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ABSTRACT. The stochastic reaction diffusion systems may suffer
sudden shocks, in order to explain this phenomena, we use Mar-
kovian jumps to model stochastic reaction diffusion systems. In
this paper, we are interested in almost sure exponential stability of
stochastic reaction diffusion systems with Markovian jumps. Under
some reasonable conditions, we show that the trivial solution of sto-
chastic reaction diffusion systems with Markovian jumps is almost
surely exponentially stable. An example is given to illustrate the
theory.
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1. Introduction

Stochastic differential equations with jumps have been widely used
in many branches of science and its applications, in particular, in eco-
nomics, finance and engineering (see, for example, Cont [5], Gukhal [7],
Sobczyk [12] and references therein). The investigation of stabilization
for stochastic differential equations with jumps has received much more
attention in the past few years. Ji and Chizeck [8] studied the stabil-
ity of linear jump equations and Pakshin [11] studied robust stability
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Almost sure exponential stability of SRDSwMJ 620

and stabilization of linear jump systems. Yuan and Lygeros [14] inves-
tigated almost sure exponential stability for a class of switching diffu-
sion processes and Bao and Yuan [4] give the exponential stability of
switching-diffusion processes with jumps. And for stabilization of par-
tial differential equations one can see [2, 3]. The stability of stochastic
reaction diffusion systems has been discussed in many papers, one can
see [6, 9, 13, 15] and the systems with the form

(1.1) du(t,z) = (a(t)Au(t, z)+ f(t,z,u(t, z)))dt +g(t, z, u(t, z))dW(t)

was discussed in [9, 15]. The stochastic reaction diffusion systems may
suffer sudden shocks, however, systems described by (1.1) cannot ex-
plain this phenomena. In order to explain this phenomena, introducing
Markovian jump process into stochastic reaction diffusion systems is one
of the important methods.

Motivated by the papers mentioned above, in this paper, we will es-
tablish the exponential stability of stochastic reaction diffusion systems
with Markovian jumps. In reference to the existing results in the liter-
ature, our contributions are as follows:

e We use Markovian jumps to model stochastic reaction diffusion
systems when they suffer sudden shocks;

e Under some reasonable conditions, we show that due to the Markov-
ian jumps the overall system can become pathwise exponentially stable
although some subsystems are not stable.

e Some new techniques are developed to cope with the difficulty due
to the Markovian jumps.

This paper is organized as follows: Section 2 gives some preliminary
results, in particular, stochastic reaction diffusion systems with Mar-
kovian jump are set up. In section 3, we discussed the almost surely
exponentially stable of stochastic reaction diffusion systems under some
reasonable conditions. The example is provided in Section 4.

2. Preliminaries

We focus in this paper on stochastic reaction diffusion systems (1.1)
with Markovian jumps, that is,

(2.1)
du(t, x)

= (a(t)Au(t,z) + f(t,z, u(t,z),r(t))) dt + g(t, =, u(t, ), r(t))dW ()
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for (t,x) € Ry x G, with boundary condition
Ju(t, )
oM

where u(t,z) € R", Au =", %, G={z,|z| <l <40} CR", fe
Ry x GxR"xS,R"] and g € [Ry x G x R" x S, R"*"™| are both Borel
measurable functions, | - | stands for vector norm, ||A|| := /trace(A*A)
is the Hilbert-Schmidt norm for a matrix A, M is the normal vector
to 0G; W(t) an m-dimension Wiener process defined in complete prob-
ability space (Q, F,P) equipped with a filtration {F;>¢} satisfying the
usual conditions. Let N be some positive integer, {r(t),t € Ry} a right
continuous irreducible Markov chain on the probability space (2, F,P)
taking values in a finite state space S = {1,2,..., N}, with generator
I' = (745) Nxn given by

=0, (t,x) S R+ x 0G,

P(r(t+A) = jlr(t) = 1) :{ Yi%iA(ng(A), ifiii',

where A > 0 and v;; > 0 is the transition rate from i to j, if i # j;
while v; = —Zj# Yij, © = 1,2,--- | N. We further assume that the
Wiener process W (t) and Markov chain r(¢) are independent. Since we
have assumed that the Markov chain r(t) is irreducible, it has a unique
stationary probability distribution 7 := (71,72, -+, mx) € R which

N
=0 s.t. Zﬂ'jzl, m; >0, Vj €S.
j=1

Throughout the paper we assume:

(H): g(t,z,u(t,z),i) satisfies integral linear growth condition and
flt,x,u(t,x),i),g(t,x,u(t,z),i) satisfy Lipschitz condition, i.e., there
exists a positive constant L such that for arbitrary ui,us € R", 7 € S,

|| /G olt, 2w, i)de]) < L(1+ Jule),
’/ [f(t,.’L',’U,l,i) - f(t7x,U2,Z)]d$’ S L|U1 - 'LLQ’G,
G

|| / [g(t7x>u17i) —g(t,x,uQ,z)]da:H < L|U1 - u2|G’7
G

where |u(-, z)|q == | [ u(-, z)dz].
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Then by the results of [9], the existence of the solution for system
(2.1) can be proved and note that u(t,z) = u(t, z;tg, ug).

Definition 2.1. [9] The trivial solution of system (2.1) is said to be
almost surely exponentially stable if

limsupt'n|u(t,z)|q < 0.

t—o00

3. Almost sure exponential stability

Similar to ([9], Lemma 1.), we have the following lemma.

Lemma 3.1. For any ug # 0,
IP’{/ u(t,)dz £ 0,¢ > 0} = 1.
G

The main result of the paper is the following theorem.

(t,x)dx, S, = {£]|€(-)] < h}. Assume
) S 012(R+ X Sp xS R) 01,03(i) >
t,ﬂ) >€R+XShXS

Theorem 3.2. Let uw = qu

that there exists V (¢,u(t),r(t)
0,c2(i), p(i) € R, such that for (

() erlu(®)le < V(Eu(?), );
(ii) LV (£,7,9) < c2(0)V (t,a(t), );

(iii) |2AEEDA [ g(s,u(s), i)da]? > es(i)V2(t,a(t), 1)

N —_ .
(iv) 32 7y V(£ 7(8).5) = i) < o)

(v) For some € € (0, 3],

1
7 := lim sup ;H(t) < 00,

t—o00

where
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and

N

@:[0, Z ’)/ij].

=1

Then the trivial solution of the system satisfies

al 1
Z )+ 5e3(i) + p()).

. 1
limsup - In |u(t, z)
t—o00 t

’B\'—‘

In particular, the trivial solution of system (2.1) is almost surely expo-
nentially stable if

@ ) + ;c:),(J)er(j)) <0.

Mz

Jj=1

Proof. The argument is motivated by that of ([4], Theorem3.1). Note
that

d/Gu(t,a:)da::/G(a(t)Au(t,a:)—i—f(t,m,u(t,a:),r(t))dxdt

(3.1)
+ / otz ult, 2), 7(2))dedW (1),
G

combining Green formula and boundary condition, we have

ou
Au(t,z)dx = | —— =0,
| duttaae = [ 2

then (3.1) can be rewritten as

d/Gu(t,x)d:U:/Gf(t,x,u(t,:v),r(t))dxdt
+/g(t,x,u(t,:n),r(t))d:de(t).
G
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Define an operator

Lv(t, ), iy =200 | OV T /G Pty ult, ), r(t))da

+;trace[/ gT(t,x,u(t,x),T(t))dx
G
02V (t,u,1)
oudu

N
+ > V), 5)
j=1

/g(t,x,u(t,x),r(t))dx]
G

We have the following It6 formula

InV(t,u(t),r(t)) = InV(0,up,io) —i—/o LInV(s,u(s),r(s))ds

+ Mi(t) + Ma(t)

) - LV (s,u(s),r(s))
= In V (0, o, ig) +/0 V(s u(s), r(s)) @

- / |8V(su s),r( ng s, x,u(s, ), (S))dx|2
[V (s,u(s), r(s))?

Vis(s).)
/ ZWHV” D= Vs, us)r(s)

+M1( )+M2( );

ds

where
t MI
— ou GQ(S,$7’U,(S,(E),7’(3))dx 5
M (t) ._/0 V(s (). (s)) dw (s),
nV ﬂ io +1(r(s).1) oo
0= [ s

and p(ds,dl) is a Poisson random measure with intensity ds x m(dl), in
which m is the Lebesgue measure on R. For more details on the function
h and the martingale measure see, e.g.,[10].
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Note that M;(0) = M3(0) = 0, by the exponential martingale in-
equality, for any n € N, ¢ € (0, §], we have

¢ 78‘/(5 uls)r s, z,u(s, x
P{sup V20— [ W&Zﬁwé>)()m'ﬁﬂ
2lnn 1
> 5 }Sﬁ

and denote A(t,1) = V(s’g((‘:)?’f?:)_};(ég;)’l)) then by the exponential martin-

gale inequality with jump ([1], Theorem 5.2.9),
P{ sup [Ma(t) //MM—LNMMHMM
0<t<n
> 20" nn} <
Applying the Borel-Cantelli Lemma, there exists an g C Q with P(Q —

Qo) = 1, such that for any w € €y, there exists an integer ng = ng(w) >
0, if n > ny,

5 [t M[ g s, x u(s x) (s))dx 2lnn
My(t) <2 ou < “d
1(t) < 2 J, | V(s,u(s),r(s)) s+ 5’

2lnn

w//Mm—pmmmnwm 5
Hence, for 0 <t <n, w € Qg and n > ng,

41nn +/ LV (s,u(s ),r(s))
0

InV (t,u(t),r(t)) < InV(0,0,i0) +

5 V(s, (%TW
B / | ng 5, u(s x),r(s))dx|2ds
V(s u(s),r(s))?

*A;W“W’””vwwm@W

3 t|%fcg s,z u(s, z),r(s))dr
V(s,u(s),r(s))

1 t J S — — n S m S
+5L;@A(J)1 51 A(s, 1)]m(dl)ds.

2ds
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Using Taylor expansion, for ¢ € (0, §], we have

2
A(s,0) =14 30InA(s, 1) + %(lnA(s, 1))2A(s,1),

where ¢ lies between 0 and 4. Noting that, for 0 < £ < 5, AS < 1, if
0<A<1, Af< A%, if A > 1 and the inequality
4.
Inz < —(z4i-1) for z>1,
€

is satisfied we have

*1 t 1\5 S —1— nA(s m(dl)ds
= *5 t nA(s 21i£ S m(dl)ds

_9 t nA(s. IN2AE(s. D)) s
a 2/0 /0<A<1(1 A( ’l)) A ( ’l)) (dl)d

é t n S 278 S m S
4 2/0 /A>1(1 A(s, 1))2A%(s, 1) )ym(dl)d
< g/o /9[(lnA(s,l))2+ %Ae(s,l)]m(dl)ds.

Together with (ii)-(iv), implies

4Inn 5—1

IV (t,u(t),r(t)) <InV(0,70,70) + +/ [ea(r(s)) + c3(r(s))

)]ds + = //lnAsl + AE( ,1)]m(dl)ds,

which together with (i), forn — 1 <t <mn,w € Qp, and n > ng + 1

1 1 41
ket Y V0,70, o) + ?n

1
¥1n|u(t,x)lg < —

+ [ (ealr(s) + geatr(s) + plr(s))ds + 0]

By using the ergodic property of Markovian chains, since § is arbitrary,
by the use of (v), we have

. 1
limsup — In |u(t, z)
t—00

al 1
Z )+ 5e300) + p(4),

%\r—*
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we therefore complete the proof. O

Remark 3.3. From Theorem 3.2, we can see due to the Markovian
jumps the overall system can become pathwise exponentially stable al-
though some subsystems are not stable.

4. Example

Let W (t) be a Wiener process. Let () be a right-continuous markov
chain taking values in S = {1,2} with generator I' = (vi;)2x2, 711 =
Y21 = 1, 712 = 29 = —1. The unique stationary probability distribution
of the Markov chain r(t) is

k 1
1+k 14k
Assume that there exist constants k; € R, [; > 0, i = 1,2, such that

2/ o (4 )z (b 2o u(t, 2), ) + gt 2, ult, 2), )| < k:/ u(t, z)da]?,
G G

= (m,m2) = ( ), k> 0.

/ ul' (¢, z)dzg(t, z, u(t, x),i) > ll]/ u(t, z)dz|?.
Consider thei’ollowing stochastic reaction diffugion system:
du(t,z) = (a(t)Au(t,z) + f(t, z,u(t,z),r(t)))dt
+ g(t, z,u(t,x),r(t)dW(t),
for (t,x) € Ry x G with boundary condition
ou(t, )
oM

(4.1)

=0, (t,z) € Ry x 0G.

Let
Vit,u,1) = |/ u(t,:n)dx|2,
G

V(t,w,2) = 2]/ u(t, z)dz|?.
G

By the definition of V, we can choose
1

a=1 b= G- o@ =16,

3
pr=1In2, pgs= —ln2—§.
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Then
LV(ta(t). ) = 20" | fltaulta) Dde+ | [ gt ult.) Dol
G G

— [a(t)* + 2[a(t)”
< (k|G| + 1)V (t,u(t), 1)
= co(1)V (¢, u(t), 1).
and
LV (t,u(t),2) < (k2| G| — D)V (t,u(t),2) :

It is obvious that 3 c4,c5 > 0, ¢4 < % < ¢s5,1,5 €S, then condi-

tion (v) holds. By Theorem 3.2, we have

c2(2)V (t,u(t),2).

(kC1 + <2)7

1
hiris;lpglnw(t,:rﬂg < ST H
where
(1 =k|G|+28B|G|+1+1n2,
and
Co = k|G| + 813|G| —In2 — g

The stochastic reaction diffusion system (4.1) is almost surely exponen-
tially stable whenever

k¢ + (2 < 0.
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