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ABSTRACT. A matrix P € C"*" is called a generalized reflec-
tion matrix if P# = P and P? = I. An nxn complex matrix A
is said to be a reflexive (anti-reflexive) matrix with respect to
the generalized reflection matrix P if A = PAP (A = —PAP).
In this paper, we introduce two iterative methods for solving
the pair of matrix equations AXB = C' and DXFE = F over
reflexive and anti-reflexive matrices. The convergence of the
iterative methods is also proposed. Finally, a numerical exam-
ple is given to show the efficiency of the presented results.
Keywords: Matrix equation, reflexive matrix, anti-reflexive
matrix.
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1. Introduction

In this paper, we shall adopt the following notations and concepts
[21, 19]. Let C™*™ denote the set of all m x n complex matrices. .
We denote by I, the n x n identity matrix. We also write it as I,
when the dimension of this matrix is clear. Symbols AT, A# tr(A)
and R(A) denote the transpose, the conjugate transpose, the trace
and the column space of the matrix A respectively. The symbol
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Finite iterative methods for solving systems 296

A ® B stands for the Kronecker product of matrices A and B. The
inner product (.,.) in C™*" over the field R is defined as follows:
(A, B) = Re(tr(B" A)) for A, B € C™",

that is (A, B) is the real part of the trace of B A [34]. The induced
matrix norm is ||A|] = y/(A, A) = \/Re(tr(A7A)) = \/tr(ATA),
which is the Frobenius norm. For A = [ay, a9, ..., ap] € C™*7,
the stretching vec(A) is defined by vec(A4) = [ al, al, ..., oI ]7.
In [1, 35], the subspaces

C™"(P) = {A € C™" . A= PAP),

and

Cr"(P)={AeC"": A= —-PAP},
are introduced where P of size n is generalized reflection matrix,
that is P# = P and P? = I. The matrices A € C"(P) and
B € CI'"(P) are, respectively, said to be reflexive and anti-reflexive
matrices with respect to the generalized reflection matrix P. The
reflexive and anti-reflexive matrices have many special properties
and widely used in engineering and scientific computations [1].
Matrix equations are very useful in engineering problems, infor-
mation theory, linear system theory, linear estimation theory, nu-
merical analysis theory, and others. Hence various linear matrix
equations have been investigated [5, 10, 23, 24, 32]. In [3, 18, 33],
the matrix equation

AX =B,

was discussed over symmetric and positive definite matrices. In
[29], the problem of solution to the matrix equation

AX + XTC = B,
was considered by the Moore-Penrose generalized inverse matrix,
and a general solution to this equation was obtained. Mitra [25, 26]

provided conditions for the existence of a solution and a represen-
tation of the general common solution to the matrix equations

AX=C, XB=D,
and the matrix equations
(11) AlXBl = Cl and AQXBQ = CQ.
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Navarra et al. [27] studied a representation of the general common
solution to the matrix equations (1.1). In [30], Wang considered the
matrix equations (1.1) over an arbitrary regular ring with identity
and derived the necessary and sufficient conditions for the existence
and the expression of the general solution to the system. Also Wang
in [31], considered the system of four linear matrix equations over
an arbitrary von Neumann regular ring with identity. Huang et
al. [22] constructed a new iterative method for solving the linear
matrix equation AX B = C over skew-symmetric matrix X. Peng
et al. [28] presented an iterative method to solve the minimum
Frobenius norm residual problem

min ||AX B - C||,

with unknown symmetric matrix X. Based on the hierarchical iden-
tification principle [14, 17], Ding and Chen presented the hierarchi-
cal gradient iterative (HGI) algorithms for general matrix equations
[13] and hierarchical least-squares-iterative (HLSI) algorithms for
generalized coupled Sylvester matrix equation and general coupled
matrix equations [16, 14, 15]. In [6, 20, 7, 8, 9, 12], some efficient
iterative algorithms were introduced to solve Sylvester and Lya-
punov matrix equations. In this paper, we study the pair of matrix
equations

(1.2) AXB =C and DXE = F,

over reflexive and anti-reflexive matrices, where A € CP*", B €
C™ D e C™" EeC™ (CeCP and F € C*' are known.
First we consider the following four problems.

Problem 1.1. For given matrices A € C**", Be C"*, D € C°*",
Ec O Ce P, F e C* and the generalized reflection matrix
Pe ", find X € C"(P) such that (1.2) holds.

Problem 1.2. When Problem 1.1 is consistent, let its solution set
be denoted by S,. For a given X € C*"(P), find X € S, such that

(1.3) X = X[] = min []X - X].
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Problem 1.3. For given matrices A € C**", Be C"*, D € C°*",
Ec ™, Ce P, Fc C°*" and the generalized reflection matriz
Pe V", find X € C"(P) such that (1.2) holds.

Problem 1.4. When Problem 1.3 is consistent, let its solution set
be denoted by S,. For a given X € C*"(P), find X € S, such that
(1.8) holds.

This paper is organized as follows: In Section 2, first we obtain
two new pairs of matrix equations equivalent to the pair of matrix
equations (1.2) over reflexive and anti-reflexive matrices, respec-
tively, and second we present new four problems. Second, two iter-
ative methods are given for solving new problems. The convergence
results of the iterative methods are proposed in Section 3. In Sec-
tion 4, we employ a numerical example to support the theoretical
results of this paper. Also we give some conclusions in Section 5 to
end this paper.

2. Preparatory knowledge

In this section, first by using results in [35, 2|, we give the struc-
ture and properties of P, C"*"(P) and C*"(P).
Let P € C™" be a given generalized reflection matrix. From [2],
there exists an unitary matrix U € C™*" such that

(2.1) P:U(%_} )U?

By applying (2.1), we can show [35]:
(a): A € C"(P) if and only if there exist Z; € C"™" and Z, €
C=*(m=") guch that

_ Z 0 H
(2.2) AU(O &)U.

(b): A € C™™(P) if and only if there exist Z, € C™"™") and
Z5 € C™X" guch that

0 Zy )\ m
(2.3) A_U(% O)U.
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Now, for generalized reflection matrix P € C"*" and the matrices
AeCr" Be Qv DeC* EecC™, CeCPi FeC
we present the following decompositions:

_ Ir 0 H
» pou(t 0 Yo
(25) AU — (A17A2>, DU - (Dl,Dg),
(2.6) U"B = (B,B;)", U"E = (E] , EJ)",

where U € C™" is an unitary matrix and Ay, D; € CP*", Ay, Dy €
CP*(n=m) By By € CT%9, By, Ey € C™X4 In the rest of this pa-
per, without loss of generality, we suppose that the matrices A, B, D
and E have the above decompositions.

Theorem 2.1. Let A € (", B € C"1, D € ", E € O,
C e P, F ¢ C°*', and P be a generalized reflection matriz of size
n. For the pair of matriz equations (1.2), the following statements
are equivalent:

(1) The pair of matriz equations (1.2) has the reflexive solution
X e C"(P).

(2) The following coupled matriz equations have a solution pair:
(27) AleBl + A2X4B2 = (' and D1X1E1 + D2X4E2 =F

In that case, the reflexive solution of (1.2) can be expressed as the
following

_ Xy 0 H
(2.8) X—U(O X4)U,

where X, € C77, Xy € CX0) gnd U, UM are as in (2.1).
Proof. By substituting (2.4)-(2.6) and (2.8) in (1.2), we can obtain

AXB=C,
DXE=TF,

X, 0 B

H 1 H 1

(A, Ao)U U( ; X4>U U(B2)

(Dy, Do) UHU ( X0 ) UHU( Ey ) _Fr
4

4
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AleBl + A2X4B2 = C,
D\ X Fy+ Dy Xy Es = F.

Hence (1) is equivalent to (2). Now the proof is completed. O

Similar to the proof of Theorem 2.1, we can prove the following
theorem.

Theorem 2.2. Let A € CP*", B € ("1, D € ", E € ",
C e (P, F e C', and P be a generalized reflection matriz of size
n. For the pair of matriz equations (1.2), the following statements
are equivalent:
(1) The pair of matriz equations (1.2) has the anti-reflexive solution
X e C;"(P).

(2) The following coupled matriz equations have a solution pair:
(29) AlXQBQ + AQXgBl = (' and D1X2E2 + D2X3E1 =F

In that case, the anti-reflexive solution of (1.2) can be expressed as
the following

B 0 X2\,
(2.10) X—U(X3 O)U,

where Xy € C1 Xy € CXT and U, UM are as in (2.1).

From Theorems 2.1 and 2.2, we conclude that the matrix equations
(2.7) and (2.9) are equivalent to the pair of matrix equations (1.2)
over reflexive and anti-reflexive matrices, respectively. Therefore,
in the rest of this paper, we study the matrix equations (2.7) and
(2.9). Now the following four problems are considered:

Problem 2.1. Given Ay, D; € CP*", Ay, Dy € CP*"™) B, E, €
C™9, By, Ey € C"X O e OP* and F € C**t. Find matriz pair
(X1, Xy] with X, € C", X4 € C=X(=1) guch that

(211) A1X131 + A2X4BQ = (C and D1X1E1 + D2X4E2 =F

Problem 2.2. Let Problem 2.1 be consistent, and its solution pair
set be denoted by Sy. For a given matriz pair [ Xy, X4] with X; €
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¢ Rie 000 g (%0, R4 with %€ €,

X, € X queh that

(2.12)

Xy = X[+ [1Xs = XulP = min [[X) = X[ * + [[ Xy — X%
[X1,X4]€51

Problem 2.3. Given Ay, D; € CP*", Ay, Dy € CP*"™) B, E, €

C"™9, By, Ey € ("X C e OP* and F € C**t. Find matriz pair

(X5, Xs] with X, € ¢ X5 € O such that

(213) AlXQBQ + AQXgBl = (C and D1X2E2 + D2X3E1 = F.

Problem 2.4. Let Problem 2.3 be consistent, and its solution pair
set be denoted by Sy. For a given matriz pair [)?2,)?3] with )?2 €
XD Ry € G find (K, K] with Xy € CX0), X, e
C" =X such that
(2.14)
1 = Kol + 11X = XsllP = min 15 — Kl [P+ [1X5 — X%
[X2,X3]€S2

In fact, Problem 2.2 (2.4) is to find the optimal approximation
solution pair to the given matrix pair [Xi, X4] ([X, X3]) in the
solution pair set of Problem 2.1 (2.3).

Now, two new iterative methods are given for solving Problems
2.1-2.4.

Method 1. (To solve Problems 2.1 and 2.2)

Step 1.1. Given Ay, D; € CPX", Ay, Dy € CP*("™) B, F, € CT™¥1,
By,Ey € CvXa ¢ e P F e Ot X! e ¢ X e
C(n—r)x(n—r),

?

Step 1.2. Compute

R C—A1X{B1—A2X}B; 0
1= 5
0 F-D1X{E1—DyX}Es

P=AH(C-A1X{B1—A2X}B2)BE+DH (F-D1 X} E1—D2 X} E2)EF;
Q1=AH(C—A1 X! B1—-A>2X}B2)BE + DE(F—D1 X{ E1—D2X} E2)EE,;

k:=1;
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Step 1.3. If Ry =0 or Ry # 0, P, = 0, Qr = 0 then stop; else,
k:=k+1;

Step 1.4. Compute

Xk _ Xk’—l + HR’C*1H2 1]
- -1
' ! [ Pe—1]* + [|Qr—1]]?
- Ry_q|[?
Xk — Xk 1 + H k—1 _1
R TR e
r _ ( C—AXIB - A X[B, 0
F 0 F — D\ XFE, — DyXFE,
|| Ry—1][?
=R, | —
PP+ 11Qu
y APy By + AsQp—1 By 0 ,
0 D\ Py 1By + DoQp By )7
P, = AY(C — A XTB, — A X B,) B
R 2
+DM(F — D\X¥E| — D,XFE)EN + MP“;
k—1
Qr = AY(C - A XFB, — A, XEBy)BY
R 2
+D(F — DiX*E, — D,X}E,)EN + %Qk_l;
k—1

Step 1.5. Go to Step 1.3.
Method 2. (To solve Problems 2.3 and 2.4)

Step 2.1. Given Ay, D; € CP*", Ay, Dy € CPX("™") B/ B, € C7¥4,
By, By € Clvxa ¢ e o F e 0 X e ¢rn)) X e
C(n—r)xr_

I

Step 2.2. Compute

Rlz( C—A1X1By— Ay X1 B, 0 )

0 F—D1X1Ey—D2X1E;
Pi=AH(C—A1X}By—A2X}1B1)BY + D (F—D1X}E2—D2 X1 E1)EH;
Q1=Al(C—A1X1By—A2X1B1)BE+ DI (F-D1 X Ey— Do X1E1)EF,

k=1,
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Step 2.3. If R, =0 or Ry # 0, P, = 0, Q) = 0 then stop; else,
k:=k+1;

Step 2.4. Compute
|| Ry

Xb= X1y Pi_1:
2o [Pl + [[Qea |2
_ Ry_1|)?
Xk — Xk 1 + || 1
L Y T el
po_ [ C—AXEB - A XAy 0
b 0 F — D\ XY¥Ey — Dy XEE,
[ R ]?
— Re 4 —
PR+ Qe
y APy 1By + AyQ1 By 0 )
0 D\ Py 1Ey + DyQr By )7
P, = AY(C — A XEB, — A, XEB)BY
R 2
+DH(F — D\XEE, — D, XEE)EH + %Pk_l;
Qr = AY(C - A XEB, — A, XEB)BY!
R 2
+DY(F — D1 X3 Ey — Do XEE) BT + %le;

Step 2.5. Go to Step 2.3.

In the next section, the convergence results of the Methods 1 and
2 are given.

3. Convergence analysis

In this section, we first give some properties of the Methods 1
and 2. Second we show that these methods are convergent.

Lemma 3.1. Assume that the sequences {R;}, {P;} and {Q;} are
generated by Method 1 and there exists a positive integer number k
such that R; # 0 forv=1,2,...)k, then
(3.1)

<Ri7Rj> = 0, <PZ, Pj> + <Qz, Q]> = O, for i,j = 1, 2, ceny /{Z, 7 7& j
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Proof. Because (R;, R;) = (R;, R;),(P;, P;) = (P}, P;) and (Q;, Q;) =
(Qj,Q;) we only need to prove
(32) <RZ, R]> = 0, and <PZ,P]> + <QZ, QJ> = 0, for 1 S 1 <j S k.
We prove conclusion (3.2) by induction in two steps.
Step I: We firstly show that

(3.3)
<R1,RZ’+1> = 0, and <R, H+1> + <Qi,Qi+1> == 0, fOl" = 1, 2, ceey k‘

Let : = 1, we can get

Ry|?
Ry, By = Re(tr(RY Ry)) = Re(tr([ Ry — — 1
(1. Fz) = Re(tr(RY ) = Re(tx([B1 — o
A1PiB; + A1 Bs 0 "
- ( 0 D\PEy + DyQ1E } R1>>
STy p— L
[ P]|? + || Q1] 2
AlplBl + AQQlBQ 0 !
x Re (tr( ( 0 D\PEy + DyQ)1 s
X C— A1 X{B) — A3 X[ By ! ))
0 F — DX} Ey — DX Ey
Ry|?
R 1
e VoA TANTE

«Re (u((B{fPlHA{f + BEQUANY(C — A\ X!B, — A, X! By)
+(BI' P DI + BY QIDY)(F — D\X|Ey - D,X}By)))
|| B[]

[ P12 + ]| Q1] 2
+DI(F - D\ X'E, — szng)Eff]

= IR~ Re(tr(Pf'|Af(C— A1 X! B~ 4, X1 By) BY!

+QH [Agf (C — A\ XIB, — A,X1B,)BY
+DI(F - D\ X!E, — D2X41E2)E2HD)

[|Ba[*

= |R:|I? =
L B TN e TTONTE

Re (tr(Pff P+ Qf Q1>)
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(3.4) 0.
And also we can obtain
(P1, Py) + (Q1,Qa) = Re(tr(Py" P1)) + Re(tr(Q5' Q1))
— Re (tr( [A{f (C — A\ X2B) — A, X2B,)BY + DH(F — D, X2E,

[ Ro”
[ R [?

—D,X2Ey)El + Pl} Py |Af(C— ALXEBy — A X3 By) BY

Ro|? . H
+DJ(F = DX} Ey — Dy XPEy) EY + HQJ Q1))
1
— Re (tr((C’ — AX2B, — A X2Bo)H AP B, + (F — D\ X2E,
—DyXiEs)"DyPLE; + (C — A|X{By — AQXQBQ)HAleBz

||R |I?

H
( ( C—A1X2B1—A2X2B> 0
=Re| tr
0 F—D1X2E1—D2X2E>

v AP By + AyQ1Bo 0 ))
0 DyP,Ey + Dy Es
|| Ro|*
|| Ry ]2
HP1\||‘R4;|‘\‘Q]_H Re(tr(RH(Rl Ro )>+HR2H2(HP1||2+HQ1H )

HP1H +HQ1H 2
—— [<R1,R2> 1Rz H]

(F — D, X2E; — D2X§E2)HD2Q1E2))

+ (121" + [[@11%)

(HP1H2+|IQ1H2)

(35) =0
Now suppose that (3.3) holds for i = u— 1. For i = u, we can write

|| Rl
[ Pul[? + [1Qul[?

% ( AP, By + A2Q, By 0 ) }HRU))

(Ru, Rus1) = Re(tr(R™,, R,)) = Re (tr< [Ru -

0 DyP,Ey + DyQ, Es
|| Ru||?
[ Pu]? + [|Qul|?

= ||Rull* -
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<R (tr( AP, By + A3Q,Bs 0 .
© 0 D\ P,E; + DsQ.E»

C—A1 X B1—As X! B 0 ))
X
0 F—D1X!"E1—D2X}E»

1Rl
TP+ 11Qul P
— A, X} By) BY! + DI'(F — D\ X{ By — D, X} Ey)E/|

= ||R.||? - Re(tr(Pf [A{{(C’ — A X{'By

+Qf [Af(C’ - A X{'B; — AzXZBﬁBg

+DY(F — D1 X{'Ey — DzXfsz)EzHD)

R IR
= ||R,||? - I Re(tr(P?|P, — 2L _p
1P = i aaRe (e (P P = g e
gl R
+Qu [QU HRu,lH2 Qu,]_]))
Ru2
|RI
+ P, 1,P)) + (Qu-1,Qu)
(TP TR Pt Pad + (@1, Q)
(3.6) —0.

And we can obtain
(Pu, Pu1) + (Qu, Quir) = Re(“(Rﬁlpu)) + Re(tr( 5[+1 w))
:Im(u<PﬁQCU—APXF4Bl—beﬁ*U%)Bf

[ B |
|| B2

+[AY(C - AX{H By — A, X1 By BY + DY (F — DX E,

H
DY (P~ DX B - Doxy B 4 LT p ]

u | Rusal] ) 17
_D2X4+1E2)E2H+ﬁQu:| Qu))

H
R (t ( C—A1 X B - Ay X By 0
=he T
0 F-Di X! E1 Dy X} By

306
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» AP, By + AQ,Bs 0 ))
0 D\ P, Ey + DyQy
[ R | 2 2
o 1o Pu u
R (121" + [1Qull%)
Pl ? +11Qul?
= || |=‘R "’L || Re(tr<R5[—i—1<Ru_Ru+l>>>
[ R ||
Tpe (PP + Qi)
:|\Pu\|;+|v§uu2 (Rus B 1) —|| Rt ||2 +\|R§+1\2|2 1Pul[2+1Qul 2
I Rull IRl
(3.7) = 0.

This implies that the conclusion (3.3) holds for i = u. Hence, the
conclusion(3.3) holds by principal of induction.
Step II: In this step, we assume that
(3.8)

(Ri, Rivm) =0 and (P, Piyp) + (Qiy Qivm) =0 for 1 <i<m
and 1 <m < k.

Now we show <Ri7 Ri+m+1> = 0 and <P17 Pi+m+1>+<@i7 Qz’+m+1> =
0. Similar to the above results, first we can obtain

(P1, Pis1) + (@1, Qiv1) = 0.

By using Step I, (3.8) and similar to the proofs of (3.4)-(3.7), we
can write

"R - H = _ | Ry |1
<Rz=Rz+m+1>*Re(tr(Ri+m+1Rl))*Re (tr( |:Rz+m_ “Pi+m‘|£+T|TQi+m‘|2

o [ ArBiem B+ A2Qin By 0 }HR>)
0 D Py By + DoQigpm Eo !

B || Rigm|]?
[ Pim| 2 + | Qiml|?
H
<Re (tr( < APy By + AsQiym Ba 0 >

= (R, Ritm)

0 Dy P By + DoQipm B

" C— A XiB — Ay XiBy 0 ))
0 F —D\XiE| — D,XiE,
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Bl Re (1P
[1Bctm| [ + (| Qitom I o

LRI p ]+ oo 1200 ]))

kg

IRi? Fi || Ri1][?
|| Ritml|?
- PZ’-PZ m iy \i+m
||Pi+m||2+||Qi+m||2 |:< * >+<Q Q+ >i|
| Riym| ]| Ri] |7
~Pi* 7Pi m 1—1, +m
Tl TQram T [Pt P+ (@it Quc)]
(3.9) = =ni1((Pr, Prt1) + (Q1, Qiy1)) =

for certain n;. Also we can write

(Pi, Piymi1)+(Qis Qiymir) = Re(tr(P,, 1 P)+Re(tr(Qf},,11Qs))
~ Re (u([A{f (C — A, X4, — A, xi+m+ip gl

+ DI (F— Dy X7 B — D X BB 4 %PM} “p

+ [Agf (C— A, XTI B, A, X+ B BH | DH(F D, Xi+m+

i Rz m 2 H
—DQXmeEg)Ef—i— || + +1H Qi+m:| Ql>)

[ Rl 2
_r (t ( C—A XTI A, xIT™ B, 0 "
e 0 F-Di X g Do xitmtig,
y AP, By + A2Qi By 0 ))
0 D\ PE, + DyQ;Es
Rz’ m 2
|| Rim]|
15> + 1@l H
= HRZH2 Re ( (Rz—i-m—i-l(Ri - Rz-i—l)))
IR+ Qi

HRJ ‘2 [<Ri> Ri+m+1> - <Ri+1, Ri-‘rm—i—l)}

(310) = e = n2(<P1, z+1> <Q1; Qz+1>)
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for certain ny. By Steps I and II, the conclusion (3.2) holds by the
principal of induction. U

By a similar proof to the previous lemma we can prove the fol-
lowing lemma.

Lemma 3.2. Assume that the sequences {R;}, {P;} and {Q;} are
generated by Method 2 and there exists a positive integer number k
such that R; #£ 0 fori1=1,2,....k, then
(3.11)

(RiiRj) = 0, (P P) + (Qi Qi) = 0, for i,j = 1,2, k, i # .

Lemma 3.3. Suppose that the coupled matriz equations (2.7) are
consistent and [ X7, X}] is a solution pair of (2.7). Then, for any
initial matriz pair [ X1, X}], it holds that

(3'12) <PZ’ (Xik _XD> + <sz (X:f _XAZL)> = HRiH27 fori=1,2,..,

where the sequences { P}, {Q;}, and {R;} are generated by Method
1.

Proof. We prove the conclusion by induction. When ¢ = 1, we have

= Re(tr((Xik - Xll)HP1>> + Re<tr<(XjI - Xi)HQ1>>
— Re (u((x; ~ XHH[AT(C — A X!B, — Ay X!B,) BT
+DI(F — D, X!E, — DQXjEQ)EfI]))
+Re (u((X;; ~ XHH[AH(C — A XIB, — Ay X1B,)BY
+DI(F - D\ X'E, - DQXiEg)EfD)
~ Re (u((c ~AXIB, — A XIB)TA(XE — XDB,
+(F — Dy X!'Ey — DoX1Ey)" Dy (X} — Xll)El))
+Re (tr((C’ — A XIBy — AsXIBo) T Ay(XT — X1)B,

H(F — Dy X Ey — DoX1Ey) T Do( X} — X41)E2)>
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=Re (tr(( (C—A1X] B1—A2 X[ B2)" 0 )
0

(F-D1X}E1—D2 X} E2)H

310

o[ AKX Bi+Ax(X]-X])B> 0 ))
0 Dy(X{—X1)E14D2(X;—X})Eo
H
CRe (u( C—A1X!Bi—A2X} B 0
- 0 F—DiX}E1—DyX}Ey
" C — A X|B — A X} B, 0 ))
0 F — D\ X{E, — DX} F,
(3.13) =l

Now suppose that the conclusion (3.12) holds for 1 < i < [. Then
for i =141, we get

(Pryas (X7 = XTM)) + (Quir, (X7 — X5H)
= Re(tr((X7 = X)) ) + Re(tr((X5 = Xi")7Qu ) )
— Re (tr((Xf ~ XFYWHAR(C — A, X B, — A, X By)BY

R 2
+Dfl(F — D1X{+1E1 - DinJrlEg)ElH + ||||é+|1|! Pl]))
l

+Re (tr((Xjf — XFWHAT(C — A X B, — A, X By)BY

R 2
+DH(F — D\ XHE, — DX E)EH + HH ]’;hg Qz]))
l

H
e (tr ( ( C—A XH1B — A, X4 By 0
B 0

F—D1 X! B —Do X T B,
( C—A X B — A, XL By 0
X

0 F-D1 X" E1—Dy X7 By )))
R |? ] "
tlRe(os(065 = X084 0 - X177010))

[ : :
= 1 Bual P+ FrpaRe (i (G = XD R+ (XG - XD)" Q1))

|Rua P P
e g are)

+
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(3.14) = || RisalI*.

By induction principal, the conclusion (3.12) holds for i = 1,2, ....
0

Similar to the proof of Lemma 3.3, we can prove the following
lemma.

Lemma 3.4. Suppose that the coupled matriz equations (2.9) are
consistent and [ X5, X3] is a solution pair of (2.9). Then, for any
initial matriz pair [ X5, X3, it holds that

(3.15) (P, (X3 — X3) + (@i (X3 — XD)) = [|Ri[% for i = 1,2, ..

where the sequences { P}, {Q;}, and {R;} are generated by Method
2.

Remark 3.1. From Lemma 3.4 (3.3), we can easily see if P, =0
or Qr = 0 but Ry # 0, then the matriz equations (2.9) ((2.7))
are not consistent. Then, the solvability of the matriz equations
(2.9) ((2.7)) can be determined by Method 1 (2) in the absence of
roundoff errors. Hence the solvability of the pair of matriz equations
(1.2) over reflexive and anti-reflexive matrices can be determined by
Methods 1 and 2 in the absence of roundoff errors, respectively.

Theorem 3.1. Assume that Problem 2.1 is consistent. Then by
Method 1 with any arbitrary initial matriz pair [X{, X}], a solution
pair of Problem 2.1 can be obtained with finite iteration steps in the
absence of roundoff errors.

Proof. It R; #0 (i = 1,2, ...,2(pq + st)), then from Lemma 3.3, we
have P, # 0 or Q; # 0 (i = 1,2,...,2(pq + st)). We can calculate
Rpgists1 and [X2@TsDFL 3 2patsiHl] o N othod 1. We can obtain
Re(tr(Ryf s a1 i) =0, i = 1,2,...,pg + st,
and
Re(tr(RI'R;)) =0, i, =1,2,....2(pq + st), i # j.

It can be seen that the set of Ry, Ro, ..., Ropg+st) is an orthogonal
basis of subspace

S = {M|M _ (M O where M, € CP*? and M, € C**! }
0 M,



Finite iterative methods for solving systems 312

Hence Rygqisryi1 = 0, i.e. the matrix pair [X7T+ XPwatsH i
a solution of Problem 2.1. Thus when Problem 2.1 is consistent, we
can verify that the solution of Problem 2.1 can be obtained within

finite iterative steps in the absence of roundoff errors. OJ

Similar to the proof of Theorem 3.1, we can prove the following
theorem.

Theorem 3.2. Assume that Problem 2.3 is consistent. Then by
Method 2 with any arbitrary initial matriz pair (X3, X3], a solution
pair of Problem 2.3 can be obtained with finite iteration steps in the
absence of roundoff errors.

Remark 3.2. By using Method 1 with any arbitrary initial matrix
pair [X{, X}], a reflevive solution of Problem 1.1 can be obtained
with finite iteration steps in the absence of roundoff errors by the

following form
wnu (X8 Yom
where [ X, X}] is a solution pair of Problem 2.1.

Remark 3.3. By applying Method 2 with any arbitrary initial ma-
triz pair (X3, X1], an anti-reflexive solution of Problem 1.3 can be
obtained with finite iteration steps in the absence of roundoff errors
by the following form

. 0 X5 H
oo (8 %Yo

where [ X5, X3] is a solution pair of Problem 2.3.

Lemma 3.5. [22] Assume that the consistent system of linear equa-
tions Ay = b has a solution y* € R(A®). Then y* is an unique least
Frobenius norm solution of the system of linear equations.

Theorem 3.3. Suppose that Problem 2.1 is consistent and the ini-
tial matriz pair [X1, X}] is considered as

(3.16) X; =AUNBI + DHNEF X! =AYNBI + DYNE!,
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where N and N are arbitrary, or especially, X{ = 0 and X} = 0.
Then the solution pair [X{, X;]| generated by Method 1 is the least
Frobenius norm solution pair of the coupled matrixz equations (2.7).

Proof. 1t is obvious that the coupled matrix equations (2.7) are
equivalent to the matrix equation

B{ (24 Al Bg & AQ VGC(Xl)
ET' @ D, EY ® D, vec(Xy)

~( vec(C)
—\ vec(F) )
Now let N and N be arbitrary matrices. We can write

vec(A NBH + DENEH)
vec(A¥ NBY + DY NFE])

_(BieAl FeDf\ ( vel)
-\ B AY B, DE vec(N)
_( Bf @A BI @A, \" [ vee(N)
~\ ET®Dy E] ® D, vec(N)
eR( Bl ® Ay BT ® A, H)
El'® D, EI ® D, '
Therefore, if we consider
X! = AUNBT + DINE! and X} = AUNBY + DINE!
then XF and X}, generated by Method 1 satisfy

vec(XF) c R( Bl ® A1 B] ® A, H)

VGC(XZE) E? ® Dl Eg & DQ ’
According to these results, with the initial matrices X; = A NBH +
DENFEH and X} = ANBX + DENFEI where N and N are arbi-
trary, or especially, X] = 0 and X} = 0, the solution pair [X7, X}],

generated by Method 1, is the least Frobenius norm solution pair
of the coupled matrix equations (2.7). O

)

Similar to the proof of Theorem 3.3, we can prove the following
theorem.
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Theorem 3.4. Suppose that Problem 2.3 is consistent and the ini-
tial matrixz pair [X5, X3] is considered as

(3.17) X)=AUNBIY + DINE!I X! = AYNBI + DINEF,

where N and N are arbitrary, or especially, X} = 0 and X1 =0.
Then the solution pair (X3, X3] generated by Method 2 is the least
Frobenius norm solution pair of the coupled matriz equations (2.9).

Remark 3.4. Assume that Problem 1.1 is consistent. Then from
Theorems 2.1 and 3.3 we conclude that the reflexive solution X* as
follows

(3.18) X—U(O XZ)U,

15 the least Frobenius norm reflexive solution of the pair of matriz
equations (1.2) where X7 and X are generated by Method 1 with
the initial matrices X} = AENBA+DHNEH and X! = AHNBH +
DY N B where N and N are arbitrary, or especially, X{ = 0 and
X1 =0.

Remark 3.5. Assume that Problem 1.3 is consistent. Then from
Theorems 2.2 and 3.4 we conclude that the anti-reflexive solution
X* as follows

(3.19) X_U(X;: 0>U

is the least Frobenius morm anti-reflexive solution of the pair of
matriz equations (1.2) where X5 and X3 are genemted by Method
2 with the initial matrices X; = AHNBH + DHNEH and X3 =

AINBH + DHNEH where N and N are arbitrary, or especially,
X5 i =0 and X; g = 0.

3.1. Solutions of Problems 2.2 and 1.2. Here we will study
Problems 2.2 and 1.2 as follows.

When Problem 2.1 is consistent, its solution pair set .S} is nonempty.
For a given matrix pair [)?1, )/(\'4] with X, € crr, X, € ¢n=rx(n=r)
we can obtain
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{ A1X131 + A2X4BQ - C,
D1 X \Fy + Dy X4FEy = F,
{ A(X1 = X)) By + Ao(Xy — X4) By = C — A1 X\ By — A, X, By,
Dy(X; — Xl)El + Dy(Xy — X4)E2 F— D1X1E1 Dy X, FEs.
Now let Yi X1 Xl, Y;l X4—X4, C: C—AlilBl—Ag)/ClBg
and F = F — D; X 1By — Dg)/(\'4E2. Then the matrix nearness Prob-

lem 2.2 is equivalent to finding the least Frobenius norm solution
pair [Y}*, Y] of the matrix equations

(320)  AY1Bi + AYiBy = C and DY, Ey + DoY,Fy = F,
which can be obtained by using Method 1 with the initial matrices
Y = AENBH + DENFEH and V! = AINBI + DINEY where
N and N are arbitrary, or especially, Y! = 0 and Y;! = 0. Also the
solution pair of the matrix nearness Problem 2.2 can be represented
as X1 Yy +X1 and X4 Yy +X4

Now suppose that Problem 1.1 is consistent. Therefore the solution
set S, of matrix equation (1.2) is nonempty. For given reflexive

matrix X, we can write

(3.21) X=U ( X 0 ) Ut
0 X,

From the discussion above, the solutions of the matrix nearness
Problem 1.2 can be represented as

(3.22) X=U ( X 0 ) ur,
0 X4

where matrix pair [)E 1, )?4] is a solution pair of Problem 2.2.

3.2. Solutions of Problems 2.4 and 1.4. Let Problem 2.3 be
consistent, therefore its solution pair set S, is nonempty. For given
matrix pair [)?2,)?3] with )/(\'2 e grxn=m), )/(\'3 e CP X" we can
obtain

AlXQBQ + A2X3Bl = C,
D XoF,; + Dy X3Ey = F,



Finite iterative methods for solving systems 316

{ A (Xy — )ASQ)Bz + Ay(X5 — 923)31 =C — Al)/(\:\ZBQ — Az)A(A?)Bl,
Di(Xs — Xo)Ey + Do(X3 — X3)Ey = F — D1 XoEs — Dy X3E).

Now let Y2 = X2 — )?2, }/23 = X3 — 5(\'37 a =C— Al)?QBQ — Az)?gBl
and F = F — Dl)A(gEg — Dg)?gEl. Then the matrix nearness Prob-
lem 2.4 is equivalent to finding the least Frobenius norm solution
pair [Y5", V5] of the matrix equations

(3.23)  AYaBs + AY3B, = C and DY Es + DoY3Ey = F,

which can be obtained by using Method 2 with the initial matrices
Y} = AUNBE + DENEH and Y} = AUNB? + DENEF where
N and N are arbitrary, or especially, Y} = 0 and Y3 = 0. Also the
solution pair of the matrix nearness Problem 2.4 can be represented
as )N(Q :Y2*+)A(2 and )N(?, :Y'g,*—i-)A(g,.

Now suppose that Problem 1.3 is consistent. Therefore the solution
set S, of matrix equation (1.2) is nonempty. For given anti-reflexive
matrix X , We can write

(3.24) x=v( 2 *\yn

X3 0
By using the above results, the solutions of the matrix nearness
Problem 1.4 can be represented as

(3.25) X=U ( 0 X ) uH,
X; 0

where matrix pair [)?2, X 3] is a solution pair of Problem 2.4.

4. Numerical results

In this section, we give a numerical example to illustrate the
performance of the proposed algorithms in Section 2. Computations
were done on a PC Pentium IV using MATLAB 7. Because of
the influence of the error of calculation, we consider the arbitrary
matrix Z as a zero matrix if ||Z]| < 10713,
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Example 4.1. Consider the pair of matrix equations (1.2) with
the parameters

1+2 3 1 2 ) —-1-2; -1 1
-1 —-1-2i -1 2 2 1 2i 1
A= , B= ,
) 4 5 3 4+1 2 1
1 2-3i —4 -4 1 4 -5 4
2427 —2¢ -2 1 3+1 4 244 1
3i 4 2 1 —2i —43 -3 2
D = , B = ,
7 1 24+i —5 1 341 4 6
6 541 4 5 1 3 4427 2

6+61 194+19¢ —2644:  23+19¢
—23—-3¢  12+420¢ —37-29% 204127

C = ,
—5+71 —T7+327 —2—1 1+267
33431 82—38; —51+8b5i T74—50¢
—0.0340.117 0.06+0.157 0.064+0.407 0.06+0.107
—0.11-0.152 —0.14—-0.29¢ —0.614+0.07¢ 0.0740.17%
F =10?

—0.11-0.21¢ —0.22—0.49¢ —0.24-1.08¢ 0.27—-0.51%
0.05—-0.17% 0.02—-0.53:  —1.10+0.987 0.16+0.52¢

It can be verified that the matrix equations have the reflexive solu-
tion X as

141 2 0 0
_ 0 3—1 0 4x4
X - 0 0 O _2 € Cr (P)7
0 0 —24+1 3+
where

1 0 0 0

01 0 0

P= 00 -1 0

00 0 -1

The matrix P can be expressed as

_ Iy 0 H
pou(h 8 Yom
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where U = U = I,;. Therefore the matrix equations are equivalent
to

A1X1B1 + A2X4B2 =(C and D1X1E1 + D2X4E2 = F,

where
1+ 3 1 2
-1 —1-2i -1 2
Al_ Z 4 7A2_ 5 3 )
1 2 —3i —4  —4
(i —1-2i -1 1 C(4+i 3 2 1
Bl_(z 1 2 1)’32—< 1 4 =5 4)’
242 —2 -2 1
3i 4 2 1
Dy = i 1 , D2 = 247 =5 |
6 541 4 5

oo 3+¢ 4 244 1 E_13+i 4 6

YU =2 44 -3 2) 727 \1 3 442 2 )
By using Method 1 with the initial matrix pair X7, X}] = [0,0],
we obtain solutions

o (1+i 2 12 _ 0 —2
Xl_( 0 3-i) = —24i 342 )

The obtained results are presented in Figure 1, where

Sk H C—AXFB, — A, XEB, 0 H
L 0 F— D\ X’E, — D XVE, ’
Now let sequence X* be
Xk o0
(4.1) Xk = ( 0 x4 ) .

Also in Figure 1, we display

« || { C—AX*B 0
T2_H< 0 F—DXkE)H’
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FiGURE 1. The residuals for Example 4.1 with the

initial matrix pair [X], X}] = [0, 0].
4 T T T T T T T
P
-*-.'*---*h-—*~~
o "
\
‘\
20 \
\
-4t \‘
\
\
-6r \‘
A " \
——te—- ,-'z‘ K
-10+ \\\
\\
2 ]
Sk
14 . . . . . . . . ]
1 2 3 4 5 6 7 8 9 10
k (iteration number)
where X* and XF, X} are obtained from (4.2) and Method 1, re-
spectively.

Here we assume that
2—1 2 0 0
—1+2; —1 0 0
0 0 142 1
0 0 34+ 3+

X =

Also we suppose that

s ([ 2—i 2 s (14 1
Xl_(—1+2i —1)’X4_(3+i 3+¢>‘
By computing C—- Al)?lBl —AQ%BQNand F— Dl)/(\'lEl — DQ)?4E2,

we can obtain the solution pair [X7, X4| of Problem 2.2 by finding
the least norm solution pair [Y7, Yy of (3.20). By applying Method 1

with the initial matrix pair [Y7!, Y] = [0, 0] for the matrix equations
(3.20), we have
oyl —1.0000 + 2.0000z —0.0000 — 0.0000z
L 1.0000 — 2.0000:  4.0000 — 1.0000z ’

Xi—= X" = ( —1.0000 — 1.0000z —3.0000 + 0.0000z ) .

—5.0000 + 0.0000z —0.0000 + 1.00002
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Now we can obtain [X;, X, as follows:

<~ e o ( 10000+ 1.0000i 2.0000— 0.0000i
K=Y+ X = ( 0.0000 + 0.0000; 3.0000 — 1.0000i ) ’
< e, o ( 0.000+0.0000i —2.0000+ 0.0000i
Xae=Yi+ &= ( —2.0000 + 1.0000i  3.0000 + 2.0000i )

The obtained results are presented in Figure 2, where

Sk H C — AYEB, — AY)B, 0 ’
L= 0 F — D\YFE, — D,)YFE, )|
and
K H C — AY*B 0 ‘
T2 = 0 F—DY*E |||
with
Yk 0
k _ 1
»” v (8

FI1GURE 2. The residuals for Example 4.1 with the
initial matrix pair [Y}}, Y,!] = [0, 0].
4 T T T T T T T
|

P

oF

20

4-

6

-

Nx A X

8l

-

-10+

-12-

14 I I I I I I I I I I
1 2 3 4 5 6 7 8 9 10 11

k (iteration number)
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5. Conclusions

In this work, two iterative methods were introduced for solving
the pair of matrix equations AXB = C' and DXFE = F with un-
known matrix X. First two matrix equations equivalent to the
matrix equations AXB = C and DXE = F over reflexive and
anti-reflexive matrices, were given, respectively. Then for solving
these matrix equations, we have introduced two iterative methods.
Moreover we obtained the convergence properties of two iterative
methods. Finally, a numerical example was given to show the effi-
ciency of the presented results.
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