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ABSTRACT. Let H be a Hopf algebra and A an H-bimodule algebra.
In this paper, we investigate Gorenstein global dimensions for Hopf
algebras and twisted smash product algebras A x H. Results from
the literature are generalized.
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1. Introduction

Enochs, Jenda and Holm [4-6] introduced Gorenstein projective, in-
jective and flat dimensions for arbitrary (not necessarily finitely gen-
erated) module. Using them, Bennis and Mahdou [2] established the
(weak) Gorenstein global dimension of a ring, which behaves like the
classical (weak) global dimension. For a Hopf algebra over a field k, the
left global dimension and the weak global dimension coincide with the
projective dimension and the flat dimension of k£ respectively. A natu-
ral question is whether they hold for Gorenstein global dimensions. In
Section 2, we shall give an affirmative answer.

Let H be a Hopf algebra and A a bimodule algebra. In 1998, Wang
and Li [13] constructed the twisted smash product algebra A x H. The
usual smash product, the Drinfel’d double and the Doi-Takeuchi’s alge-
bra are all special cases of A x H. Section 3 is devoted to investigating
its left Gorenstein global dimensions.

Article electronically published on April 30, 2014.
Received: 30 May 2012, Accepted: 11 March 2013.
*Corresponding author.

(©2014 Iranian Mathematical Society
423



Gorenstein global dimensions for Hopf algebra actions 424

Throughout this paper, R is a ring, k is a field, A is an algebra and H
is a Hopf algebra with antipode S. rM denotes the category of left R-
modules, P denotes the class of projective left R-modules and Z denotes
the class of injective right R-modules. We always work over k and use
Sweedler’s notations [12].

1.1. A left integral in H is an element [ € H such that hl = e(h)l
for every h € H. A right integral is defined similarly. The space of left
(right) integrals in H is denoted by [, ([ ). If [, = [, then we say H
is unimodular.

1.2. Let A be both an algebra and a left H-module by the action
—~H®A— A. Ilfforany h € Hya, b€ A, h — (ab) = X(h1 — a)(he —
b), h— 14 =¢€(h)14 hold, then A is called a left H-module algebra.

1.3. Let A be both an algebra and a right H-module by the action
— A®H — A. If for any h € H,a,b € A, (ab) — h =X(a — h1)(b —
he), 14— h =¢€(h)14 hold, then A is called a right H-module algebra.

1.4. Let A be both an algebra and an H-bimodule. If A is both a
left H-module algebra and a right H-module algebra, then A is called
an H-bimodule algebra.

1.5. A left R-module M is Gorenstein projective if there exists a
Hompg(—, P)-exact exact sequence --- — P, — Py — P% — Pl — ...
with every P! P; projective such that M = ker(P? — P'). Gorenstein
injective left R-modules are defined dually. A left R-module M is Goren-
stein flat if there is an T ® p —-exact exact sequence --- — F1 — F0 —
Fy — Fy — --- with every ", F; flat such that M = ker(Fy — F).

1.6. For a left R-module M, the Gorenstein projective dimension
Gpdgr(M) is at most n if there is an exact sequence 0 — G, — Gp—1 —
- = G > Gop > M — 0 with every G; Gorenstein projective. The
Gorenstein injective dimension Gidr(M) is defined dually, the Goren-
stein flat dimension G fdr(M) is defined similarly.

1.7. For any ring R, [2, Theorem 1.1] shows that

sup{Gpdr(M)|M € pM} = sup{Gidr(M)|M € pM}.

The common value is called the left Gorenstein global dimension of R
and denote it by [.Ggldim(R). Similarly, we set

lLwGgldim(R) = sup{Gfdr(M)|M € pM}
and call this quantity the left weak Gorenstein global dimension of R.
By [3, Theorem 2.2], I.Ggldim(R) = 0 if and only if R is quasi-
Frobenius. R is left Gorenstein hereditary [8] if every submodule of a
projective left R-module is Gorenstein projective, i.e., [.Ggldim(R) < 1.
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1.8. Two rings R and R’ are Morita equivalent [1] in case pM =
r'M, that is, there are two covariant functors F' : gpM — pM and
G: gM — pM such that GF 2 1 and FG =1, 0.

Lemma 1.1. Let R and R’ be Morita equivalent rings via inverse equiv-
alent functors F': pM — pM and G : gM — gM, and let M be a
left R-module. Then M is Gorenstein projective if and only if F(M) is
Gorenstein projective.

Proof. Assume that M is a Gorenstein projective left R-module. Then
there is a left R-module exact sequence P = --- — P, — Py — P —
P! — ... with every P;, P' projective such that Hompg(P, Q) is exact
for any projective left R-module Q and M = ker(PY — P!). By [1,
Proposition 21.4 and Proposition 21.6], we get a left R’-module exact
sequence

F(P)=---— F(P\) = F(Py) - F(P°) - F(P') - ---

with every F(P;), F(P?) projective and F(M) = ker(F(P%) — F(P!)).
For any projective left R'-module Q)’, since G(Q’) is projective as a left R-
module by [1, Proposition 21.6] and Homp/(F(P),Q")congHomgr (P, G(Q’)) by
[1, Lemma 21.3], Homp (F(P), Q") is exact. Hence F'(M) is Gorenstein
projective.

Similarly, if F(M) is a Gorenstein projective left R’-module, then
GF (M) is a Gorenstein projective left R-module, i.e., M is Gorenstein
projective. O

Proposition 1.2. Let R and R’ be Morita equivalent rings. Then
.Ggldim(R) = l.Ggldim(R/).

Proof. Assume [.Ggldim(R) = n, a nonnegative integer. For any left
R’'-module M, there is a left R-module exact sequence 0 — G, — + -+ —
G1 — Gy - G(M) — 0 with every G; Gorenstein projective. By [1,
Proposition 21.4] and Lemma 1.1, we get a left R’-module exact sequence

0— F(Gp) = — F(G1) = F(Go) > M — 0
with every F(G;) Gorenstein projective. Then Gpdgr (M) < n. This
means that [.Ggldim(R') < I.Ggldim(R). Similarly, [.Ggldim(R) <
[.Ggldim(R'). O
2. Gorenstein global dimensions for Hopf algebras

Lemma 2.1. Let H be a Hopf algebra and X any left H-module.
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(1) If P is a projective left H-module, then so is P ® X.
(2) If F is a flat left H-module, then so is F @ X.
Proof. (1) If P is a projective left H-module, then there is a left H-
module Q such that P& Q = HY for some set I, thus PRp X QR X =
(H®kX)(I). Since H® X is free as a left H-module, P®; X is projective.
(2) If F is a flat left H-module, then there is a directed set A such
that [ = ligFA, where A € A and F) is a free left H-module, thus

Fe,X = hgl(F)\ ®r X). By (1), F\ ® X is a projective (flat) left

H-module, hence F ®;, X is flat. O

Proposition 2.2. Let H be a Hopf algebra and X any left H-module.
(1) If M is a Gorenstein projective left H-module, then so is M @5 X .
(2) If N is a Gorenstein flat left H-module, then so is N @ X.

Proof. We only give the proof of part (1). If M is a Gorenstein projective
left H-module, then there is a Homp(—,P)-exact exact sequence P =
- — P, - Py —» P - P! — ... with every P!, P, projective such
that M = ker(P° — P'). Thus we get an exact sequence
PorX= 2P X >PpsX—>P e,X >Plo,X—- -

such that M @ X = ker(P’ ®; X — P! ®; X). By Lemma 2.1(1),
every P’ ®; X and every P; ®; X are projective. For any projective left
H-module @,

Homp(P®, X,Q) = Homi(X, Homu (P, Q)),
hence Hompy (P ®k X, Q) is exact, as desired. O
It is trivial that k is a left H-module, i.e., h -k = e(h)k.
Theorem 2.3. [.Ggldim(H)=Gpdy (k) and l.wGgldim(H) = Gfdu (k).

Proof. We only prove the first equality. Clearly, Gpdy (k) < [.Ggldim(H).
We shall prove the reverse inequality. Assume that Gpdg (k) = n < oc.
Then there is an exact sequence

0-G,—-Gp1— =G —-Gy—k—0

where every G; is a Gorenstein projective left H-module. For any left
H-module X, we get an exact sequence

0= G X = Gro1QpX — - > G X = GoRrp X — kX — 0.

Since k®p X = X and every G; ®; X is Gorenstein projective by Propo-
sition 2.2(1), Gpdg(X) < n. This shows I.Ggldim(H) < Gpdg (k). O
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3. Gorenstein global dimensions for twisted smash products

Definition 3.1. Let H be a Hopf algebra and A an H-bimodule algebra.
The twisted smash product A x H is defined as follows: Ax H=A® H
as k-modules and its multiplication is given by
(axh)(bxg) =Xa(hy — b+ S(h3)) x hag

for any a,b € A and h,g € H.

By [13], A x H is an associative algebra with unit 14 x 1. Clearly,
ia:A—>AxH, a—~axlgandig: H — AxH, h+ 14 %h are two
algebra embedding maps.

It is trivial that A x H is free as a left A-module, this is also true on
the right:

Proposition 3.2. Let H be a finite dimensional Hopf algebra and A an
H-bimodule algebra. Then the map

p:AxH > HQA axhr Shy® (S7L(h1) — a — h3)

gives an isomorphism of right A-modules, where the right A-actions on
AxH and H® A are defined respectively as follows

(axh)-b=3a(hy = b+ S (h3))xhy, (h®a)-b=ha ab.
Proof. We define
Y:HRA— AxH, h®@a X(hy — a— S (h3)) * ha.
It is easy to check that ¢ and i are two right A-module maps, and
¢ = id and ¢yp = id. O

Let AC) o M — aM and A+ My — My be the left and
right restriction functors respectively.

Lemma 3.3. Let H be a finite dimensional Hopf algebra. Then
(1) (AxH®@a—, A)) and (A), AxH® 4 —) are double adjunctions.
(2) (—@AAXH, () A) and (DA, —@ 4 AxH) are double adjunctions.
Proof. Since H is finite dimensional, the assertions may directly follow

from the adjoint isomorphism theorem and the functor isomorphisms
Homa(AxH,—) ~ AxH®s— and Homa(AxH,—) ~ —®@a1 AxH. O

Corollary 3.4. Let H be a finite dimensional Hopf algebra.
(1) If P is a projective left A-module, then AxH ® 4 P is a projective
left A x H-module.
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(2) If P is a projective left Ax H-module, then P is a projective left
A-module.

Lemma 3.5. Let H be a finite dimensional Hopf algebra. If G is a
Gorenstein projective left A-module, then Ax H ® 4 G is a Gorenstein
projective left A x H-module.

Proof. Let P = -+ - Py - Py - Py - P, — --- be an exact
sequence with every P; projective such that Homy (P, Q) is exact for
any projective left A-module Q and G = ker(Py — P;). By Corollary
3.4(1), every Ax H ®4 P; is a projective left A x H-module. Hence
Ax H ®4 P is an exact sequence of projective left A x H-modules such
that Ax H®4 G =ker(AxH ®4 Py - AxH ®4 P)) since Ax H is a
free right A-module. Moreover, for any projective left A+ H-module @',

Homa,g(Ax H®4 P, Q/) >~ Hom (P, Q,),
hence Hom a7 (A* H ®4 P, Q') is exact by Corollary 3.4(2). O

It is easy to see that the equality
(3.1) axh=(a*x1lpg)(la*h)

holds for any a € A and h € H. If H is a finite dimensional semisimple
Hopf algebra, then we can choose a right integral ¢ such that e(t) = 1.
Thus we have

(3.2) ShS(t1) @ to = XS(t1) @ tah.

By [10, Formula 15], we have 1 ® t = £.S~1(t3)g~ ', ® to, where g is the
distinguished group-like element of H. If H* is unimodular, then g = 1,
thus we get

(3.3) VIRt Rty = ES_l(t4)t1 R to @ t3.

Proposition 3.6. Let H be a finite dimensional semisimple Hopf alge-
bra such that H* is unimodular. If M is a left Ax H-module, then M
s a direct summand of Ax H®4 M.

Proof. We define
p:AxH@s M — M, axh®4m— (axh)-m.
Clearly, ¢ is a left A x H-module epimorphism. We also define
Y M —AxH®@4AM, m— 14%5(t1) @4 (14 *t2) - m.
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For any a€ A, m e M and h € H,

Y((ax1g) -m)=X1axS(t1) @4 (Laxta)(ax1lyg) -m
= ElA*S<t1) R A (tQ 4CL;S(t;l)*tg)-Tn

3.1
OIS, % S(11) @a (b2 — a — S(ta) % 1p1)(1a % t3) - m

= E(lA*S(tl))(tg —a — S(t4)*1H) A (1A*t3) -m
— Sa e S(S(t1)ta) * S(t2) ©a (1a % t3) - m

(Sig)Za*S(tl) XA (1A*t2) -m

=X(ax1g)(1axS(t1)) ®a (1a*t2) -m
= (ax1g)-¥(m),

P((Laxh)-m)) =X1a4xS(t1) ®a (la*t2)(laxh)-m
=X1axS(t1) ®a (14 *to2h)-m

(?ﬁ)zlA*hS(tl) ®A (la*t2)-m

= (1a*h)-(m).

Hence, by equality (3.1), ¢ is a left A x H-module map. Finally, it is
easy to check that ¢i) = idy since €(t) = 1, as desired. O

Theorem 3.7. Let H be a finite dimensional semisimple Hopf algebra
such that H* is unimodular. Then [.Ggldim(Ax H) < 1.Ggldim(A).

Proof. Assume [.Ggldim(A) = n < oco. For any M € 4,gM, as a left
A-module, there is a Gorenstein projective resolution 0 — G,, — -+ —
G1 — Gog — M — 0 with every G; Gorenstein projective, which induces
an exact sequence

0= AxHR G, — -+ = AxHR4G1 = AxHR Gy — AxHR M — 0

since Ax H ® 4 — is exact. Since every A x H ® 4 G; is a Gorenstein
projective left Ax H-module by Lemma 3.5, Gpdaxg(A*H @4 M) < n.
By [6, Proposition 2.19], Gpd . (M) < n since M is a direct summand
of Ax H® M as left A% H-modules. Hence [.Ggldim(Ax H) <n =
[.Ggldim(A). O

Next we give a Maschke-type theorem:

Corollary 3.8. Let H be a finite dimensional semisimple Hopf algebra
such that H* is unimodular.

(1) If A is quasi-Frobenius, then so is A% H.

(2) If A is left Gorenstein hereditary, then so is Ax H.
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In 2006, Jiao and Dong [7] gave the duality theorem for twisted smash
product algebras: If H is a finite dimensional cocommutative Hopf al-
gebra, then there is an isomorphism of algebras:

(Ax H)#H*" 2 A (H#H") =2 A® M, (k) = M,(A).
Thus (A x H)#H* is Morita equivalent to A.

Theorem 3.9. Let H be a finite dimensional semisimple cosemisimple
cocommutative Hopf algebra. Then I.Ggldim(Ax H) = [.Ggldim(A).

Proof. Since H is cosemisimple, H* is unimodular by [9, Corollary 2.2.4].
Then,

[.Ggldim(A) =1.Ggldim((Ax H)#H")
< 1.Ggldim(Ax H) < 1.Ggldim(A).

This means that [.Ggldim(A x H) = 1.Ggldim(A). O

Corollary 3.10. Let H be a finite dimensional semisimple cosemisimple
cocommutative Hopf algebra. Then

(1) Ax H is quasi-Frobenius if and only if so is A.
(2) Ax H is left Gorenstein hereditary if and only if so is A.

Corollary 3.11. Let H be a finite dimensional cocommutative Hopf
algebra. If char(k) does not divide dimg(H), then

(1) I.Ggldim(A % H) = .Ggldim(A).
(2) Ax H is quasi-Frobenius if and only if so is A.
(3) Ax H is left Gorenstein hereditary if and only if so is A.

Proof. Since H is cocommutative, S? = id by [9, Corollary 1.5.12]. Con-
sequently, by [11, Proposition 2], H is semisimple and cosemisimple if
and only if char(k) does not divide dimy(H ). Hence (1)-(3) follow from
Theorem 3.9 and Corollary 3.10. g
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