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Abstract. Let T be a bounded operator on the Banach space X
and φ be an analytic self-map of the unit disk D. We investigate
some operator theoretic properties of bilateral composition opera-
tor Cφ,T : f → T ◦ f ◦ φ on the vector-valued Hardy space Hp(X)
for 1 ≤ p ≤ +∞. Compactness and weak compactness of Cφ,T on
Hp(X) are characterized and when p = 2, a concrete formula for
its adjoint is given.
Keywords: Vector-valued Hardy space, composition operator, lin-
ear fractional map, weak compactness.
MSC(2010): Primary: 47B33; Secondary: 47B48.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk of the complex plane C
and X = (X; ∥.∥) be any complex Banach space. A function f : D → X
is called analytic if it is weakly analytic, i.e., if x∗ ◦ f is analytic for
all functionals x∗ ∈ X∗, where X∗ is the dual space of X. For every
analytic self-map φ : D → D, the (right) composition operator Cφ is
defined by Cφ(f) = f ◦ φ where f : D → X is an analytic function.
Basic properties of such operators have been studied on many classical
Banach spaces such as Hardy spaces [3, 8], Bergman and Bloch spaces,
and BMOA [1, 2, 8, 10]. Recently, these studies have been extended
by considering weak compactness of composition operators on spaces of
analytic X-valued functions, where X is an arbitrary complex Banach
space [4, 5, 6].
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The purpose of this paper is to initiate the study of special types of
composition operators on some Banach spaces of analytic vector-valued
functions. For every analytic function f : D → X and a bounded oper-
ator T on X, the composition T ◦ f defines an analytic function from D
into X. This introduces two new operators; the left composition oper-
ator CT by CT (f) = T ◦ f and the bilateral composition operator Cφ,T

by

Cφ,T (f) = T ◦ f ◦ φ
which is a composition of the (right) composition operator Cφ and the
left composition operator CT . Note that when X is a complex plane,
CT = λI and Cφ,T = λCφ for some complex scalar λ, where I is the
identity operator.

Since Hardy spaces are closely related to other function spaces of our
interest, it will be useful to investigate some fundamental properties
related to these operators on them.

Definition 1.1. Let X be a normed space. The vector-valued Hardy
space Hp(X) for 1 ≤ p < +∞, is the class of analytic functions f : D →
X satisfying

∥f∥Hp(X) := lim
r→1

(∫
t∈T

∥f(rt)∥pXdm(t)

) 1
p

< +∞,

where m is the Lebesgue measure on the unite circle T = ∂D normalized
so that m(T) = 1. The space H∞(X) is defined as the vector space of
bounded analytic functions f : D → X, with the norm

∥f∥H∞(X) := sup
z∈D

∥f(z)∥X < +∞.

For 1 ≤ p ≤ +∞, Hp(X) becomes a Banach space with norm ∥.∥p.
When X is a Hilbert space, H2(X) becomes a Hilbert space with the
following inner product:

⟨f, g⟩H2(X) = lim
r→1

(∫
t∈T

⟨f(rt), g(rt)⟩
)
dm.

In particular, when X = C the space Hp(C), is exactly the classical
Hardy space Hp.

Basic structures of vector-valued Hardy spaces will be studied in
Section 2.
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Some of the main properties of composition operators on such spaces
have been considered by several authors. The boundedness of Cφ on
Hp(X) for 1 ≤ p ≤ +∞ was proved by Saksman and Tylli [4]. In
fact, it follows from the Littlewood subordination theorem in a well
known manner, a suitable change of variables and subharmonicity of the
function z → ∥f(z)∥X (see [4], Theorem 3.1). Applying the reproducing
kernels argument, the Hilbert adjoint of composition operator Cφ on
general Hilbert spaces of analytic functions is computed by Martin and
Vukotic, [7]. For an infinite dimensional Banach space X, it is shown
that Cφ is never compact on Hp(X) for 1 < p ≤ +∞, however it is
weakly compact on H1(X) if and only if X is a reflexive Banach space
and the Nevanlinna counting function Nφ satisfies the Shapiro condition
[4].

Here boundedness, compactness and weak compactness of the opera-
tor Cφ,T on the vector-valued Hardy spaces Hp(X) with 1 ≤ p ≤ +∞,
are obtained. In Section 3, we show that Cφ,T is bounded on Hp(X) for
1 ≤ p ≤ +∞, and moreover

∥T∥∥Cφ∥Hp ≤ ∥Cφ,T ∥Hp(X) ≤ ∥Cφ∥Hp(X)∥T∥.

We give a formula in terms of Bochner integral for the Hilbert adjoint
of Cφ,T on H2(X) where X is a Hilbert space. Compactness and weak
compactness of Cφ,T will be considered in Section 4. In fact, we show
Cφ,T is compact on Hp(X) if and only if T is compact and either T = 0
or Cφ is compact on Hp. A similar result will be obtained for weak
compactness of Cφ,T on H1(X) and H∞(X).

2. Vector-valued Hardy space

In this preliminary section we consider some well known basic prop-
erties of vector-valued Hardy spaces (see [9]). Throughout this section
φ is an analytic self-map of D, X is a Banach space and T is a bounded
linear operator on X.

The first observation characterizes the structure of Hp(X) in some
cases.

Proposition 2.1. Let X be a normed space then
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(1) If dimX < +∞, then Hp(X) for 1 ≤ p < +∞ is isometrically
isomorphic to

⊕n
k=1H

p for some integer n ≥ 1.

(2) If X is a separable Hilbert space then H2(X) is isometrically iso-
morphic to (

⊕
i∈NH2)ℓ2.

Proof. (1) If dim(X) < +∞, without loss of generality suppose that
X = Cn for some integer n ≥ 1 with the p-norm topology. Then ev-
ery X-valued analytic map f : D → X in Hp(X) can be written as
f = (f1, f2, . . . , fn) where fi ∈ Hp for 1 ≤ i ≤ n. Now the operator
Λ(f) = {fi}1≤i≤n defines an isometrically isomorphism between Hp(X)
and

⊕n
k=1H

p.
(2) Let {ei : i ∈ N} be an orthonormal basis for the Hilbert space X.

For any X-valued analytic function f ∈ H2(X) and vector x ∈ X, the
analytic function x ⊗ f by (x ⊗ f)(z) = ⟨f(z), x⟩ belongs to H2. Put
H = (

⊕
i∈NH2)ℓ2 and define Λ : H2(X) → H by Λ(f) = {ei ⊗ f}i∈N.

Then the Lebesgue Dominated Converges Theorem with an application
of Fubini Theorem implies that

∥Λ(f)∥2H =

∥∥∥∥{ei ⊗ f}i∈N
∥∥∥∥
H

=
+∞∑
i=1

∣∣ei ⊗ f
∣∣2
H2

=

+∞∑
i=1

lim
r→1

(∫
t∈T

∣∣(ei ⊗ f)(rt)
∣∣2)dm(t)

= lim
r→1

(∫
t∈T

(+∞∑
i=1

∣∣ < f(rt), ei >
∣∣2dm(t)

))
= lim

r→1

(∫
t∈T

∣∣f(rt)∣∣2dm(t)

)
= ∥f∥2H2(X).

It remains to prove Λ is a surjection. Let g = {fi}i ∈ H. Then the
Parseval identity

f(t) =

+∞∑
i=1

fi(t)ei

defines an analytic function in H2(X) and Λ(f) = g. Now the proof is
completed. □
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Corollary 2.2. Let {ei : i ∈ N} be an orthonormal basis for the Hilbert
space X and e(i, j)(z) = zjei for i ∈ N and j ∈ N ∪ {0}. Then

(1) B :=
{
e(i, j) : (i, j) ∈ N × N ∪ {0}

}
is an orthonormal basis for

H2(X).

(2) For any i ∈ N and w ∈ D, the mapping

Ki,w(z) = ei

+∞∑
n=0

w̄nzn =
ei

1− w̄z

belongs to H2(X), ∥Ki,w∥2 =
∑+∞

n=0 |w|2n = 1
1−|w|2 and for any f ∈

H2(X),

⟨f,Ki,w⟩H2(X) = (ei ⊗ f)(w).

Proof. (1) For i ∈ N and j ∈ N ∪ {0} define Ei,j(α) = 0 if α ̸= i and
Ei,j(α) = zj if α = i. Then Ei,j ∈ H, e(i, j) = zjei = Λ−1Ei,j ∈ H2(X)
and since {

Ei,j : (i, j) ∈ N× N ∪ {0}
}

is an orthonormal basis for H, so is B for H2(X).

(2) Let kw(z) :=
∑+∞

n=0w
nzn. For i ∈ N, define Ki(α) = 0 if α ̸= i

and Ki(α) = kw if α = i. Then Ki ∈ H and we can easily see that
Ki,w = Λ−1Ki. On the other hand,

< f,Ki,w >H2(X) = < Λ−1({ei ⊗ f}i∈N),Λ−1Ki >H2(X)

= < {ei ⊗ f}i∈N,Ki >H

= < ei ⊗ f, kw >H2= (ei ⊗ f)(w)

for every i ∈ N and w ∈ D and this completes the proof. □

3. Norm and adjoint

In this section the norm of Cφ,T on vector-valued Hardy space Hp(X)
for 1 ≤ p ≤ +∞, is estimated and then its Hilbert adjoint on H2(X),
where X is a Hilbert space, is computed.

Theorem 3.1. Let X be a Banach space and φ be an analytic self-map
of D. Then the operator Cφ,T is bounded on Hp(X) for 1 ≤ p ≤ +∞.
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Moreover,

∥T∥∥Cφ∥Hp ≤ ∥Cφ,T ∥Hp(X) ≤ ∥T∥∥Cφ∥Hp(X) (3.1)

and in particular, ∥CT ∥Hp(X) = ∥T∥.

Proof. First note that by proposition 1 in [4], the composition operator
Cφ is bounded on Hp(X) for 1 ≤ p ≤ +∞. Let 1 ≤ p < +∞, then for
f ∈ Hp(X) and z ∈ D, ∥T (f(z))∥X ≤ ∥T∥∥f(z)∥X and so

∥Cφ,T (f)∥Hp(X) = ∥T ◦ f ◦ φ∥Hp(X)

= sup
0<r<1

(∫
t∈T

∥T (f(φ(rt)))∥pXdm(t)

) 1
p

≤ ∥T∥∥Cφ(f)∥Hp(X) = ∥T∥∥Cφ∥Hp(X)∥f∥Hp(X).

Hence

∥Cφ,T ∥Hp(X) ≤ ∥T∥∥Cφ∥Hp(X).

and so Cφ,T is bounded on Hp(X). On the other hand, for non-zero
elements f ∈ Hp and x ∈ X, consider the analytic vector-valued function
x∗f : D → X by (x∗f)(z) = xf(z) for any z ∈ D. Then x∗f ∈ Hp(X),

∥x ∗ f∥Hp(X) = ∥x∥∥f∥Hp ,

and

∥Cφ,T (x ∗ f)∥p = sup
0<r<1

(∫
t∈T

∥T (x ∗ f)(φ(rt))∥pdm(t)

)
= ∥Tx∥p sup

0<r<1

(∫
t∈T

|(f ◦ φ(rt))|pdm(t)

)
= ∥Tx∥p∥Cφ(f)∥pHp .

Hence

∥Tx∥p∥Cφ(f)∥pHp = ∥Cφ,T (x ∗ f)∥p

≤ ∥Cφ,T ∥p∥x ∗ f∥pHp(X) = ∥Cφ,T ∥p∥x∥p∥f∥pHp .

and so
∥Tx∥
∥x∥

∥Cφ(f)∥Hp

∥f∥Hp
≤ ∥Cφ,T ∥.

Taking the supremum of the left hand side, we get

∥T∥∥Cφ∥Hp ≤ ∥Cφ,T ∥.
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The proof for H∞(X) is entirely similar. Letting φ(z) = z in (3.1), we
see that ∥CT ∥Hp(X) = ∥T∥ and the proof is completed. □

Let φ be any analytic self-map of the unite disc. Then for the scalar-
valued composition operator Cφ an adjoint formula exists and has in-
teresting applications [7]. In fact, let H be any Hilbert space of analytic
functions in D on which all point-evaluations are bounded. Assume that
Cφ is well defined and bounded on H. Then H possesses a family of
reproducing kernels {Kw : w ∈ D} ⊆ H; that is, Kw(f) = f(w) for
every f ∈ H. Then for each w ∈ D and all f ∈ H an adjoint formula for
Cφ is:

C∗
φ(f)(w) =< f,Kw ◦ f > .

In particular, for the Hardy space H2,

C∗
φf(w) = lim

r→1

∫
t∈T

f(rt)

1− wφ̄(rt)
dm(t) (f ∈ H2).

Here we obtain a similar formula for the adjoint of Cφ,T containing a
formula for the adjoint of Cφ on H2(X).

Theorem 3.2. Let φ be an analytic self-map of D and let T be a bounded
linear operator on a separable Hilbert space X. Then the Hilbert adjoint
of Cφ,T on Hilbert space H2(X) is verified by the following formula:

< C∗
φ,T f(w), x >X= lim

r→1

∫
t∈D

(Tx⊗ f)(rt)

1− wφ̄(rt)
dm(t) = C∗

φ(Tx⊗ f)(w)

(3.2)
where C∗

φ is the adjoint of Cφ on the usual Hardy space H2.

Proof. Let {ei : i ∈ N} be an orthonormal basis for X. Fix i ∈ N and
w ∈ D, then by Corollary 2.2 we have⟨

C∗
φ,T f(w), ei

⟩
X

=
⟨
C∗
φ,T f,Ki,w

⟩
H2(X)

=
⟨
f, Cφ,TKi,w

⟩
H2(X)

=
⟨
f, T ◦Ki,w ◦ φ

⟩
H2(X)

.
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Hence⟨
C∗
φ,T f(w), ei

⟩
X

= lim
r→1

∫
t∈T

⟨
f(rt), T (Ki,w(φ(rt)))

⟩
X
dm(t)

= lim
r→1

∫
t∈T

⟨
T ∗f(rt),Ki,w(φ(rt))

⟩
X
dm(t)

= lim
r→1

∫
t∈T

⟨
T ∗f(rt),

ei
1− w̄φ(rt)

⟩
X
dm(t)

= lim
r→1

∫
t∈T

⟨
f(rt), T ei

⟩
X

1− wφ̄(rt)
dm(t)

= lim
r→1

∫
t∈T

(Tei ⊗ f)(rt)

1− wφ̄(rt)
dm(t)

= C∗
φ(T (ei)⊗ f)(w)

Now by linearity and continuity, the relation (3.2) follows. □

Corollary 3.3. Let φ be an analytic self-map of D and let T be a
bounded operator on a separable Hilbert space X. Then the Hilbert ad-
joint of Cφ on Hilbert space H2(X) is given by

C∗
φf(w) = lim

r→1

∫
t∈T

f(rt)

1− wφ̄(rt)
dm(t) (f ∈ H2(X)),

where the integral is the well known Bochner integral of the vector-valued
function

t → f(rt)

1− wφ̄(rt)
.

In particular, C∗
T = CT ∗, where T ∗ is the Hilbert adjoint of T .

4. Compact and weak compactness

In this section we characterize the compact (weak compact) bilat-
eral composition operators on Hp(X) for 1 ≤ p ≤ +∞. Recall that a
bounded linear operator T on a Banach spaceX is compact (respectively
weakly compact) if T (BX) is a compact (respectively weakly compact)
subset of X, where BX = {x ∈ X : ∥x∥ ≤ 1} is the closed unit ball of
X. Compactness properties of composition operators have been quite
intensively studied in connection with various function spaces. It is easy
to check if Cφ is compact on Hp(X) for 1 ≤ p < +∞, then X must be
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finite dimensional and if it is weakly compact on Hp(X), then X must
be reflexive. More precisely:

Theorem 4.1. For the analytic self-map φ on D, the following state-
ments hold:

(1) Cφ is compact on Hp(X) for 1 ≤ p < ∞ if and only if X is finite
dimensional and Cφ is compact on Hp.

(2) Cφ is weakly compact on H1(X) if and only if X is reflexive and

Nφ(w) = o(1− |w|) as |w| → 1−.

(3) Cφ is weakly compact on H∞(X) if and only if X is reflexive and
∥φ∥∞ < 1.

Proof. Assume that Cφ is compact on Hp(X). Then X can be viewed
as a closed subspace of Hp(X) via the mapping x → fx, where fx(t) =
x for all t ∈ D. Then Cφ(fx) = fx for every x ∈ X, i.e., it fixes
the constant functions and hence a copy of X into itself. This means
that the identity operator on X is compact and hence X must be of
finite dimension. Hence, by Proposition 2.1, Hp(X) is isometrically
isomorphic to

⊕n
k=1H

p for some integer n ≥ 1 and so Cφ is compact on
Hp. The converse follows similarly with Proposition 2.1. To prove (2)
and (3), see part (ii) of Theorem 3, and Theorem 6 in [4]. □

For any non-zero element x ∈ X and any analytic function f : D →
C, the analytic vector-valued function x ∗ f : D → X is defined by
(x∗f)(z) = xf(z). It is easy to see that f ∈ Hp if and only if f ∈ Hp(X)
and

∥x ∗ f∥Hp(X) = ∥x∥∥f∥Hp .

We denote by x ∗Hp, the set all of vector-valued function x ∗ f where
f ∈ Hp. In fact, x ∗ Hp is a closed subspace of Hp(X), isometrically
isometric to Hp.

Before stating the main result of this section, the following lemma is
needed.

Lemma 4.2. Suppose T : X → X and S : Y → Y are bounded linear
operators of Banach spaces, and Λi : X → Y is a bounded linear operator
for i = 1, 2 such that Λ1T = SΛ2. If Λ1 is an isometry and S is compact
(weakly compact), then T is also compact (weakly compact).
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Proof. Let Yi := Λi(X), i=1,2. Since Λi is an isometry, it is one to one
and Yi is closed. Applying the inverse mapping theorem, there exists
a bounded linear operator Λ−1

i : Yi → X such that Λ−1
i Λi = I, where

I : X → X is the identity operator and i = 1, 2. Since Λ1T = SΛ2,

S(Y2) = SΛ2(X) = Λ1T (X) ⊆ Λ1(X) = Y1,

and S : Y → Y is compact, S : Y2 → Y1 and consequently T = Λ−1
1 SΛ2

is also compact. The proof for the case of weakly compact is similar. □

Theorem 4.3. Let φ be an analytic self-map of D and T be a bounded
linear operator on X, then

(1) Cφ,T is compact on Hp(X) for 1 ≤ p < ∞, if and only if T is
compact on X and either T = 0 or Cφ is compact on Hp.

(2) If T ̸= 0, then Cφ,T : H1(X) → H1(X) is weakly compact if and
only if T : X → X is weakly compact and φ satisfies the Shapiro condi-
tion Nφ(w) = o(1− |w|) as |w| → 1−.

(3) If T ̸= 0, then Cφ,T : H∞(X) → H∞(X) is weakly compact if and
only if T : X → X is weakly compact and ∥φ∥∞ < 1.

Proof. (1) Assume that Cφ,T is compact on Hp(X) for 1 ≤ p < ∞.
Define Λ : X → Hp(X) by Λ(x) = fx where fx(t) = x for every t ∈ D.
Then Λ is an isometry and the following diagram is commutative:

X
Λ−→ Hp(X)yT

yCφ,T

X
Λ−→ Hp(X)

that is ΛT = Cφ,TΛ. Since Λ is an isometry and Cφ,T is compact on
Hp(X), by the previous lemma, T is compact on X. Now if T ̸= 0 and
Ta ̸= 0 for some unit vector a ∈ X, then considering bounded linear
operators

Λa : Hp → Hp(X) and ΛTa : Hp → Hp(X)

by Λa(f) = a ∗ f and ΛTa(f) = (Ta) ∗ f , we see that the following
diagram is also commutative:
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Hp Λa−→ Hp(X)yCφ

yCφ,T

Hp ΛTa−→ Hp(X)

that is ΛTaCφ = Cφ,TΛa. Since ΛTa is an isometry and Cφ,T is compact
on Hp(X), by the previous lemma, Cφ is compact on Hp.

For the converse, first suppose that T is of finite rank type and X̂ =
TX. We will use the notation Ĉφ instead of Cφ when it acts on Hp(X̂).

Since X̂ is of finite dimensional and Cφ is compact on Hp, by Theorem

4.1, part (1), Ĉφ is also compact on Hp(X̂). Applying the following
commutative diagram

Hp(X)
CT−→ Hp(X̂)yCφ

yĈφ

Hp(X)
CT−→ Hp(X̂)

we see that Cφ,T = CTCφ = ĈφCT and so Cφ,T is compact. Now
suppose that T is compact. Then there is an isometric embedding J :
X → ℓ∞(BX∗), where ℓ∞(BX∗) has the approximation property, so
that ∥JT − Tn∥ → 0 as n → +∞ for a suitable sequence of finite rank
operators Tn : X → ℓ∞(BX∗). Here BX∗ is the closed unit ball of X∗.
By the following estimate

∥Cφ,Tn − Cφ,JT ∥Hp(X) ≤ ∥Cφ∥Hp(X)∥Tn − JT∥X
we observe that ∥Cφ,Tn −Cφ,JT ∥Hp(X) → 0. On the other hand, each of
the operators Cφ,Tn is compact, implying that Cφ,JT is compact. Since
the left composition operator CJ mapping f → J ◦f is an isometric em-
bedding from Hp(X) to Hp(ℓ∞(BX∗)), one can consider the left inverse
operator (CJ)

−1 of CJ . Considering the relation

Cφ,JT = CφCTCJ = CJCφCT = CJCφ,T ,

we observe that Cφ,T = (CJ)
−1Cφ,JT whence Cφ,T is also compact and

the proof of part (1) is completed.

(2) Let Cφ,T be weakly compact on H1(X). Then the same arguments
as in the proof of part (1) together with Lemma 4.2 imply that T is
weakly compact on X and Cφ is weakly compact on H1, respectively.
Now by Theorem 3(ii) in [4], φ must satisfy the Shapiro’s condition.
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Suppose conversely that T : X → X is weakly compact and φ satis-
fies Shapiro’s condition. By the DFJP-factorization there is a reflexive
Banach space Z and operators U : X → Z and V : Z → X such
that T = UV . It follows from Theorem 3 of [4] that the operator

Ĉφ : H1(Z) → H1(Z) and hence the operator Cφ,U = CUCφ = ĈφCU is
weakly compact. Therefore, Cφ,T = CV Cφ,U is also weakly compact on
H1(X) and the proof of part (2) is completed.

(3) this follows by using the same argument as in the proof of part
(2), but employing Theorem 6 instead of Theorem 3 in [4]. □

When φ(z) = z, the composition operator Cφ is the identity operator
which is not compact on Hp(X) for 1 ≤ p ≤ +∞, while it is weakly
compact on H1(X) and H∞(X). This is led to the following corollary:

Corollary 4.4. For any bounded operator T on X,

(1) CT is compact on Hp(X) for 1 ≤ p ≤ ∞, if and only if T = 0.

(2) If T ̸= 0, then CT is weakly compact on H1(X) (or H∞(X)) if
and only if T : X → X is weakly compact.
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