1) because
the other case can be proved by the same method.

Since τ(A) is the maximal one, Lemma 5.3 shows that R/I : n is an
Artinian local ring of type (t− 1, r − 1, s− 1). By Lemma 5.4, one can
find a minimal system of generators Y = {y1, . . . , yh} of n such that I : n
is generated by the following elements.
ysh,

yh−1y
r−1
h +

∑s−1
i=r λiy

i
h,

yjy
t−2
h (1 ≤ j ≤ h− 2),

u+
∑r−2

i=t−2 λu,iyh−1y
i
h +

∑s−1
i=t−1 γu,iy

i
h

(u ∈ Mon(Y, t− 1) \ {yjyt−2
h | 1 ≤ j ≤ h}, λu,i, γu,i ∈ k),
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Since n(I : n) ⊆ I we have J1 + J2 ⊆ I where

J1 = ⟨u : u ∈ Mon(Y, t) ∩ ⟨y1, . . . , yh−2⟩⟩

and

J2 = ⟨yh−1, yh⟩⟨ysh, yh−1y
r−1
h +

s−1∑
i=r

λiy
i
h, u+

r−2∑
i=t−2

λu,iyh−1y
i
h +

s−1∑
i=t−1

γu,iy
i
h : u = yℓh−1y

t−1−ℓ
h , 2 ≤ ℓ ≤ t− 1⟩

= ⟨ys+1
h , yh−1y

r
h +

s∑
i=r+1

λiy
i
h, y

ℓ
h−1y

t−ℓ
h +

r−1∑
i=t−1

λ′
i,ℓyh−1y

i
h

+

s∑
i=t

γ′i,ℓy
i
h : 2 ≤ ℓ ≤ t, for some λi, λ

′
i,ℓ, γ

′
i,ℓ ∈ k⟩.

But Lσ̄(I) = Lσ̄(J1) + Lσ̄(J2) ⊆ Lσ̄(J1 + J2) ⊆ Lσ̄(I). So I = J1 + J2.
Since {u : u ∈ Mon(Y, t) ∩ ⟨y1, . . . , yh−2⟩} is a minimal system of
generators for J1 the proof will be completed if we show that

{ys+1
h , yh−1y

r
h +

s∑
i=r+1

λiy
i
h, y

ℓ
h−1y

t−ℓ
h +

r−1∑
i=t−1

λ′
i,ℓyh−1y

i
h

+
s∑

i=t

γ′i,ℓy
i
h : 2 ≤ ℓ ≤ t, λi, λ

′
i,ℓ, γ

′
i,ℓ ∈ k}

is a minimal system of generators for J2.

By J1 ⊂ I, it is clear that ⟨Mon(Y, t− 1)∩ ⟨y1, . . . , yh−2⟩⟩ ⊆ I : n. So
I : n = J ′

1 + J ′
2 where

J ′
1 = ⟨u : u ∈ Mon(Y, t− 1) ∩ ⟨y1, . . . , yh−2⟩⟩

and

J ′
2 = ⟨ysh, yh−1y

r−1
h +

s−1∑
i=r

λiy
i
h, u+

r−2∑
i=t−2

λu,iyh−1y
i
h +

s−1∑
i=t−1

γu,iy
i
h :

u = yℓh−1y
t−1−ℓ
h , 2 ≤ ℓ ≤ t− 1⟩.

So, as a k−vector space we have:

I : n/I = (J ′
1 + I)/I + (J ′

2 + I)/I.
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Comparing the k−vector space dimension of two sided of the above
equation we see that dimk(J

′
2 + I/I) = t.

Regarding J2 and J ′
2 as ideals of k[[yh−1, yh]], we have

J ′
2 ⊆ J2 :k[[yh−1,yh]] ⟨yh−1, yh⟩.

Therefore, one can find a natural one to one linear map

g : (J ′
2 + I/I) → (J2 :k[[yh−1,yh]] ⟨yh−1, yh⟩)/J2.

So

dimk(J
′
2 + I/I) ≤ dimk((J2 :k[[yh−1,yh]] ⟨yh−1, yh⟩)/J2)

= τ(k[[yh−1, yh]]/J2).

This means that t ≤ µ(J2)− 1. Therefore

{ys+1
h , yh−1y

r
h +

s∑
i=r+1

λiy
i
h, y

ℓ
h−1y

t−ℓ
h +

r−1∑
i=t−1

λ′
i,ℓyh−1y

i
h +

s∑
i=t

γ′i,ℓy
i
h :

2 ≤ ℓ ≤ t, λi, λ
′
i,ℓ, γ

′
i,ℓ ∈ k}

is a minimal system of generators for J2 and the proof is completed.
□

Next we give some applications of Theorem 5.5 in finding Artinian
local rings of homogeneous type.

Corollary 5.6. Let A = R/I be an Artinian local ring of type (t, r, s)
where t ≤ r ≤ s then the following statements are equivalent.

(1) βi(A) = βi(P/I
∗) = βi(P/Lex(I)) for each i ≥ 0.

(2) µ(I) =
(
h+t−1

t

)
.

(3) τ(A) =
(
h+t−2
t−1

)
.

In particular, if one of the above equivalent conditions holds then A is
of homogeneous type.

Proof. (2) → (1) is followed by [9, Corollary 3.4]. (1) → (3) is clear and
(3) → (1) is an immediate corollary of Theorem 5.5. □
Corollary 5.7. Let A = R/I be an Artinian local ring of type (t, s, s)
where t ≤ s then A is of homogeneous type if and only if one of the
following conditions holds.

(1) t = s.

(2) τ(A) =
(
h+t−2
t−1

)
.



Artinian local rings of homogeneous type 180

Proof. If s = t then the conclusion follows by [10, Corollary 4.3]. If
t < s then Lex(I) is generated in two non-successive degrees. So there is
no zero cancellation in the first Betti number of P/Lex(I). So µ(I∗) =(
h+t−1

t

)
and the result follows by Corollary 5.6. □

Corollary 5.8. Let A = R/I be an Artinian local ring of type (t, r, s)
where t < r < s − 1 then A is of homogeneous type if and only if
τ(A) =

(
h+t−2
t−1

)
.

Proof. It is enough to remark that Lex(I) is generated in degrees t, r +
1, s + 1. So there is no zero cancellation in the first Betti number of
P/Lex(I) and µ(I∗) =

(
h+t−1

t

)
. Now the result follows by Corollary

5.6. □

Finally we remark that if A = R/I is an Artinian local ring of type

(t, r, s) where t ≤ r ≤ s and τ(A) <
(
h+t−2
t−1

)
then

(
h+t−1

t

)
− 2 ≤

µ(I) ≤
(
h+t−1

t

)
− 1. In this case, µ(I) is not uniquely determined

by τ(A). For example let R = k[[x, y, z]]. Then for both ideals I =
⟨x2 + z4, xy, xz, y2, yz3⟩ and J = ⟨x2 + z4, xy + yz2, xz, y2⟩, the rings
A = R/I and B = R/J are of type (2, 3, 4) and τ(A) = τ(B) = 2. But
µ(I) = 5 and µ(J) = 4.
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