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ABSTRACT. Let I be an ideal in a regular local ring (R, n), we will
find bounds on the first and the last Betti numbers of (A, m) =
(R/I,n/I). if A is an Artinian ring of the embedding codimension
h, I has the initial degree t and pu(m’) = 1, we call A a t—extended
stretched local ring. This class of local rings is a natural general-
ization of the class of stretched local rings studied by Sally, Elias
and Valla. For a t—extended stretched local ring, we show that
(T —h+1 < r(A) < (P and () -1 < () <
h+:_1). Moreover 7(A) reaches the upper bound if and only if
wu(I) is the maximum value. Using these results, we show when
Bi(A) = Bi(gr,(A)) for each ¢ > 0. Beside, we will investigate the
rigid behavior of the Betti numbers of A in the case that I has ini-
tial degree ¢t and p(m') = 2. This class is a natural generalization of
almost stretched local rings again studied by Elias and Valla. Our
research extends several results of two papers by Rossi, Elias and
Valla.
Keywords: Artinian rings, Hilbert function, number of genera-
tors, Cohen-Macaulay type.
MSC(2010): Primary: 13E10; Secondary: 13H10, 13D40, 13D02.

1. Introduction

Suppose [ is an ideal of the regular local ring (R,n) and R/n is an
algebraically closed field of characteristic zero. Let (A, m) = (R/I,n/I),
it is a classical problem to study the Hilbert function of A and the
numerical invariants of its minimal R—free resolution.
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Artinian local rings of homogeneous type 158

Denote by p() the minimal number of generators of an ideal of A (or
R), the Hilbert function of A is, by definition,

HF A (j) := dimy t'nj/mj+1 _ ,u(mj) where k =R/n=A/m.

Hence HFy is the Hilbert function of the homogeneous k-standard al-
gebra

grm(A) = @jem! /mit!

which is called the associated graded ring of A. If dim(R) = n then the
associated graded ring of R, gr,(R), is the polynomial ring over the n
variables, say P = k[x1,...,z,].

By Macaulay’s Theorem, there exists a lexsegment ideal L = Lex(I) C
P = gr,(R) with HF s = HFp /1, and it is known that

Bi(A) < Bi(grn(A)) < Bi(P/L) for each i > 0.

The local ring A is called of homogeneous type if for each ¢ > 0,
Bi(A) = Bi(grn(A)). By aresult of Rossi and Sharifan the Betti numbers
Bi(A) can be obtained from the Betti numbers 3;(P/L) by a sequence
of zero and negative consecutive cancellations (see [10, Theorem 4.1 ]).
In particular, §;(A) = 5;(P/L) for each i > 0 if and only if p(1) = (L)
(see [9, Corollary 3.4 ]. In this paper, we apply this approach to study
the numerical invariants of some classes of Artinian local rings.

Assume that A is Cohen-Macaulay and d = dim(A), e is the multi-
plicity of A and h = p(m) — d is the embedding codimension of A. By
a theorem of Abhyankar, we know that e > h + 1, and if the equality
e = h+ 1 holds we say that A has minimal multiplicity and in this case
Bi(A) = z(:”jfll) for each i > 0.

More generally, let A = R/I be a Cohen-Macaulay local ring and ¢ > 2
be the largest integer such that I C nl, i.e,. t is the initial degree of I.

Then it is easy to see that e > (hﬂt;l) and if the equality e = (hﬂt;l)
holds then

h
Bi(A) = Z <Hl;k1 2) <I:_i[> for each 7 > 0.

k=1

In this paper, we study ideal I of initial degree ¢ and show that if
A = R/I is Artinian then

(1) (T -e= (") - om < i
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These bounds generalize the bounds given in [4, Lemma 2.1]. As a con-
sequence of (1.1) and by considering the lexsegment ideal corresponding
to an Artinian reduction of A, we prove that if (A, m) = (R/I,n/I) is a
Cohen-Macaulay local ring, t is the initial degree of I and e < (h+}i_1) +2,

then
1 _
<h z )—2<M(I)<<h z 1).

An Artinian local ring (A, m), not necessary Gorenstein, is called
stretched if u(m?) = 1. Stretched Artinian local rings have been stud-
ied by J. Sally in [11] and Elias and Valla in [4]. They found a very
nice structure theorem for the defining ideal I of the stretched Artinian
local ring A = R/I of Cohen-Macaulay type type 1 < 7(A) < h . In
particular, they showed that:

ht1 oA

—1 if A is stretched and 7(A) < h;
1.2 I)= ( 2 ) ’
(1.2) uil) { (h;rl) if A is stretched and 7(A) =h

If (A,m) is an Artinian local ring of initial degree ¢ and u(m!) = 1,
we say that A is a t-extended stretched Artinian local ring. Our goal is
to extend Elias and Valla’s results to this larger class of local rings.

By Macaulay’s theorem, the Hilbert function of a t—extended stretched
Artinian local ring A is given by:

| J JOfLf-- | t-1 J¢]--|s|s+1]

HEAG) [ L[] [ 1] 1] o

i

for some s > t. It is clear that 7(A) < 7(P/L) where L is the
lexsegment ideal corresponding to A. To find a lower bound for the
Cohen-Macaulay type of A, we apply the cancellation method for a
larger class of local rings. Let

| j |ofif--Ju—1]v |- |s|s+1]
|HEAG) [T h] | homy [Ro |- 2] O |

be the Hilbert function of an Artinian local ring (A, m). If v is the
least integer such that h, < 2, then 7(A4) > max{1l, hy—1 — hy(h — 1)}
(see Theorems 3.4, 3.5). So, if (A,m) is a t—extended stretched local

ring, then ("7 —h+1 < r(4) < ("11]2).

Let R = Kk[[z1,...,z3]] be the power series ring in the variables
x1,...,xp and A = R/I a t—extended stretched Artinian local ring.
In Corollary 4.7 we show that
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(1.3)
(1) = { (h+§_1) —1 if Ais t- extended stretched and 7(A4) < (h;“_tfz);
HE = (thi*l) if A is t- extended stretched and 7(A) = (htttf)

Note that (1.3) extends (1.2) to the case ¢ > 2. In order to prove
Corollary 4.7 we use [9, Corollary 3.4], and standard basis theory to
find a minimal system of generators for I. Our method leads to a struc-
ture theorem for the extended stretched Artinian local rings with the
maximal Cohen-Macaulay type (see Theorem 4.6).

Next, using Corollary 4.7, we characterize extended stretched Artinian
local rings of homogeneous type (see Corollary 4.8).

It is worth remarking that Rossi and Valla [8] studied extended
stretched local rings in the case s = ¢. They called the defining ideal of
this kind of rings, almost t—extremal. Our research extends and reprove
some of their results (see [8, Lemma 3.7 and Theorem 3.10]).

The last section is devoted to study an Artinian local ring (A, m) =
(R/I,n/I) of initial degree t, embedding codimension h and p(m') = 2.
In this case, by Proposition 5.1,

<h+z‘—1> o< < <h+;‘—1)’

h+t—2 h+t—2
—2(h—1)<7(A) < .
(") << (")
In Theorem 5.5 we find a minimal system of generators for I when 7(A)
is the maximal one. Finally, we find some classes of Artinian local rings
of homogeneous type when p(m!) = 2 (see Corollaries 5.6,5.7 and 5.8).
In particular, we prove that the following statements are equivalents:
(1) Bi(A) = Bi(P/I*) = Bi(P/Lex(I)) for each i > 0.
(@) u(n) = (7).
t—2
3) 7(4) = (")

and

2. Preliminaries

Let (R,n) be a regular local ring of dimension n. Assume that
(A,m) = (R/I,n/I) has dimension d, embedding codimension h and
multiplicity e. The Hilbert function of A is defined as:

HF 4 (j) := dimy (m! /m ™) for j > 0.
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Let P = k[z1,...,x,] then that the associated graded ring of the local
ring A is

grm(A) = @jzomj/mj+l = P/I*,

where I* is a homogeneous ideal of P generated by the initial forms of
the elements of I. Here, if f € R is a nonzero element and and m is the
largest integer such that f € n™, we let f* := f € n/n™*! and we say
that f* is the initial form of f. So

I =(f*: fel).

Therefore the Hilbert function of A = R/I is the same as the Hilbert
function of the standard graded algebra P/I*.

Numerical invariants of the minimal R—free resolution of A can be
studied by taking advantage of the rich literature in the graded case.
Namely, by a result of Robbiano (see [6] and [9, Theorem 1.8]) from a
minimal P-free resolution of gr,,(A) we can build up an R-free resolution
of A which is not necessarily minimal. Hence, for the Betti numbers of
A and gr,,(A) one has

Bi(A) < Bi(gr,(A)) for every i > 0.

According to [6], A is called of homogeneous type, if §;(A) = Bi(grn(A))
for each i > 0.

Let A = R/I be a local ring and L = Lex(I) = Lex(I*) be the cor-
responding lexsegment ideal then 5;(A) = B;(P/I*) = 5;(P/L) for each
i > 01if and only if u(I) = p(L) (see[9, Corollary 3.4]). Moreover, by [10,
Theorem 4.1], for each local ring A = R/I the Betti numbers, ;(A),
can be obtained from the Betti numbers of P/Lex(I) by a sequence
of negative and zero consecutive cancellations where negative and zero
cancellation is defined as follows.

Given a sequence of integer numbers {c;} such that ¢; = 3, ¢ij, we
obtain a new sequence by a consecutive cancellation as follows: fix an
index 4, and choose j and j’ such that j < j" and ¢;;,¢;—1 5 > 0. Then
replace ¢;; by ¢;; —1 and ¢;_q j by ¢;—1 ;7 — 1 and, accordingly, replace
in the sequence ¢; by ¢; — 1 and ¢;—1 by ¢;_1 — 1. If j < j’ we call it an
i-negative consecutive cancellation, and if j = j/, an i-zero consecutive
cancellation. A sequence of consecutive cancellations will mean a finite
number of consecutive cancellations performed on a given sequence.
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Let N be a homogeneous P-module with P- free graded resolution
given by:

) N d ) N di— ) .
G.: O—)@izopﬁ”(—j)A@izopﬁklﬂ(—j) l—)l -"g@izopﬂw(—]).

According to the above definition, we will say that the sequence of the
Betti numbers {8; = >_ .y Bi;} of N admits an i negative consecutive
cancellation (resp. i zero consecutive cancellation ) if there exist integers
J < j' (vesp. j = j') such that 8, Bi_1,,, > 0.

Note that [10, Theorem 4.1] is an extension of Peeva’s result to the
local case. Peeva [7] has proved that the graded Betti numbers of P/I
(I C P is a homogeneous ideal) can be obtained from the graded Betti
numbers of P/L (L = Lex(I)) by a sequence of zero consecutive cancel-
lations.

For more information about the cancellation method in finding the
Betti numbers of local rings we refer to [10].

We recall that if A is an Artinian local ring, then the socle degree of
A is the last integer s = s(A) such that HF5(s) # 0 and the Cohen-
Macaulay type of A is

7(A) := dimg(0 : m).

Moreover, A is called Gorenstein if 7(A) = 1. In this paper we apply
the cancellation method to find some bounds on 7(A) and (7).

Another tool that we will use in this research is the standard basis
theory. We refer the reader to [5, Section 6.4] for the details and proofs
of what we recall in the following.

Assume that R = k[[z1,...,2,]] be the power series ring in the vari-
ables x1,...,z, and as before P = k[x1,...,z,] = gr,(R).

We denote by T" the set of terms or monomials of P; let o be a term
ordering on T” and assume that x; > --- > x,,. We define a new total
order & on T" in the following way: given mi, ms € T™ we let m1 >5 mo
if and only if deg(m1) < deg(ma), or deg(my) = deg(msa) and mi >, ma.
o is called local degree ordering induced by o. Given f € R we denote
by supp(f) the support of f, i.e., if f = Z (i1 rin)ENn Qi . i) TT coegln
then supp(f) is the set of terms z!' - --zin such that ag y # 0. So
for a given f € R, there is a monomial which is the blggest of the
monomials in supp(f) with respect to . This monomial is called the
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leading monomial of f with respect to ¢ and is denoted by Lz(f). It is
clear that
La(f) = Lo(f*).
If I is an ideal of R we denote by Ls(I) the monomial ideal of P =
k[x1,...,2,] generated by the leading monomials of the elements of I
and call it the leading ideal of I.

Lo(l) = (Ls(f) : feI).
There is a unique reduced standard basis for I with respect to the
local ordering & that is a finite set G = {f1,..., fin} C I where
1) Lo(I) = (L (f1)s - Lo (fun)s
2) for each 1 <i <m, LC(f;) =1,
3) if u € supp(fi) \ {Ls(fi)} for some i then u ¢ (Ls(f1),--.,Ls(fm))
and
4) for each 1< i <m, Lo(fy) & (Lo(f1), s Lo():- s La(f))-
If {fi,..., fm} is a reduced standard basis of I then one can easily

show that I = (f1,..., fm) and I* = (ff,..., f¥).

3. Ideals of initial degree t

Lemma 3.1. Let A = R/I be an Artinian local ring with the mazimal
ideal m = n/I, multiplicity e and embedding codimension h. If I has
initial degree t then

h+t h+t—-1
( t ) e ( ! ) — () < () < pu(Lex(1)).
Proof. Let L = Lex(I) C P = k[x1,...,xp]. By [10, Theorem 4.1], it is
clear that u(Lyy) < p(l) < p(Lex(I)) where Ly is the ideal generated
by homogenous elements of L of degree ¢t. Thus,

(L) = o) = ) = (" 17 ) < i

By definition e = Y_;_, p(m’) where s = s(A). Thuse > 14+h+---+

("11%) + p(m") and

()¢ = (") =awnsor (T
_ <h+z_1>—u(mt)-
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We remark that if (A,m) = (R/I,n/I) is a Cohen-Macaulay local
ring of dimension d and embedding codimension h, then there exists an
Artinian reduction (B,m) such that the embedding codimension of B
is h, e(A) = e(B) and for each i > 0, 3;(A) = Bi(B). For example

if J = (a1,...,aq) is an ideal generated by a maximal n—superficial
sequence for A, then aq,...,aq is a regular sequence and I NJ = IJ.
Let

I=(I+J)/J, R=R/J, B=A/(ai,...,a9)A=R/I, m=m/J.

Then one can see that e(A) = e(B) and j3;(A) = p;(B) for each i >
0 if we regard A as an R—module and B as an R— module (see ([4,
Proposition 2.2] and [1, Lemma 1.3.5])).

Corollary 3.2. Let A = R/I be a Cohen-Macaulay local ring with di-
mension d, embedding codimension h and multiplicity e < (hj_tzl) + 2
where t is the initial degree of I, then

<h—tkt> e <h+;€—1> D < <h+z—1).

Proof. By the discussion just before the corollary, we can assume that A
is an Artinian ring. One can easily see that p(m') < 2 and p(Lex(I)) =
(hﬁ*l). So the bounds follows from Lemma 3.1. U

Note that Corollary 3.2 extends the bounds given in ([4], equation(1))
to the case that initial degree is t > 2.

In order to find some bounds on the Cohen-Macaulay type of Artinian
rings we first remark that it is possible to compute the Betti numbers of
lexsegment ideals from the corresponding Hilbert function. In particular,
for the last Betti numbers we have an easy formula

Given the positive integers a and d, the d—binomial expansion of a

() ()

where k(d) > k(d—1) >--- > k(j) > j > 1. Let

g (k:(dd)_—l 1) N (kz(dd—_l)z— 1) T (k(jj)_—l 1).

We have:
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Remark 3.3. Let L C P =Kk[x1,...,x}] be a lexsegment Ideal with the
Hilbert function HFp 1. Then

ﬂh7h+i(P/L) = HFP/L(i) — (HFP/L(i + 1))[i+1] for each i > 1.
Proof. See [12, Proof of Theorem 2.1]. O

So by Remark 3.3, the Cohen-Macaulay type of P/L can immediately
be computed from its Hilbert function. We apply this fact in the next
theorem in order to find a lower bound on the Cohen-Macaulay type of
a class of Artinian local rings.

Theorem 3.4. Let (A,m) = (R/I,n/I) be an Artinian local ring and

i JOf1]-Jozt]of-r|s]st]]
[HEAQG) [L[A ] [ oy 1] 1] 0]

be the Hilbert function of A where v is the least integer such that
hy, =1, then

7(A) > max{1,hy—1 — h + 1}.

Proof. Tt is enough to apply the cancellation method. Let L C k[z1, ...,
xp) be the lexsegment ideal corresponding to the Hilbert function of A.
By the shape of the Hilbert function, it is easy to see that G(L), the
minimal set of monomial generators of L, has no element in degree i
where v < ¢ < s and it has just one element of degree s + 1 that is
x5! Let {B;;} be the sequence of the Betti numbers of P/L, since L
is a stable ideal, the Eliahou-Kervaire formula (see [3]) and Remark 3.3
show that

Bhhtv—1 = hy—1—1, Bpptj=0foreach v—1<j <sand fpps =1,

Bh-1,h+j—1 =0 foreach v —1<j<sand Bp_1p4s—1=h—1.

If we consider any sequence of consecutive cancellations in the h po-
sition, B}, n4+vy—1 could decrease just by 8,1 p+s—1 and Bj, p4s can not be
cancelled. So, the conclusion follows.

O

Note that Theorem 3.4 is an extension of [10, Corollary 4.5]. Let us
give another application of cancellation method in finding a lower bound
on the Cohen-Macaulay type of another class of Artinian local rings.
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Theorem 3.5. Let (A,m) = (R/I,n/I) be an Artinian local ring of
embedding codimension h and v is the least integer such that HF 5 (v) =
2, then

7(A) > max{l,HFs(v — 1) — 2(h — 1)}.

Proof. Let s be the socle degree of A. By Macaulay’s theorem, for the
Hilbert function of A there are only two possibilities:

1) For each v < j < s, HFA(j) = 2.

2) There exists v < r < s such that HFA(j) = 2 for each v < j <r
and HF A (j) =1 for each r < j < s.
We prove the theorem in the case 2, because the other case is easier. So
we assume that HF 5 is given by the following table.

| o1 Juv=1]u|-|r|r+1]- | s|s+1]
11h ‘ . ‘

Let L C k[z1,...,zp] be the lexsegment ideal that HFp;, = HFR
and G(L) be the minimal set of monomial generators of L. Then G(L)
has no element in degree ¢ where v < ¢ <rorr+1<1 < s, it has one
element of degree r + 1 that is x,_12}, and one element of degree s + 1
that is Z‘Z+1.

Let {8i;} be the sequence of the Betti numbers of P/L, since L is
a stable ideal, the Eliahou-Kervaire formula (see [3]) and Remark 3.3
show that

Bhhtv—1 = ho—1 — 2,

Bhh+j = 0 for each j where v —1 < j<rorr<j<s,

Bhhtr = Bhprs = 1,

Bh—1,ht+j—1 =0 foreach j wherev—1<j<rort<j<s,

and SBp—1htr—1 = Bh-1,hts—1 =h —1.

If we consider any sequence of consecutive cancellations in the h po-
sition, Bp pyv—1 could decrease just by Bh—1nys—1 O Br—1,htr—1, Bhptr
can be cancelled by 84—1 p4s—1 and B p4s can not be cancelled. So the
conclusion follows.

O
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4. Extended stretched Artinian local rings

In this section, we apply the results of section 3 to a special class of
Artinian local rings. We generalize some results of [4] where the authors
showed that if A = R/I is an Artinian stretched local ring with the
Hilbert function

| g JoJtf2]---|s|s+1]
[HEAG) [TTR[T]-- [T] 0 |7
and the Cohen-Macaulay type 1 < 7 < h then we can find a basis
{z1,...,2p} of n such that the ideal I is minimally generated by:
o {rizjhicicjen {a3tegj<r, {27 — 21}ria<icn, if 7 < h.
o {z12;}o<<n, {zitsYacicjcn, 2™, i 7= h.
So, the minimal number of generators of the defining ideal [ is:

(hH) —1 if A is stretched and 7(A) < h;
s ={ 02"
"37) if A is stretched and 7(A) = h.

Now let (A,m) = (R/I,n/I) be an Artinian local ring of embedding
codimension h and assume that there exist integers 1 < ¢ < s such that
I has initial degree ¢, socle degree s and p(m') = 1. In other words A
has the following Hilbert function:
| o] ] =1 [#t]...[s][s+1]
EONOIE R NG ru RN P R

In this case, we say that A is a t—extended stretched Artinian local
ring. Because if t = 2 then A is a stretched Artinian local ring. An arbi-
trary Cohen-Macaulay local ring (A, m) is called t—extended stretched
local ring if it has an Artinian reduction B such that B is a t—extended
stretched artinian ring.

(4.1)

Proposition 4.1. Let (A, m) be a t—extended stretched Artinian local
ring. Then

h+t—2 h+t—2
— < < .
(T s < (M0

Proof. For the lower bound it is enough to apply Theorem 3.4 and the
upper bound follows from the inequality 7(A) < 7(P/L) and Remark
3.3 (L is the lexsegment ideal of P = kx1, ..., xp] corresponding to the
Hilbert function of A). O
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To continue, we need one more definition.

Definition 4.2. Let Y = {y1,...,yn} C R be a minimal system of
generators of n and t a positive integer. We define

h
Mon(Y,t) := {y§*---yp" : s €N, Y oy =t}
i=1

Remark 4.3. For each

h+t—2 h+t—2
— 1< <
(7)== ()

we can find an ideal I C R such that R/I is a t-extended stretched
Artinian local ring with T(R/I) = 7. For example, let X = {x1,...,zp}
be a minimal basis of n. If T # (hif) and { = (h:rff) — 7T, it is
enough to take I the ideal generated by Mon(X,t) \ {x}_,,..., x5} and
{:v? — T} th—t<j<n. If 7 = (hj_tf), we consider the ideal generated by
{5 U Mon(X, 1)\ {x .

Proposition 4.4. Let (A,m) be a t—extended stretched Artinian local

ring. Then
h+t—1 h+t—1

and if the Cohen-Macaulay type is not the mazximal one , T # (
then u(I) = (th;*l) —1.

Proof. By Lemma 3.1 we get the lower bound. Let P = k[z1,...,x3].
If the socle degree of A is s, then by the shape of the Hilbert function,
the lexsegment ideal Lex(I) is:

(4.2)

"),

h
Lex(I) = (™) + (3. x(" ¢ (ag,...,an) € N®)) ay=tanday #t).
i=1
So p(I) < p(Lex(T)) = ("H{7).
Now if u(l) = (h+§_1) then by ([9, Corollary 3.4]) all the Betti num-
bers of I and Lex(I) are the same. In particular, 7(A) = (htf) There-
fore, in the case that the Cohen-Macaulay type is not maximal, the

minimal number of generators is exactly (h+§_1) -1 U

We remark that if ¢ < s then u(I*) = (h+f_1) because there is no zero

cancellation in the first Betti number of P/Lex(I).
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Next Lemma shows that if R/I is a t—extended stretched Artinian
local ring then the Hilbert function of R/I : n is uniquely characterized
by the Cohen-Macaulay type of R/I.

Lemma 4.5. Let I be an ideal of R such that A= R/I is a t—extended
stretched Artinian local ring with the Cohen-Macaulay type T and the
socle degree s. Then the Hilbert function of R/I : n is given by

|4 _Jofu]-- ] ¢—2 |t-1)e]- |s—1]s]

(HEAG) [ 1] n ] (OS] = [1] ] 1 o

)

where x = (hj_tf) +1— 7. In particular, R/I : n is a t — 1-extended

stretched Artinian local ring if and only if T is the mazimum one.

Proof. First, note that the initial degree of I : n is at least ¢ — 1 because
I has initial degree t. Moreover, I C I :n. So I* C (I : n)* and

HFR/1n(j) = HFp 1)+ () < HFp 1« (j) = HFg1(j), for each j > 0.

Since n*t! C I it is clear that n® C I : n. So HFg ,(s) = 0. If
HFR /1:n(s — 1) = 0 then ns~! C I :n and so n® C I which is a contra-
diction. Thus, HFR 1., has the desired shape. It remains to compute x.
Consider the following short exact sequence:

0—TI:n/I—R/I—R/T:n—0.

Denote by ¢(M), the length of a module over R or P, ¢{(R/I : n) =
UR/I)— (I :n/I). Thus e(R/I : n) = e(R/I) — 1. So it follows that

z="") +1-1 O
In the following of this section, we assume that R = k[[z1,...,z3]].

Our goal is to find a structure theorem for t—extended stretched Artinian
local ring R/I when 7(R/I) is the maximal one. Given a set of minimal
generators Y = {yi,...,yn} of n, let ¢y be the automorphism of R
induced by substituting y; for x; in each power series f(z1,...,zp) € R.
Given two ideals I and J in R, there exists a k—algebra isomorphism
a: R/I — R/J if and only if for a set of generators Y = {y1,...,yn} of
n we have I = ¢y (J).

Theorem 4.6. Let A = R/I be a t—extended stretched Artinian local
ring with the Cohen-Macaulay type 7 and the socle degree s then

1) Ifr < (h’if), then we can find a minimal system of generators

Y ={y1,...,yn} of n such that I is minimally generated by the following
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set.
{yiyi ' i1 < < h—13U{u—Nys : u € Mon(Y,t)\{yiy} ' : 1 <i<h}},
where for each u, A, € k and at least one of the \,’s is nonzero.

2) If T = (h:rff), then we can find a minimal system of generators

Y ={y1,...,yn} of n such that I is minimally generated by Mon(Y,t) \
{viyu{nty.

Proof. Assume that o be the lexicographic order induced by z1 > --- >
T

Let A = R/I be an arbitrary t—extended stretched Artinian local
ring and set X = {z1,...,z,}. By the shape of the Hilbert function of
A we can assume that, after a generic change of variable,

La(I) = ({z;""} UMon(X, t) \ {x}}).

Thus the reduced standard basis of I has the following shape:

G(I) = {5y U {u+ fulzn) 1 u € Mon(X,t) \ {xf }}, where fy(xp) =
)\u,txf1 + sy, Ay €k

Foreachi=1,...,h—1, if weset u; = l‘il‘l;;l, then Ui+Z§:t Aui,jmi €
G(I) . Suppose S = K[[y1,...,yn]] is a power series ring on the variables
Y1, yp and Y = {y1,...,yn}. Define the k—algebra isomorphism ¢ :
R — S induced by the map which sends each x; to y; — Z;:t Ay, jyfl_tﬂ
fori =1,...,h — 1 and ¢(zp) = yp. This isomorphism will send each
u e G(I) to p(u) € J:=o(I).

One can easily see that the set A = {¢(u) : u € G(I)} is a standard
basis of J for the local lexicographic ordering on S. Starting from A,
it is straight forward to check that the reduced standard basis of J has
the following shape:

G(JT) = {yy " YU{utgulyn) : w € Mon(Y,t)\{y}}}, where g.(ys)
’yu,tyfl+' A+ YusYr, Yuy €k andif u = yiy,';_l forsomei=1,...,h—
then gy (yn) = 0.

Next, we show that v, ; = 0 for each monomial u € Mon(Y,t) \ {y}}
and each j # s. By contrary assume that ¢t < r < s is the least integer
that there exists u = yi'* ---yp" with o, < ¢t — 1 with v,, # 0. So
hoy =yt -y Y yh + -+ sys € G(J). Clearly there exists j < h
with a; > 0. Take v = ypu/y;. So, hy = U—l—%,rryz/—k- Fv,syp € G(J),
where 7’ > r. Now it is easy to show that there exists f € k[[y1,...,yn]]

L,
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such that yph., — yjhv - fyjyzil = ’7u,ryz+1 +oeee '7u,sy181+1 € J. This

shows that y,’;ﬂ € Lz(J) which is a contradiction because r < s.

To summarize, with respect to the minimal system of generators
{y1,-. . yn} where y, =z, and for 1 <i < h, y; = x;+3 5, )\ui,jx?;tﬂ,
I has the following system of generators:

M= {y;" Uy i1 <i<h—1}U
{u— Ay © uweMon(Y,t)\ {yivi ' :1<i<h}},
where for each u, A, € k

h+t—2
t—1

(h+f_1) — 1. To find a minimal system of generators for I which is con-

Now if 7 < ( ), we remark that by Proposition 4.4, u(l) =

tained in M, the only generator that we can remove is y,sLH. So
{yiyz_l 1 <i<h-1}U{u—Auy; : u€ 1\/[on(Y,t)\{yiyfl_1 : 1 <i<h}}

is a minimal system of generators for I and at least one of the A,’s is
nonzero because n**! C I.

Ifr= (hj_tf), then by Lemma 4.5, I : nis a t — 1 extended stretched
Artinian local ring. So as we showed before, there exists a minimal
system of generators y1,...,yn for n such that I : n is generated by

{yi}u{yiyz_Q 1<i<h-1}U
{u— /\uny_1 :u € Mon(Y,t—1)\ {yiyfl_2 :1 <i<h}}.

This shows that Mon(Y,t) \ {yt} U {y;™'} C I. Comparing the Hilbert
functions we see that I = (Mon(Y,t) \ {yt} U {y;*'}).
U

We remark that Theorem 4.6 is a generalization of [4, Theorem 3.1].
Actually, it gives a a structure theorem for extended stretched Artinian
local rings with the maximal Cohen-Macaulay type. In the following we
give some application of Theorem 4.6.

Corollary 4.7. Let A= R/I be at— extended stretched Cohen-Macaulay
local ring then

t—1

h+t—1) Zf T(A) _ (h+t—2).

{ (MY 1 i r(4) < (),
(
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Proof. 1t is enough to recall that A has a t—extended stretched Artinian
reduction with the same Betti numbers as A. So, by Theorem 4.6, the
conclusion follows. O

If (A, m) is a t—extended stretched Cohen-Macaulay local ring of the
embedding codimension h and the socle degree s, then the bounds in
Propositions 4.1 and 4.4 hold for A. Moreover, the Betti numbers of
the corresponding lexsegment ideal (see (4.2)) can be computed by the
Eliahou-Kervaire resolution and we have:

(4.3)

Bi(A) < Bi(P/Lex(I)) = <t T_lz 2) (?If:f) for each 1 <i<h.

In particular we can present the following corollary:

Corollary 4.8. Let A be an Artinian t-extended stretched local ring of
the socle degree s. Then A is of homogeneous type if and only if one of
the following condition holds:

(1) s=t.
2) r(4) = ("),

t—1

Proof. If A is an Artinian t-extended stretched local ring and s = ¢ then
the the corresponding lexsegment ideal is generated in two successive
degrees so the conclusion follows by [10, Corollary 4.3].

If s > t then it is easy to see that pu(I*) = p(Lex(I)) = (hH*l). So in

t
this case the result follows by Corollary 4.7, and [9, Corollary 3.4]. O

Let (A,m) be a t— extended stretched Artinian local ring with the
socle degree t, following Rossi and Valla, we say that the ideal I is
almost t—extremal. They proved that in this case 7(A) = 7(gru(A)) <
(h:“fzz) (see [8, Lemma 3.7]) and the minimal number of generators of
Iis (}H'f_l) — 1 if and only if 7 < (hjff) (see [8, Theorem 3.10]). So
Corollaries 4.7 and 4.8 reprove and extend the mentioned results of [8].

Also, by Corollary 4.8, the given bounds for the Betti numbers of
a t— extended stretched Artinian local ring A (see equation (4.3)) are

achieved when 7(A) is the maximal one.

In the last corollary of this section we find the Betti numbers of an ar-
bitrary t— extended stretched Cohen-Macaulay local ring of embedding
codimension 3.
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Corollary 4.9. Let (A,m) be a t—extended stretched Cohen-Macaulay
local Ting of the embedding codimension 3 and the Cohen-Macaulay type
T < (tgl) then

t+2 t+1
B1(A) = < 5 >—1, /BQ(A):t(t+2)_< 5 >—7‘—1 and PB3(A) = 7.
Proof. Tt is enough to notice that, in this case, Corollary 4.7 gives all
the cancellations in the Betti numbers of the corresponding lexsegment
ideal. O

5. The case p(m') =2

In this section, we study Artinian local ring A = R/I of the embedding
codimension h when the initial degree is t and HF s (t) = 2. In this case,
HF 5 is given by one of the following tables:

(5.1)
| g o] =1 ||| r 41| s s+
VHEAG) [ LR ] [ V) 2] f2f 1 [ 1] o]
for some t < r < s, or

I A S 2 W R R A R N
OB THE@ [1[h] - [CE) 2] 2] 0 |

If the Hilbert function is as (5.1), we say that A is of type (t,7,s)
where t < r < s. In this case

(5.3) Lex(T) = (x{™, xp_1x},) +
h
(it .oaph Zai =t,a; € Nand (ap—1,an) # (0,%),(1,t — 1)).
i=1

If the Hilbert function is as (5.2), we say that A is of type (¢,s,s)
where t < s. For this type the corresponding lexsegment ideal is:

(5.4) Lex(T) = (x5, xp_1x3) +

h
(xft.oaph Zai =t,a; € Nand (ap—1,ap) # (0,%),(1,t — 1)).
i=1
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By Lemma 3.1 and Theorem 3.5 we have:

Proposition 5.1. Let (A,m) be an Artinian local ring of initial degree
t and assume that p(m') = 2 then

<h+;§—1> o< () < <h+;§—1>’

(h—:_t;2) _2(h—1)§7(‘4)§<

In the previous section, we showed that if (A,m) = (R/I,n/I) is a
t-extended stretched Artinian local ring then the Hilbert function of
R/I : n is characterized by the Cohen-Macaulay type of R/I. Next
example shows that for an Artinian local ring of type (¢,7,s) a similar
result does not hold.

Example 5.2. Let R = k[[z,9]], [ = (2%y? — ¢, —23y,2?) and J =
(—a* + 22y + 47, 23y — 2y*, —229?). Then the Hilbert function of both
R/I and R/J is given by the following table:
| J [OJ1]2[3]4]5|6]7|8]
|HFAG) [1]2]3]4[2]2]1]1]0]"
Moreover 7(R/I) = 7(R/J) = 2. But the Hilbert functions of R/I : n
is

and

j 0[1]2]3]4]5]6]7
HFp/eG) | 1]2[3[3[2]2][1T[0]

and the Hilbert function of R/J : n is

j 0[1]2]3]4]5]6]7
HFp/3mG) | 1|23 4[2[1[1]0

If the Artinian local ring R/I is of type (t,7,s) then the Hilbert func-
tion of R/I : n is uniquely determined by 7(R/I) provided that one of
the extra conditions of the next lemma holds.

Lemma 5.3. Let (A,m) = (R/I,n/I) be an Artinian local ring then
1) If A is of type (t,r,s) wheret < r < s and 7(A) = (hﬁf) then

R/I :nis of type (t —1,r —1,s —1). So:

(5.5)

| Jofuf | t=2 Jiod)rolr]|s—L]s]|

| HFRa() [ L[] [0 2 [ 2 i) 1 Jof
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2) If A is of type (t,s,s) where t < s, then HFg 1 is:

o) i fOlL[- ] =2 [ttt [s—1]s]
Hyml) | 10| | (350 | @ 2] 2 |0]
h+t—2

where r = ( i1 ) + 2 — 7. In particular, R/I : n is of type (t — 1,5 —

1,5 —1) if and only if 7(A) = ("F7?).

Proof. By assumption, the initial degree of I is ¢t and therefore the initial
degree of I : n is at least ¢ — 1. Also, by the definition of I : n, R/I : n
has the socle degree s — 1. since I* C (I : n)*,

HFR/1n(j) = HEp 1)+ () < HFp 1« (j) = HFg1(j), for each j > 0.

We show that if HFg 1.,(¢) = 1 for some t—1 < £ < s—1 then HFg 1 (£ +
1) =1.

Assume that o be the lexicographic ordering induced by x1 > -+ >
xp. Let b = (Hz_l) — 1. If HFR/1.n(€) = 1 then after a suitable
change of basis we can assume that there exist fi,...,f, € (I : n) N
nt that {L;(f1),...,Ls(fp)} = Mon(X,€) \ {x{} C Ls(I : n). Since
n{f1,..., fo} C I one can easily see that Mon(X, £+ 1)\ {xﬁ“} C Lg(D).
So HFg1(¢+ 1) = 1.

Finally, we remark that if HFg /;1(¢) = 2 for some £ then by Macaulay’s
theorem we conclude that HFg (¢ + 1) < 2.

Now if HFg/; is as equation (5.1) then by the above facts, HFg /1. (t —
1) > 2, for each t < ¢ <7 —1 we have HFR /1.4(¢) = 2, HFR /1.4 (1) = 2 or
1, and HFg1.(f) = 1 for each r < £ < s — 1.

As the proof of Lemma 4.5, we can see that

e(R/I :n)=e(R/I)—T(R/I).

So if 7(R/I) = ("1"7?) then HFg y(t — 1) — HFg /10 (t — 1) + HFg 1(x) —
HFR /1.0 (1) +1 = (hif) This shows that HFg /1., (t—1) +HFg /1.0 (r) = 3
and so HFg 1.4 (t — 1) = 2 and HFg 1., (r) = 1. So, the Hilbert function

of R/I : n is given by table (5.5).
If HFg,; is as equation (5.2) then by a similar argument we can see

that HFg /., is as (5.6). O

In the following of this section we assume that R = k[[z1,...,z4]]-
Our goal is to characterize Artinan local ring A of homogeneous type
when A = R/I is of type (t,1,s).
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Lemma 5.4. Let A = R/I be an Artinian local ring of type (t,r,s)
r (t,s,s), then one can find a minimal system of generators Y =

{y1,...,yn} of n such that I is generated by
s+1

yh 9 )

Yn—1Y}, + 2iri1 A, (A € k),

vith | (1<j<h=2), |

U+ Z:;t_l )‘u,iyh—ly;;, + Zf:t 'Vu,iyz

(€ Mon(Y,t) \ {yjyy, ' | 1 <j <h}, Aui, i € K),

where if A is of type (t,s,s) then r = s in the above generators.

Proof. Assume that o be the lexicographic ordering induced by z; >
- > Tp.
Let A = R/I be an Artinian local ring with the Hilbert function (5.1)
and set X = {z1,...,x,}. By the shape of the Hilbert function of A we
can assume that, after a generic change of variable,

Lo (1) = ({wprah, ' UMon(X, t) \ {xuoix, xh}).

Thus the reduced standard basis of I has the following shape:

G(I) = {z;  mpazh + > Nj} U

i=r+1
{u+ fulzn-_1,zp) : u € Mon(X,t) \ {xh 1x xh}}

where fu Th— 1axh E Auth"i_ E Yu,ih— 1xh
i=t—1

for some Aj, Ay s Yui € k-

Foreachj=1,...,h—2,let u; = :rjxh . Suppose S = K|[[y1,- -, yn]]
is a power series ring on the variables y1,...,yp and Y = {y1,...,yn}
Define the k—algebra isomorphism ¢ : R — S induced by the map
which sends each z; to y; — > ;_ )\uj,zyz t+1 -3 tl 1 Yuuj iYh— 1y§Z t+1
forj=1,...,h—2, ¢(xp_1) = yn—1 and ¢(zp) = yp. This isomorphism
will send each u € G(I) to ¢(u) € J := ¢(I).

One can easily see that the set A = {¢(u) : u € G(I)} is a standard
basis of J for the local lexicographic ordering on S. Starting from A,
it is straight forward to check that the reduced standard basis of J has
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the following shape:

G(J) = {yn—1vp + > Awh.ypt'HU

i=r+1
{u—gu(yn—1,9n) : weMon(Y,t)\ {yn_1y}, ", yh}} where
s r—1
Gu(Wn=1,90) = D Muitlh + D Yui¥h-19} for some vy 5, Ay € k
1=t i=t—1

and if u = yjyz_l for some j =1,...,h—2 then gy(yn_1,yn) = 0.

So, if we let y; = x; + > 7, /\uj,iavﬁl_“'1 + Z::_th ’yujyixh,lxﬁl_tﬂ for
1<j<h—2 yp1 = xp_1 and y, = xp, with respect to the basis
{y1,...,yn} the ideal I has the desired generating set.

If R/I is of type (t,s,s), an easy modification of the above proof
shows the result. O

Theorem 5.5. Let A = R/I be an Artinian local ring of type (t,r,s) or
(t,s,s) and mazimal Cohen-Macaulay type. Then one can find a mini-
mal system of generators Y = {y1,...,yn} of n such that I is minimally
generated by
s+1
yh ) )
Yn—1Yh + 2 imr1 Aillhs
u (u € Mon(Y,t) N (yi,... ,yh_g)), '
yh S Ny + S iy
(2<0<t, for some N g,vip € k),
where if HF  is given by (5.2) then r = s in the above generators.

Proof. We prove theorem in the case that HFg 1 is given by (5.1) because
the other case can be proved by the same method.

Since 7(A) is the maximal one, Lemma 5.3 shows that R/I : n is an
Artinian local ring of type (t — 1,7 — 1,5 — 1). By Lemma 5.4, one can
find a minimal system of generators Y = {y1,...,yn} of nsuch that I : n
is generated by the following elements.

Y ‘

Un-1yy I N,

yiyh S (L<j<h-2),

UA Y IE o Mudlho1Yp + Yoy Yl

(uw € Mon(Y,t — 1)\ {yjyi 2 | 1 <j <h}, A, € k),
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Since n(I : n) C I we have Jy + Jo C I where
Ji=(u : weMon(Y,t) N (y1,..-,Yn-2))
and

s—1 r—2
Jo = (Yn—1,Un) Wi vho1yh LD Aih ot Y Awithoyh +

i=r i=t—2

s—1
> with c u=yhayy L 2<0<t-1)
i=t—1

s r—1
=W nan + Y A vhavh Y Ny
i=r+1 i=t—1

S
+Z'y§74y2 1 2< /¢ <t, for some )\i,)\;g,"h{’e € k).
i=t

But Ly(I) = Ls(J1) + Ls(J2) € Ls(Ji + J3) € Ls(I). So I = Jy + Ja.

Since {u : u € Mon(Y,t) N (y1,...,yn—2)} is a minimal system of
generators for Ji the proof will be completed if we show that

r—1

S
L, .
Wit unaavh + D Ao vnvn T+ D Nwn—avi
i=r+1 i=t—1

S
S Al 2<0<t ANl €K
1=t

is a minimal system of generators for Js.

By J; C I, it is clear that (Mon(Y,t —1)N{(y1,...,yn—2)) CI:n. So
I:n=J]+ J) where

Ji={(u : ueMon(Y,t —1)N{y1,...,yn_2))
and

s—1 r—2 s—1
Jo = (Wi vha1yy D A ut D Awitho1¥h Y Yuilh
i=r i=t—2 i=t—1

u = ny,ly,tL_l_e, 2<0<t—1).
So, as a k—vector space we have:

Iin/I=J+1)/I+(Jy+1)/1.
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Comparing the k—vector space dimension of two sided of the above
equation we see that dimg(J5 + I/I) =t.
Regarding Jy and J) as ideals of k[[yn—1, yn]], we have
Jo © J2 tkly,ygn) (Yn—1, Yn)-

Therefore, one can find a natural one to one linear map

g: (o +1I/I) = (J2 iy 1)) Yh—1,Un))/ Jo.
So

dimy (Jy + I/1) < dimg((J2 iy, _1,0n)) Yh-1,Yn))/J2)
= 7(k{[yn—1,yn]]/J2)-
This means that ¢ < u(J2) — 1. Therefore

s r—1 S
Wk + 0 v bl + S Nk + et
i=r+1 i=t—1 1=t
2< U<t N, 2737%{,@ €k}
is a minimal system of generators for J; and the proof is completed.
O

Next we give some applications of Theorem 5.5 in finding Artinian
local rings of homogeneous type.

Corollary 5.6. Let A = R/I be an Artinian local ring of type (t,r,s)
where t < r < s then the following statements are equivalent.

(1) Bi(A) = Bi(P/I*) = Bi(P/Lex(I)) for each i > 0.

() () = ("7,

(3) m(4) = ("717%).
In particular, if one of the above equivalent conditions holds then A is
of homogeneous type.

Proof. (2) — (1) is followed by [9, Corollary 3.4]. (1) — (3) is clear and
(3) — (1) is an immediate corollary of Theorem 5.5. O

Corollary 5.7. Let A = R/I be an Artinian local ring of type (t,s,s)
where t < s then A is of homogeneous type if and only if one of the
following conditions holds.

(1) t=s.

(2) 7(4) = ("17?).
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Proof. If s = t then the conclusion follows by [10, Corollary 4.3]. If
t < s then Lex(I) is generated in two non-successive degrees. So there is
no zero cancellation in the first Betti number of P/Lex(I). So u(I*) =
(h+§_1) and the result follows by Corollary 5.6. g

Corollary 5.8. Let A = R/I be an Artinian local ring of type (t,r,s)
where t < r < s — 1 then A is of homogeneous type if and only if
m(4) = (")

Proof. Tt is enough to remark that Lex(I) is generated in degrees ¢, r +
1,5 + 1. So there is no zero cancellation in the first Betti number of
P/Lex(I) and p(I*) = (h+f_1). Now the result follows by Corollary
5.6. O

Finally we remark that if A = R/I is an Artinian local ring of type

(t,r,s) where t < r < s and 7(4) < (hfff) then (hﬁf*l) -2 <

u(l) < (hﬂf—l) — 1. In this case, pu(I) is not uniquely determined
by 7(A). For example let R = k|[x,y, 2]]. Then for both ideals I =
(22 + 2 vy, 22,92, y2%) and J = (22 + 24 2y + y22, 22, 9y?), the rings
A=R/I and B = R/J are of type (2,3,4) and 7(A) = 7(B) = 2. But
pu(l) =5 and p(J) = 4.
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