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ABSTRACT. A new approximation method for the set of common
fixed points of nonexpansive mappings and the set of solutions of
systems of variational inequalities is introduced and studied. More-
over, we apply our main result to obtain strong convergence theorem
to a common fixed point of a nonexpannsive mapping and solutions
of a system of variational inequalities of an inverse strongly mono-
tone mapping and strictly pseudo-contractive mapping of Browder-
Petryshyn type.
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1. Introduction

Let H be a real Hilbert space and C be a nonempty closed convex
subset of H. Let A: C' — H be a nonlinear mapping. The classical
variational inequality problem is to fined z € C such that

(1.1) (Az,y —z) >0, VyeC.
The set of solution of (1.1) is denoted by VI(C, A), i.e.,
VI(C,A)={z € C:{(Az,y —x) >0, VyeC}.
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Approximating fixed points of nonexpansive mappings 482

For each © € H, there exists a unique nearest point in C, denoted by
Pox, such that

|z —Pox <[z —yl, VyeC.

Pc is called the projection of H onto C. It is well known that Pg is a
nonexpansive mapping of H onto C and satisfies

(1.2) | Pox — Poy ||*< (Pox — Poy,x —y), Vr,y € H.

Moreover, Po is characterized by the following properties:

(1.3) (x — Pox,y — Pox) < 0.

(1.4) lz—y|*>]| « — Pex ||* + || y — Pex |,
forall x € H, y € C. It easy to see that the following is true:

(1.5) ueVI(C,A) < u= Po(u— NAu), \>0.
Recall the following definitions,

(1) A is said to be strongly positive with a constant 7 if there is a
constant 7 > 0 such that

(Az,z) >7 | = ||?, Vx € C.

(2) A is said to be monotone if

(Az — Ay, x — y) > 0, Vo,y € C.

(3) A is said to be n—strongly monotone if there exists a positive
constant 7 such that

(16) <A$—Ay,flf—y> 21 || =Y H27 Vm,yeC-
(4) A is said to be k—Lipschitzian if there exists a positive constant
k such that
Az — Ay [[<k|z-yl, VzyeC

(5) Ais called a—inverse strongly monotone if there exists a positive
real number o > 0 such that

(Av — Ay,x —y) > a|| Az — Ay ||>,  Vz,yeC.

It is obvious that any a—inverse strongly monotone mapping A
is é—Lipschitzian.
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A set-valued mapping U: H — 2 is called monotone if z,y € H, f €
Uz and g € Uy imply that (z —y,f —g) > 0. A monotone map-
ping U: H — 2 is maximal if the graph of G(U) of U is not properly
contained in the graph of any other monotone mapping. It is known
that a monotone mapping U is maximal if and only if for (z,f) €
HxH, (z—y, f—g) > 0for every (y,g) € G(U) implies that f € Uz. Let
A be a monotone mapping of C' into H and let Nox be the normal cone
toCatz € C, thatis, Nox = {y € H : (z—z,y) < 0,Vz € C} and define

(1.7) sz{Ax—i—NC:U, xeC,

0 r ¢ C.
Then U is maximal monotone and 0 € Uz if and only if z € VI(C, A);
see [11].

Let T: C' — C be a mapping. In this paper, we use F'iz:(T) to denote
the set of fixed point of T'. Recall the following definitions.

(1) T is said to be a—contractive if there exists a constant « € (0, 1)
such that

|Te=Ty|<allz-yl?  VYzyeC
(2) T is said to be nonexpansive if
| Te =Ty |<llz—y [?  VayeC.
(3) T is said to be A-strictly pseudo-contractive of Browder and
Petryshyn type [1] if there exists a constant a € (0,1) such that
(1.8)
| To =Ty P<| o —y P +A [ (I =T)a— (I -T)y|?.  VaoyeC.
It is well-known that the last inequality is equivalent to
1—-A
(Tz =Ty, x—y) <lz—y|I* === | T =T)e = (I =Ty |*,Va,y € C.
Marino and Xu [9] introduce the following general iterative methods:

(1'9) Tn+1 = an’)/f(xn) + (I - anA)Txm n > 0,

Q1

where A is strongly positive with constant ¥ > 0 and 0 < v <
They proved that if {o,} is a sequence in (0, 1) satisfying the followi
conditions:

(01) o — 0,

=

g
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(CQ) Z Op = OO,
n=0

o
(C3) either Y |apy1 — an| < oo or lim 2ol =1,
n=0 n—oo n
Then, the sequence {z,} generated by (1.9) converges strongly to the
unique solution of the variational inequality:

(vf— Az —2*) <0, Vze Fia(T),

which is the optimality condition for the minimization problem

) 1
min —

A —h
z€Fix(T) 2< * IE> (JJ),

where h is a potential function for vf (i.e., h'(z) = v f(z), for all x € H).

Further, Yao and Yao [14] introduced an iterative method for finding a
common element of the set of fixed points of a single nonexpansive map-
ping and the set of solutions of a variational inequality for an a—inverse
strongly monotone mapping. To be more precise, they introduced the
following iteration

(1 10) Yn = PC(xn - )\nAxn)a
’ Tnt1 = Qpu + Bpty + T Po(I — \yA)xy,, Yn > 1.

where, P¢ is a metric projection of H onto C, A: H — C an a—inverse
strongly monotone mapping, {a,}, {fn} and {7,} are three sequences
in [0,1] and {A\,} is a sequence in [0,2a]. Under suitable conditions
of these parameters they proved the strong convergence of the scheme
(1.10) to Pru, where F = Fiz(T)NVI(C, A).

On the other hand, Chen et al. [3] studied the following iterative
process:

(1.11) Tnt1 = anf(xn) + BT Po(I — \yA)xy,, Yn > 1,

and also obtained a strong convergence theorem by a viscosity approxi-
mation method.

In this paper, motivated and inspired by Marino and Xu [9], Katchang
and Kumam [8], Jitpeera and Kumam [4, 5, 6], Chen et al. [3] and Yao
and Yao [14], we introduce the iterative process below, with the initial
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guess xg € C chosen arbitrarily,

tn = Po(I — 040 A4)Pc(I — 030 A3)Po(I — 02,0 A2)Po(I — 01,0A1)2n,
Zn = 5nPC(I - 53,nA3)tn + (1 - 5n)PC(I - 54,nA4)tna
Yn = ’YnPC(I - 61,nA1)zn + (1 - ’Yn)PC(I - 62,nA2)Zn7
Tn+l1l = an’Yf(Tyn) + 5nPC'<I - (517”141).%'”
+((1 - 671)[ - Oan)Tpc([ - 52,nA2)yn-

where, P¢ is a metric projection of H onto C, fori =1,2,3,4., A;: H —
C a §;—inverse strongly monotone mapping, F': C' — H is a mapping
which is both §- strongly monotone and A- strictly pseudo-contractive
of Browder-Petryshyn type such that § > %, is a contraction on H
with coefficient 0 < o < 1 and ~ is a positive real number such that
v < (1- ,/%)/a. Our purpose in this paper is to introduce this
general iterative algorithm for approximating a fixed point of a single
nonexpansive mapping, which solves systems of variational inequalities.
Our results improve and extend the results of Marino and Xu [9], Yao
and Yao [14], Chen et al. [3] and many others.

2. Preliminaries

This section collects some lemmas which will be used in the proof of
the main results in the next section.

Lemma 2.1. [13] Let {a,} be a sequence of nonnegative real numbers
such that

ant1 < (1 - bn)an + bnep, n >0,
where {b,} and {c,} are sequences of real numbers satisfying the follow-
ing conditions:

(i) {ba} < (0, 1»20 by = 0,

o0
(ii) either limsupc, <0 or ) |bycy| < 0.
n—o0 n=0
Then, lim a, = 0.
n—oo

Let C be a nonempty subset of a Hilbert space H and T: C' — H a
mapping. Then T is said to be demiclosed at v € H if for any sequence
{zn} in C, the following implication holds:

Ty —~ueC and Txr, —v imply Tu =,

where — (respectively, — ) denotes strong (respectively, weak) conver-
gence.
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Lemma 2.2. [7] Let C' be a nonempty closed convex subset of a Hilbert
space H and suppose that T: C — H is nonexpansive. Then, the map-
ping I — T is demiclosed at zero.

Lemma 2.3. [12] Let H be a real Hilbert space. Then, for all x,y € H
(i) [[z—y ||z§|| T ||z +2(y,z +y),
(i) |z =y 172l = [I* +2(y, ).
Lemma 2.4. [2, 10] Let C' be a nonempty closed convex subset of a real
Hilbert space H.

(i) If F: C — C is a mapping which is both 0-strongly mono-
tone and A-strictly pseudo-contractive of Browder-Petryshyn type

such that 6 > %, then, I — F 14s contractive with constant
2—26
-\~

(ii) If F: C — C is a mapping which is both §-strongly mono-
tone and \-strictly pseudo-contractive of Browder-Petryshyn type
such that § > %, then, for any fized number T € (0,1), I —7F

is contractive with constant 1 — 7 (1 — 21%2;5 )

3. Strong convergence theorems

The following is our main result.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H,
F: C — C a mapping which is both §- strongly monotone and A- strictly
pseudo-contractive of Browder-Petryshyn type such that § > (1 4+ \)/2,
f a contraction on H with coefficient 0 < o < 1, and v a positive real
number such that v < (1—,/ 21%2/\5)/04. Let T: C — C be a nonexpansive
mapping and for each i = 1,2,3,4, A;: C — H a d;—inverse strongly
monotone mapping and F = (Yr_y VI(C, A)NFiz(T) # 0. Let {a,}32,
and {(52'7”}?’:1‘;?:1 be sequences in (0,1), and {5y}, a sequence in [0,1)
satisfying the following conditions:
(B1) 0 < liminf, o0 v < limsup,,_, v < 1,
0 < liminf, _, 0, < limsup,,_ .., 6n < 1.
(B2) limy oo 0y =0, > 07y = 00,
lim, o0 B =0 and lim, o0 6;n =0, fori=1,2,3,4.
(Bs) 2opet | anr —an [< 00, 32071 | Bas1 — B [< 00,
Z;L.ozl ‘ 52'7”_;,_1 — (51'7” ’< o, fOT’ 1=1,2,3,4.
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If {1021, {un o2y, {zn}o2, and {t,}02, are sequences generated by
xg € C and

tn = PC(I - 54,nA4)PC(I - 53,nA3)PC(I - 52,nA2)PC(I - 61,nA1)$n7
2n = 0 Po(I — 030, A3)ty + (1 — 0p) Po(I — 64,0 A4)ty,
Yn = 'YnPC(I - 51,nA1)Zn + (1 - ’Yn)PC(I - 52,nA2)Zna
Tn+1 = an’Yf(Tyn) + ﬂnPC(I - 51,nA1)xn
+((1 = Bp)I — anF)TPo(I — 62, A2)yn, Vn > 1.

then {3521, {yntoly, {zn}o2, and {t,}72, converge strongly to x* €
F, which is the unique solution of the system of the variational inequal-
ities:

<(F _’Yf)x*a$ _$*> > 07
(Ajix*,x —2*) >0 , Vee F,i=1,2,3,4.

Proof. Since {52-7”}?’:10;:1 satisfies (By) and A; is §;—inverse strongly
monotone mapping, for any x,y € C, we have

| (I = binAi)z = (I = 8inAi)y |
=|| (z = y) = din(Aiz — Aiy) |I?
=z =y |? —20in(z — y, Aix — Aiy) + 6, | A — Ay ||?
< =y 1P =26i00i | Aiw — Aiy |I> 467, || Aiw — Ay ||
=[x =y > +6in(din — 26:) || Az — Asy ||*
<|lz—y|?
It follows that
(31) [[(I=6inAi)e— T =6inAdy < z—vyl, i=1,234
Let p € F. In the context of the variational inequality problem, the
characterization of projection (1.5) implies that p = Po(I—8; ,Ai)p, @ =
1,2,3,4. Using (1.5) and (3.1), we get
n —p | =l Pl = 61,nA1)z2n + (1 =) Po(I — d2nA2)2n —p |
=[| W [Po(I = 610A1)2n — Po(I — 61,nA1)D)]
+ (1 =) [Pe(I — d2nA2)2n — Po(I — 020 A2)p] ||
< || Po(I = 01,nA1)2n — Po(I — 2,0 A2)p ||
+ (1 =) | Po(I = 62,nA2)2n — Po(I — 02, A2)p] ||



Approximating fixed points of nonexpansive mappings 488
Sl zn—pll+Q =) lzn —p =l zn =1 |-
Repeating the same argument as above, we can deduce that
| zn—p <l tn —pIl-

Since || yn — p |<|| 2n — p ||, we have
(3.2) lyn —plI<ll 20 —p <t =2 < 20 =P | -

First we show that {x,} is bounded. Indeed, we take p € F. Then using
(1.5) and Lemma 2.3, we have

| Zn1 —p || =l anvf(Tyn) + BnPo(l = 610 41) 20
+ (1 = Bu)I — anF)TPo(I — 620 A2)yn — D ||
=|l [((1 = Bu)I — anF)TPc(I — 2,0 A2)yn
—((1 = Bp)I — anF)p| + BnPc(I — 61,nA1)xn — D]
+an[vf(Tyn) — F(p)] ||

2—29
S(l_ﬁn_an<]-_ 1_)\>>Hyn_p”

+ ﬁn ” Ipn — P ”2 +O‘n H ’Yf(Tyn) - ’Yf(p) H
+ay | vf(p) — F(p) |

2 —26
< _ A3 _ _ _ _
= (1 ﬁn Qn, (1 1-\ 7a) > H Yn — D H

+Bn || 2o —p ||* +an | vf(p) — F(p) |

<<1—an<1— 21__2/\(5—704))!!%—29!\

an (1= /28 —Ha

(1<1 \/%A 7)) 17 f(p) = F(p) |
V1 T A

-1
2-25
< max <1— T —'Va)\l @) = F®)I [ zn —p -

_l’_
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By induction,

—1
2-26
T —w) I vf(p) = Fp) Il w0 —p |

| n—p ||< max <1 —

Therefore, {z,} is bounded and so are the sequences {y,}, {zn},
{FT(yn)} and {f(Ty,)}. Now we claim that

(3.3) Jim | 2y — 2 = 0.

Taking v; , = Po(I — 8 nAi)ty, for i = 1,2 and
Win = Po(I — 0; 0 A;)ty, for i = 3,4, and the definition of {y,}, we have

| znt1 — zn ||
=l dnr1wz 1 + (1 — dpp1)Want1 — Opwsp — (1 — dp)way, ||
:H 5n+1(w3,n+1 - w3,n) + (01 — 5n)w3,n
+ (1 - 5n+1)(w4,n+1 - w4,n) + (6ng1 — 5n)w47n ”
<Ot [ wans1r —wan | +(1 = Opt1) || wapt1 — wan ||
+ [ Opt1 = On [ [[| wan || + [| wam [[]
= Ont1 || Po(I = 03 n4143)tn1 — Po(I — 03 n+143)t,
+ Po(I = 03n+143)tn — Po(I — 030 A3)t, ||
+ (1= 0p41) || Po( = bant1Aa)tny1 — Po(I — danr144)ty
+ Po(I — 64ny1A4)ty, — Po(I — 040 Ad)ty, ||
+ [ Ong1 = 0n [ [ wsm | + || vam []]
< ‘5n+1 H tn—&-l —tn ” +5n+1 ‘ 53,n+1 - 53,n |H A3tn ||
+ (1 - 5n+1) H Int1 —tn ||
+ (1 - 5n+1) | 54,n+1 - 54,% H| Ayt H
+ [ Opt1 = O [ [[| wan || + [| wam [[]
=|l tnt1 — tn || +0nt1 | 03,041 — 03,0 ||| Asty ||
+ (1 - 5n+1) | 54,n+1 - 54,% H| Ayt H
(3.4) + [ Opg1 = On | [[| wan || 4[| wam [[]-

Repeating the same argument as above, we can deduce that

|| Yn+1 — Yn ||
<l znt1 = 20 | 941 | O1,n41 — 01 ||| Ar2s ||
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+ (L= Yn41) | S2n41 = G20 |[| A2zn ||
(3.5) + 1t = o [+ [ vz (1

Taking P¥ = Po(I — 60, Ay) -+ Po(I —61,,A1) for k=1,2,--- ,4 and
PY = I, from the definition of {t,,}°°;, we have

” lny1 —tn H
=|| Pay1zn — Py |
=|| Po(I = 0441 40) Py @nsr — Po(I — S0 Ag) Py ||
<|| Po(I = Sans1A0) Py @ngr — Po(I = dapg1Aa) Py ||
+ || Po(I = 64 pnt1A4)Play, — Po(I — 040 As)Pla, ||
<|| Byiwnt1 — Piwn || + | Sant1 — 0an [l Prn ||
=|| Po(I = 03n4143) Pz y1nt1 — Po(I — 830 A3) P, |
+ | Oamir — Oan ||| APy ||
<|| Po(I = 63,11 A3) Py 1@ng1 — Po(I — 83,41 A3) Py, ||
+ || Pe(I — 53,n+1A3)P73$n — Po(I - 53,nA3)P7%33n |
+ | Oami1 — Oan [[| APy ||
<|| Pyiwngs — Plan || + | 83n11 — 03,0 || AsPiwn |
+ [ 64011 — Oan ||| AaPn ||
=|| Po(I — 52,n+1A2)Pr10+1xn+1 — Po(I — 52,nA2)Prlb$n |
+ [ 83011 — 3.0 ||| AsPiwn || + | Samir — Gam ||| AsPiy ||
<|| Po(I = 6a,n1142) Py 1@ng1 — Po(I = 62,41 A2) Py, ||
+ || Po(I — 69n11A2)Pray, — Po(I — 020 As) Pray, ||
+ [ 03041 = O3 ||| AsPran || + | bans1 — Oan ||| AsPrzy |
<|| Pasints — Pown || + | S2n041 — do | AsPy |
+ [ 6341 — O3 ||| AsPran || + | 641 — Oam ||| AsPrzy |
=|| Po(I = 61n4141)Zns1 — Po(I — 61nA1)2n ||
+ [ 621 = Oon | AsPran || + [ 03041 — 03 ||| APy |
+ | Oami1 — Oan ||| AsPpay ||

< g1 — 20 || 4+ | 1041 — 010 ||| Arn ||
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+ | 0211 — 02 | A2Pray || + | 03,41 — 03,0 ||| APz ||
+ | a1 — O ||| AaPmy |

4
(3.6) =l @1 —xn I+ | Simer — i || APyt ||
i=1

Indeed, we have

| Tnt1 — 2 ||
=l anVf(Tyn) + BuPc(I — 61,0 AN) 20+ | 63041 — O30 ||| AsPray, |
+ (1 = Bu)I — an F)TPo(I — 62,0 A2)yn
— an17f(Tyn-1) — Ba1Pc(I — 01n-1A1)Tn1
—((1 = Bn—1)] —an 1 F)TPc(I — d2n—142)Yn—1 ||
=[| [((1 = Bn)] — anF)TPc(I — 62,0 A2)yn
— (1= Bp)] — anF)TPo(I — 02n-1A2)Yn—1]
+ (1 = Bp) ! — anF)TPo(I — 62,n—142)Yn—1
—((1 = Bn—1)I —an1 F)TPc(I — d2,n—1A2)Yn—1]
+ Bn[Pc(I — 01,0A1)xn — Po(I — 01,0A1)2n—1]
+ BnPc(I — 01 nA1)xn—1 — Po(l — 61n—141)Tn—1]
+ (Bn — Bn-1)Pc(I — 51,n71A1)xn71 + any[f(Tyn)
— f(Tyn—1)] + (an — an—1)7f (Tyn-1) ||

2 —20
< <1 — Bn —ap (1 - 1_)\) ) H (1_52771‘42)971

— (I =02m142)yn—1 || + | Bn = Bn-1 | TPc(I — d2,n—1A2)Yn—1 ||
+ | an —an_1 ||| FTPc(I — Bon—1A42)Yn—1 ||

+ Bn || Tn — Tn—1 | +6n | 61,0 — S1n—1 ||| A1zn—1 ||

+ [ Bn = Bt [l Pe(I = d1p—1A1)2n-1 || +anya || yn — yn—1 ||

+ | an —an—1 |7 [ f(Tyn-1) |

[2 — 26
< _ _ Y S _
= <1 Bn — oy (1 - 70‘) > H Yn — Yn—1 H

2—26
+ <1 - Bn — Op (1 - ﬁ > ) ‘ 52,71 - 52,71—1 ‘H A2yn—1 H

— N~
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+ | Bn = Ba1 [l TP (I — 02,n-1A2)yn—1 |

+ | an —an1 ||| FTPo(I - 52,n71A2)yn71 |

+ B | 20— Zn—1 | +B8n | 010 — G1n—1 ||| Az ||

1 Bn = Bna |l Po(I = 61,01 A1) Zn—1 |
(3.7)

+an —ana [ | f(Tyn-1) || -
Substituting (3.4), (3.5) and (3.6) into (3.7), we obtain (for some con-
stant M > 0)

| Znt1 — 2o ||

<1 1 2_725 I [
< Qnp, Y Yo Ty — Tp—1

+llan—an-1|+|Bn—Bu-1 |+ =1
+ | 01n— 0611 |+ |02n—062n-1]|+]03n— 0301
(3.8) + | 6ap — a1 | M.
Thus, using condition (Bs) and Lemma 2.1 to (3.8), we conclude that

| Znt1 — n ||[— 0 as n — oo.
At this stage, we will show that

(3.9)

lim || v, —1t,1]0, i=1,2 and | win —tn ||=0, i=3,4.
—00

lim
n—oo
Letting p € F, from the definition of {x,}, we have
| Znsr —p |2
=l oy f (Tyn) + BnPo(I = 610 A1)2n
+ (1= Bu)] — anF)TPo(I = by A2)yn — p |
=l [((1 = Bu) — anF)TPo(I — S2,nA2)yn
— (1= Bp)I — anF)p| + Bn[Pc(I = d1nAr)zn — P
+an[vf(Tyn) — Fp] |
<[ (1 = Bn)] — anF)TPo(I — 62, A2)yn
(L= Bu)] — anF)p |?
+ 28, (Po(I — 01,0 A1)Zn, — P, Tnt1 — D)
+ 200 (v f(Tyn) — F'p,Tny1 — p)
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226 )
< _ _ _ _ _
_<1 Bn an<1 ) 'ya>>llyn pll

+ 26, (Pc(I — 01,0 A1)Tn — D, Tnt1 — D)
+ 200 (v f(Tyn) — Fp,Znt1 — p)
<l yn = |I> +262(Po(I = 610 A1)2n — P, Tt — D)
(3.10) + 200 (v f(Tyn) — F'p, Tnt1 — p).

From (1.5) and (3.10), we have

| 21 —p |

<|| YnPc( — 51,nA1)Zn + (1 =yn)Po(I — 52,nA2)Zn -p ||2
+ 26, (Po(I — 01,0A1)Tn — P, Tpt1 — P)
+ 20 (vf(Tyn) — Fp, Tns1 — p)

< |l Po(I = 01,nA1)2n — Po(I — 61,0 A1)p H2
+ (L =) || Po(I = d2,nA2) 2 — Pe(I — 02,0 A2)p |
+2Bn(Po(I — 61,0 A1)Tn — P, Tnt1 — D)
+ 200 (Yf(Tyn) — F'p, Tpt1 — p)

< | (20 = p) = S10(Arzn — Arp) |2
+ (=) 20 —p|?
+2Bn(Po(I = 61,0 A1)Tn — P, Tnt1 — )
+ 2an (v f(Tyn) — Fp, Tny1 — p)

= Yulll 20 — 2 [I* 465, || A1z — Arp ||
- 251,n<A12n — A1p, zn _p>] + (1= 7n) H Zn — P H2
+ 28, (Pc(I = 61,0 A1)Tn — P, Tny1 — D)
+ 200 (Vf (Tyn) — Fp, Znt1 — p)

< Mlll 20 =P I 467 | Arzn — Arp |12
= 201,01 || Avz — A, [P]+ (1= 7) || 20 —p [P
+ 26, (Pc(I — 01,0A1)Tn — P, Tpt1 — P)
+ 200 (v f(Tyn) — F'p,Tny1 — p)

< Ylll 20 =P I +01,0(01,0 — 261) | Arzn — Arp |1?]
+ (=) 20 —p|?
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+ 2Bn<PC(I - 51,nA1)1'n — Dy Tnp41 — p)
+ 2an<7f(Tyn) —Fp,wp1 — p>'

From this and (3.2), we get
= 010 (01, — 201) [| Arzn — Arp |
<l za=p I = 2np1 =2 |
+ 2B (Po(I = 61,0A1)Tn — P, Tnt1 — D)
+ 2000 (7 (T'yn) — Fp, &nt1 — p)

<llzn—p I+ 2o —p ] | o1 — 20 ||
+ 2Bn<PC(I - 51,nA1)$n — Py Tn4+1 — p)
(3.11) + 200, (Y f(Tyn) — Fpy Znt1 — p)-

From (3.3), (3.11) and condition B, we get

(3.12) | Ayz, — Ap ||= 0.

lim
n—oo
Repeating the same argument as above, we conclude that
(3.13)
lim ” A2zn - A2p ||: lim H AStn - A3p H: lim || A4tn - A4p ”: 0.
n— 00 n— 00 n—00
From (1.2), we have
Il vig = |12
=|| Pe(I = dinAi)zn — Po(I = 81 Ai)p |12
<A = inAi)zn — (I = 6inAi)p; Vi — )
1
= Sl = dinAi)zn — (I = dinAi)p 1>+ | vim —p II?
— | (I = 8inAi)zn — (I = binAi)p — (i —p) |I%]
1
< sllen=pI* 4+l vin —p |
— 1 (I = 8i,0Ai) 20 — (I = 81,0 A0)p — (Vi — p) |I°]
1
= Sllzn=pI* + 1 vin =p 7 = | 20 = vin |

+ 205 (20 — Vi, Aizn — AiD) — Op | Aizn — Aip ||
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So we obtain

[ Vi =2 <l 20 —p 1> = || 20 — vip |I?
+ 25z,n<zn — Vin, Aijzp — Azp>
(3.14) - 53,71 | Aizn — Aip ||%, i=1,2.

Using an argument similar to (3.14), we have
lwi =2 2 <l tn =2 I* = Il tn — win |I?
+ 26i,n <tn — Win, Aitp, — Azp)
(3.15) — 07, | Aitn — Aip |I?,  i=3,4.
From (3.2), (3.10) and (3.14), we have

| Znt1—p H2

<|lyn—p H2 +2B8n(Pc(I — 61,0 A1) — P, Tnt1 — D)
+ 200 (vf (Tyn) = Fp; &ns1 — p)

<[ vn(vin —p) + (1 =) (v2n — )
+2Bn(Po(I = 61,0 A1)Tn — P, Tnt1 — D)
+ 200 (vf(Tyn) — Fp, Tn41 — D)

<o [l o1 =2 12+ =7) | v —p |2
+ 28, (Pc(I — 61,0 A1)Tn — D, Tny1 — p)
+ 200 (v (Tyn) — Fp, Tpi1 — p)

<alll 20 —p ”2 — | zn — Uin ||2
+ 201 0 (2n — V1 n, A12n, — A1p) — 5%% || Aizp, — A1p HQ]
+ @ =)l 20 =P 17 = |l 20— v2 |7
+ 262, (20 — Vo, Aozn — Aop) — 63, || Aozn — Aop ||’
+ 28, (Pc(I — 01,0 A1)Zn — D, Tny1 — D)
+ 2an (V[ (Tyn) — F'p, Tpt1 — p)

= zn—p ”2 +nl= || 2n — v1,n ||2
+ 2610 (20 — Vi, A12n — A1p) — 01, || Arzn — A1p |7

I
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+ (1 =)=l 2n —v2n ||2 +262,n(2n — Vo, A22n — A2p)
- 5%,71 | A2z, — A2p ||2] + 2B8n(Pc(I — 61,0 A1) 20 — P, Tnt1 — p)
+ 200 (7 (Tyn) — Fp,Tns1 — p)
< @n —p I +7al= | 20 = 010 1P 42610 (20 — 10, A120 — A1p)
— 8% 1 Arz = Aup P14+ (1= ) [= || 20 — 020 |17
+ 202,n(2n — Van, A2zn — A2p) — 5§,n | Agzn — Agp |1?]
+ 2B, (Pc(I — 61,0 A1)Tn — P, g1 — P)
+2an(7f(Tyn) — Fp, Tny1 — p).

This implies that

Yo |l 20 — U1,n ”2
Sz —p 4+ 2 —p ] 2o — 20 |
+ V(2610 (20 — V10, A12n — A1p) — 01, || A1z — A1p ||7]
+ (1 =v)[= Il 2n — V2,n ||2 —{—2527”(2” — V2n, Aszy, — Aap)
- 5%,n | A2z, — A2p ||2] + 28n(Pe(I — 61,0 A1) 20 — P, Tnt1 — P)
+2an (v f(Tyn) — Fp, Tns1 — p)

and

(I =) | 20 —v2m H2
<l zn—pl+ 2o —p ] | 201 —2n |l
+ Y= || 20 = vin || 42610 (20 — Vin, A12n — A1p)
- 5%,71 | A1zn — A1p ”2] + (1 - ’Yn)[252,n<zn — U2n, Agzn — Aop)
- 5§,n | A2zp — Aop ”2] + 28, (Pc (I — 51,nA1)$n — D, Tpy1 — D)
+ 200, (v f(Tyn) — F'p, Tny1 — p)-

Therefore using condition Bs, (3.3), and (3.12), we get
(3.16) lim || 2z, — vy [[=0 i=1,2.

n—o0
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Using an argument similar to (3.14), we have
(3.17) lim || ¢, —wiy, [|[=0 i=3,4.
n—oo

‘We now show that

(3.18) lim || 2y — Tz ||= 0.

n—oo
Since T is nonexpansive, we get

| @n — Tan ||

< @n —@pgr | + | 21 — TPl — 020 A2)yn ||
+ | TPc(I — 92,0 A2)yn — TPo(I — 02.n,A2) 2y, ||
+ | TPc(I —d2nA2)2n —T2n || + || T2n — Tz ||

< @n = @pgr || +an (| v (Tyn) — FTPo(I = 62,0 A2)yn ||
+ B || Po(I — 010A1)xn — Po(L — 020 A2)yn ||
Tl =20 |+ vz — 20 | + [ 20 — 20 ||

< @n — @pgr || +an (| v (Tyn) — FTPo(I — 62,0 A2)yn ||
+ B || Po(I — 010A1)xn — Po(I — 920 A2)yn ||
M orn =20 | +(1 =) [ van — 20 |
+ || v = zn || +0n || wan —tn ||

(3.19) + (1 =0n) [wan —tn | + [ tn —an |
Since x,, € C, || 2, — Poxy, ||= 0 and we have
| tn — zn ||

<[ @n — Pexy || + || Pozn — tn ||

=| Poxn — Po(I — 640 A4) Pz, ||

< zn — Ps’xn | +0an || A4Pr?xn |

<|| zn — Pen || + || Pozn — ngn | 404 || A4P333n I

=|| Pexn — Po(I — 03,0,A3) P2y, || +04, || AaPlzy, |

<|| &p — Pian || 4630 || AsPaan || +04n || AsPoay |

<|| zn — Pexn || + || Pozn — ngn | 403 || A?’ngn I
+6an || AyP3z, |

=| Poxn — Po(I — 62,0 A2)Pray || +030 || APy, |
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+6an || AyP3z, |

<|| @n — Py || +020 [| A2Ppn || +830 [| AsPyn ||
+ 04 || AaP32, ||

<[ @n — Pexy || + || Pown — P&xn | +02,n | A2P71$n [
+ d3n || ASPrQﬁUn | +0an || A4P333n |

=| Poxn — Po(I — 61,0A41)2y || +02, || A2Pray ||
+ 03 || AsP22y || +04n || AsPozy, ||

<O || Arzg || +o2n || A2P71xn |
+ 83 || AsP?z, || +04, || AyP3z, |

4
(3.20) = Gin || APy ||
i=1

From (3.3), (3.16), (3.17), (3.20), and condition By, we get (3.18).
Next, let us show that, there exists a unique z* € F such that

(3.21) limsup((F — v f)z*, 2% — xy,) <0.

n—oo

Let Q@ = Pr. Then Q(I — F +~f) is a contraction of H into itself. In
fact, we see that

| QU —F+~f)z—QU—~F+~f)y |l
<|{I-F+~vflx—=I—-F+~vf)y |
NI =F)z—{T-Fyll+vI flz)— fly) |l

= lim || (/]—(1— %)F)x ~-(I-(1- %)F)y |+ [l f(z) — f(y) |

n—o0

1
< i G - -
< Jm (1-(1=2)7) o=y +ralz—y]

=A-7)llz—yll+ralz-yl,

and hence Q(I — F 4+~ f) is a contraction due to (1 — (7 —va)) € (0,1).
Therefore, by Banach’s contraction principle, Pr(I — F + ~f) has a
unique fixed point z*. Then using (1.5), z* is the unique solution of the
variational inequality:

(3.22) (vf—F)x*,z—x%) <0, Vo e F.
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We can choose a a subsequence {z,,} of {,} such that

(3.23)
limsup(yf(2*) — Fa*, 2, — %) = lim (yf(2") — F2*, 2, — 7).
n—00 j—00

As {an,} is bounded, {zn,} has a subsequence {zn, } such that z,, —
z. with no loss of generality, we may assume that z,; — 2. It follows
from (3.18) and Lemma 2.2 that z € Fiz(T).

Now, let us show that for i = 1,2, z € VI(C, A;). Let U;: H — oH
be a set-valued mapping defined by

| Ajx+ Ncz, x€C,
Uiz = { 0, x ¢ C.
where Ngx is the normal cone to C' at z € C. Since A; is monotone, U;
is maximal monotone see [11]. Let (x,y) € G(U;). Hence y— A;x € Nox
and since v, = Po(I — 0j nAi)zn, (T — Vin,y — Ajz) > 0. On the other
hand, from v; , = Po(2n, — 6inAizn), we have

<'T — Vin, Vin — (Zn - 5z,nAzZn)> >0,
that is

Vin — 2
(T — Vim, % + Ajz,) > 0.
i,n

Therefore, we have

<.’IJ — Ving» y)
> (x — Vi, Aiz)

'Ui,nj - an

> (T — Vin,, Ai) — (T — vip,, + Aizn,;)

6i,n]-

Vinms — Zn.
= <33 — Uiﬂj y AZCC — 72’11(]; e A Aian>
1,
= (T — Vi, AiT — Aivip,) + (T = Vin,, AiVip; — Aizng)
Vim: — Zm.:
o= i,
i,n;
Vims — Zn.
Z <117 - Ui,nijiUi,nj - AiZnJ'> - <ZU - Ui,nj, %>
1,Mm;
Vimn:, — Zn.
> (& = Vi, Avin; — Aizng) = || @ — vip, [l % |
i,n;
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Noting that lim; oo || vin; — 2n; =0, iMoo || 20 — 0 [|= 0, 2, — 2
and A; is %— Lipschitzian, we obtain

(x — z,y) > 0.
Since U; is maximal monotone, we have z € UZIO, and hence

2eVI(C,4;), 1=1,2.

Repeating the same argument as above, we conclude that
2eVI(C,4;), =34

Therefore z € F and applying (3.22) and (3.23), we have

limsup((vf — F)z*, 2, —z*) <O0.
n—00

Finally, we prove that x,, — z* as n — oco. Taking 7 =1— 21%2/\5 and

using (1.5), (3.2), and Lemma 2.4, we have
| zp41 — 2™ |

=[| anvf(Tyn) + BuPo(l — 610A1)Tn
+{T — Vin;, AiVin; — Aizng)
+ (1= Bu)I — anF)TPo(I = bpnAz)yn — 2™ ||?

= [((X = Bp)I = an F)TPo(I = 62,0 A2)yn
= (L= Ba)] — anF)TPo(I — 20 A2)x”]
+ Bn[Po(I — 01,0 A1)zn — Po(I — 61,n41)27]
+an[vf(Tyy) — Fa*] ||?

<[ [((1 = Bu)] — anF)T Pe(I — 2,0 A2)yn
— (1= Bp)I — anF)TPe(I — b2, A2)27]
+ BulPe(I = 810 A1)z — Po(l = 810A1)a] |
+ 200 (Vf (Tyn) — Fa*, angr — a7)

<[(1 = Bn = an7) | yn — & || +Bn | 20 — 2™ ||}
+ 200 (Vf(Tyn) — Fz*, 2p 41 — 27)

<[ (1 = Bn = anr) | @0 — 2™ || 485 || 0 — 2™ ||
+ 2a0Y(f(Tyn) — f(2"), Tny1 — 2%)
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+ 20, (v f(2") — F2*, 2pn41 — 27)
< (1—apt)? ||z —a* |2 +apya||| zn — z*

+ | @nsr — 2 2]+ 200 (v f(@") = Fa*, a1 — 2¥).

I?

So we reach the following

[
14+ a%r2 -2
< + « 7‘1 oanT + ap Yo || z, — 2" ||2
— apyQo
2
T %Wﬂm*) — Fa® xnp —a7)

2(1 — ya) — a2

< (1=, TN g
2(7 — ya) — a2 2
* _F * _ * .
+ an 1— apya 2(7_ — ’}’Ck) — an7'2 <’7f(x ) T, Tp+1—T >
It follows that
(3.24) | 2nsr —a* |2< (1= ba) | 2 — 2™ ||* +bpcy,
where
2(1T — ya) — a2
b = ay
1 - apya
and
Cn = z*) — Fa* xpi1 — 7).
20 2(7_ — ")/O[) — an7_2 Y y In+1
oo
Since {«,} satisfies condition B2, we have ) b, = oo and by condi-
n=0

tion By and (3.21), we get limsup,,_,., ¢, < 0. Consequently, applying
Lemma 2.1, to (3.24), we conclude that z,, — z*. From (3.2), we get
Yn — L5, 2, — =¥ and t, — x*.

By a careful analysis of the proof of Theorem 3.1, we obtain the
following theorem. Because its proof is much simpler than the proof of
Theorem 3.1, we omit its proof

Theorem 3.2. Let C be a closed convex subset of a real Hilbert space
H. Let F: C — C be a mapping which is both d- strongly monotone
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and - strictly pseudo-contractive of Browder-Petryshyn type such that
0> (14 X)/2, f a contraction on H with coefficient 0 < o < 1, and ~

a positive real number such that v < (1 — \/21%2/\5)/04. LetT: C — C
be a nonexpansive mapping and for each i =1,2,... m, let A;: C — C
be 6;—inverse strongly monotone mapping and F = (2, VI(C, 4;) N
Fix(T) # 0. Let {an}22y, {m}5,, and {5i7n}?1:’172011 be sequences in
(0,1), and {Bn}2; is a sequence in [0,1) satisfying the following condi-
tions:

(B1) limy 500 0ip =0 fori=1,2,...,m.

(B2) limy o0y =0, Y00y = 00 and limy, o0 B = 0.

(B3) ZZO:I | Ap+1 — Op |< 00, ZZO:I | ﬁn-i—l - Bn |< 00,

Yooy | i1 — i |[< 00, fori=1,2.

If {xn}02 and {yn}32, are sequences generated by xo € C and

Yn = Po(I — 0mpnAm) -+ Po(I — 040 A4)Po(I — 03 nA3) 2y,
Tni1 = Y f(Tyn) + BuPo(I — 010 A1)Tn
+((1 = Bn)I — anF)TPc(I — 020, A2)yn, Yn > 1,

then {zn}2 and {yn,}52, converge strongly to an x* € F, which is the
unique solution of the system of variational inequalities:

(F=~f)a”,z —a) 20,

{ (Ajx*,x —2*) >0 , Vee F,i=1,2,...,m.
Corollary 3.3. (See Yao and Yao [14]) Let C be a closed convexr subset
of a real Hilbert space H. Let A be an d-inverse strongly monotone
mapping of C into H and let T be a nonexpansive mapping of C' into
itself such that Fix(T)NVI(C,A) # 0. Suppose x1 =u € C and {xy}
and {yn} are given by

yn = Po(I — M\yA)zy,
Tn+1 = ant + By + GTPo(I — M\ A)yn,
where {an}, {Bn}, {Cn} are three sequences in [0,1] and {\,} is a se-
quence in [0,2a]. If {an}, {Bn}, {Cn}, and {\,} are chosen so that
An € [a,b] for some a,b with 0 < a < b < 20 and
(Bl) Qyp + /Bn + Cn =1,
(BQ) limy, 00 , = 0, Z?LOZI Qp = 00,
(B3) 0 < liminf, o0 Ay < limsup,,_,oo An < 1,



503 Piri

(B4) hmn%oo()\n+1 - >\n) =0,
then {x,}72, converges strongly to Ppiysynvi(c,a)u-

Proof. 1t suffices to take F' =1, f = %u, Ay = A3z = A, 02 = 030 = Ap,
Po(I-6;nAi) =1,fori=1,4,...,m,and v, = 1, for n € N, in Theorem
3.2.

Corollary 3.4. (See Chen, Zhang and Fan [3]) Let C be a closed convex
subset of a real Hilbert space H. Let f: C' — C be a contraction with
coefficient o € (0,1), A an d-inverse strongly monotone mapping of C
into H, and let T be a nonexpansive mapping of C into itself such that
Fix(T)NVI(C,A) # 0. Suppose {z,} be the sequence generated by
xo € C and

Tnt1 = anf(xn) + (1 — an)TPo(I — M\ A)xy,

where {\,} C [a,b] and {an} is a sequence in (0,1). If {an} and {A\,}
are chosen so that \, € [a,b] for some a,b with 0 < a < b < 2§ and

n—oo

[o¢] o [o¢]
lim a, =0, g o, = 00, E | apt1—ay, |< 00, g | Angp1—An |< 0.
n=1 n=1 n=1

then {x,}22 , converges strongly to an z* € Fix(T)NVI(C, A), which
is the unique solution of the variational inequality;

(I—fla*,x—2") >0, VreFiz(T)NVI(C,A),

Proof. 1t suffices to take F' = I, v = 1, Ay = A, 62y, = A\, Po(I —
dindi)=1,fori=1,3,...,mand 3, =0, for n € N, in Theorem 3.2.
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