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ABSTRACT. In a real Hilbert space, an iterative scheme is consid-
ered to obtain strong convergence which is an essential tool to find
a common fixed point for a countable family of nonexpansive map-
pings and the solution of a variational inequality problem governed
by a monotone mapping. In this paper, we give a procedure which
results in developing Shehu’s result to solve equilibrium problem.
Then, we state more applications of this procedure. Finally, we in-
vestigate some numerical examples which hold in our main results.
Keywords: Equilibrium problem, maximal monotone operator,
strictly pseudocontractive mapping, W-mapping.

MSC(2010): Primary: 47H09; Secondary: 47J20, 49J30.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. The strong (weak) convergence of {z,} to x is written by
Tp = x (T, — ) as n — oo.

A mapping S from C into itself is called nonexpansive if || Sz — Sy|| <
|x —yl|, for all z,y € C. Fix(S) :={x € C: Sx =z} is the set of fixed
points of S. Note that Fiz(S) is closed and convex if S is nonexpansive.
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A modified Mann iterative scheme 824

It is known that H satisfies the Opial’s condition [11]; for any sequence
{zy} with x,, — x, the inequality
liminf||z,, — z|| < liminf||z, — y||
n—oo n—oo
holds for every y € H with x # y.
For any point « € H, there exists a unique Poxz € C such that
|z = Pox| < |lz —yll, VyeC.
Pp is called the metric projection of H onto C. We know that Po is a
nonexpansive mapping from H onto C. It is also known that Po satisfies
(L.1) (x —y, Pox — Poy) > ||Pox — Py,
for all z,y € H. Furthermore, Pox is characterized by the following
properties: Pox € C and
(x—PCOU,PCl'—y) > 0,
lz =yl > ||z = Pow|® + |ly — Poxlf?,
for all y € C.
Let A be a mapping of C into H. The variational inequality problem
is to find a x € C such that
(1.2) (Az,y —z) >0, VyeC.
We shall denote the set of solutions of the variational inequality problem
(1.2) by VI(C, A). Then we have
(1.3) x e VI(C,A) <= = = Po(x — Mzx), VA >0.

A mapping A : C — H is called monotone if (Az— Ay, x—y) > 0 for all
x,y € C. Tt is called a-inverse strongly monotone (a-strongly monotone)
if there exists a positive real number « such that (Ax — Ay, x — y) >
al|Ar — Ay||? ((Az — Ay,z — y) > allx — y||?), for all z,y € C. An
a-inverse strongly monotone mapping is sometimes called a-cocoercive.
A mapping A is said to be relazed a-cocoercive if there exists o > 0 such
that
for all z,y € C. The mapping A is said to be relazed (v, d)-cocoercive if
there exist 7,9 > 0 such that

(Az — Ay, z — y) > —7||Az — Ay|* + 6||z — y|°,

for all x,y € C. A mapping A : H — H is said to be u-Lipschitzian if
there exists p > 0 such that

Az — Ayl < pllz -yl
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for all z,y € H. It is clear that each a-inverse strongly monotone

mapping is monotone and é-LipSChitzian. Also, if A is an a-inverse
strongly monotone, then I — AA is a nonexpansive mapping from C' to

H, provided that 0 < A < 2a. In fact,

(I = AA)z — (I = NA)y|* = HCE—yg—A@h*—AyWZ
' +A?[| Az — Ay|)?
<l =yl + A = 20) || Az — Ay]?,

for all z,y € C' and A > 0. In addition, each p-Lipschitzian, relaxed
(7, d)-cocoercive mapping is monotone, provided that yu? < § (see [15]).

Let T be a set-valued operator with domain D(T') = {x € H : Tz #
0} and range R(T) = {x € H : « € D(T)}. An operator T is said
to be monotone if (x; — x9,y1 — y2) > 0 for each x;,2z9 € D(T) and
y1 € Txy, yo € Txo. A monotone operator T is said to be maximal
if its graph G(T') is not properly contained in the graph of any other
monotone operators, where G(T) := {(z,y) € Hx H : y € Tx}. It is
known that 7" is maximal if and only if for (x, f) € H x H and for every
(y,9) € G(T) such that (z —y, f —g) > 0, we would have f € Tx. Let
A be a monotone mapping from C into H and let Ngv be the normal
cone to C at v € C, i.e., Nov={w € H : (v —u,w) >0, Yu € C}, and
define a mapping T' by

| Av+ Ncgv, vedl
TU_{@, véC.

Then T is maximal monotone and
(1.5) r€VI(C,A) «— z €T }0),

where T71(0) = {z € H: 0 € Tx} (see [14]).

In 1953, Mann [7] introduced the following iterative scheme for ap-
proximating a fixed point of S:

x1 € C and

Tnt1 = (1 — ap)xpn + ap Sy,
for all n € N. He showed that the sequence {z,} converges weakly
to a fixed point of S. This iteration procedure is called a Mann type

iteration. In 2003, Takahashi and Toyoda [22] suggested an iterative
scheme, to find an element of Fiz(S)NVI(C, A), as follows: z; € C and

Tnt1 = (1 —ap)zy + anSPo(I — \yA)z,, n> 1.
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They obtained that the sequence {x,} converges weakly to some w €
Fiz(S)NVI(C,A). Then, Wang and Hu [24] considered an iterative
sequence {x,} of C generated by x; € C' and

Tnt1 = (1 — ap)xn + anSpPo(l — A\yA)zy,, n>1,

for a countable family of nonexpansive mappings and a p-Lipschitzian
and a-strongly monotone operator. They proved that such a sequence
converges strongly to a common fixed point of a countable family of
nonexpansive mappings which solves the corresponding variational in-
equality.

On the other hand, in 2009, Yao et al. [27] showed that a new modified
Mann iterative algorithm {z,} generated iteratively by x; € C and
Tpt1 = (1 — ap)xy + anSPo(1 — Ay)x, (n € N) strongly converges to a
fixed point of S. Recently, Shehu [15] used an iterative process for finding
a common element of the set of fixed points of a nonexpansive mapping,
the set of solutions of generalized mixed equilibrium problem and the
set of solutions of the variational inequality problem of a cocoercive
mapping. He gave a strong convergence theorem for this sequence.

It is worth pointing out that many authors extended the results
in Hilbert space to the more general uniformly convex and uniformly
smooth Banach space (see, for instance, [1, 2, 16, 28, 23]).

In this work, motivated and inspired by the above results, an itera-
tive scheme generated by x; € C and z,4+1 = (1 — o) zy, + @Sy Pol(1 —
An)(I — AA)zy] (n € N) is utilized to find a common element of the set
of common fixed points of a countable family of nonexpansive mappings
and the set of solutions of variational inequality for an a-inverse strongly
monotone mapping. Moreover, a strong convergence theorem is studied.
As an application, an equilibrium problem is solved. Furthermore, it is
shown that our results are improved and extended those of Shehu [15].
Then, the zeroes of a maximal monotone operator are investigated. In
addition, a common fixed point for a family of strictly pseudocontrac-
tive mappings and W-mappings is obtained. Finally, some numerical
examples are given.

The following lemmas will be useful in the sequel.

Lemma 1.1. (Suzuki [18]) Let {z,} and {y,} be bounded sequences in

a Banach space X and {a,} be a sequence in [0, 1] with 0 < lirginfan <

lim supa,, < 1. Suppose xp+1 = (1—an)yn+anzy, for all integersn > 1,
n—0o0
and im sup(||yn+1 — Ynl| = ||Tn+1 — znl]) < 0. Then lim ||y, — x| = 0.
n—oo n—oo
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Lemma 1.2. (Xu [25]) Let {a,} be a sequence of nonnegative real num-
bers satisfying the following relation:
An+1 < (1 - an)an + anyn, N > 07
where
(1) {an} is a real sequence in (0,1) such that 57, = co;
(2) vn is a real sequence such that limsupy, < 0 or X707 |anyn| <

n—0o0
Q.

Then lim a, = 0.
n—oo

Lemma 1.3. (Aoyama et al. [2]) Let C' be a nonempty closed subset of
a Banach space and let {S,} be a sequence of nonexpansive mappings

o0
from C into itself. Suppose that Zsup{HSnH:c — Spx| tx € B} < o0,
n=1
for any bounded subset B of C. Then, for each x € C, {S,z} converges
strongly to some points of C'. If S is a mapping from C into itself which
is defined by Sz := lim Syz, for all x € C, then lim sup{||Spz — Sz|| :
n—oo n— o0

reC}=0.
2. Iterative scheme and strong convergence

In this section, an iterative scheme is used to find a common element
of the set of common fixed points of a countable family of nonexpan-
sive mappings which is the solution of a variational inequality problem
governed by an a-inverse strongly monotone mapping.

Theorem 2.1. Suppose C' is a nonempty closed convex subset of a real

Hilbert space H. Let A be an a-inverse strongly monotone mapping from

C into H and {S,} a sequence of nonexpansive mappings from C' into
(o)

itself such that ﬂ Fiz(S,)NVI(C,A) # 0. Suppose that {a,} and {\,}
n=1
are two real sequences in (0,1) and 0 < A < 2. Set x1 € C and let
{zn} be the iterative sequence defined by
Yn = Pol(1 = A\p) (I — MNA)zy],
Tnt1 = (1 - an>$n + anSn¥Yn, (TL > 1);
satisfying the following conditions:

(1) 0 < liminfay, <limsupa, <1,
n—r00 n— oo
(2) nleréoAn =0 and X721\, = 00,
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) Z sup{||Sn+12 — Spz|| : € B} < 0o, for any bounded subset B
n=1
of C.
Let S be a mapping from C into itself defined by Sz := li_)rn Snx for all

x € C and suppose that Fiz(S szx . Then {x,} converges

strongly to an element w € Fm(S)ﬁVI(C A), where w = Priy(s)nvi(c,a)0-

Proof. First of all, we prove that {z,} is bounded. Let z € Fiz(S) N
VI(C,A). It follows from (1.3) and (1.4) that z = Po(I — AA)z and
I — M\A is a nonexpansive mapping. Therefore,

[Pe[(1 = An)(I = AA)zn] — Po(I — AA)z||

11 = An)(I = M)z — (I = AA)z|

(L= = AA)zn = (I = AA)z[| + An[|(1 — AA)z]]
(1= An)l[zn — 2] + Anll(L — AA)].

1yn — |

VANVANVAN

It implies that

lzner =2z = [I(1 = an)n + anSpyn — 2|
< (1 —an)l|zn — || + anl|Snyn — ||
< (= an)llzn — 2| + anllyn — ||
< (1= an)||lzn — 2| + an(l = X\p)||zn — 2|
Fandn|(I = AA)z|
= (1= ann)|lzn — 2l + cnnll(I = AA)z|
< max{||lz, — ||, ||(I = M)z}

< max{||z1 —z[,||({ — AA)z|}.

Hence, {z,} is bounded and so are {y,} and {(I — AA)z,,}. Also, we
note that

HSTL+1yn+1 - Sn+1yn|| < ||yn+1 - ynH

(L= A1) — AA)zpi1 — (1 — X)L — M)z, ||

(L= A )l = AA)zng1 — (I = M)z || + [Angr — Al |(1 = AA)zy |
(1= Mt )l[nt1 = @l + [Ant1 = Al (T = AA)zn ||

[Zn41 = Znll + A1 — Anl[(T = AA)zn |

VAN VAN VAN VAN
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Then

< ||Sn+1yn+1 - S?H-lyn” + ||Sn+lyn - SnynH
< znsr — ol + [Antr = Alll (1 = AA) 20|

+ sup{||Sn+12 — Spx| 1 = € {yn}}.

||Sn+lyn+1 - Snyn”

Now, as lim A\, =0 and X%, sup{||Sp+12 — Spzx| : € {yn}} < 00, we
n—oo

obtain

limsup ||Sn+1Yn+1 — Su¥nll — |21 — 20| <0.

n—oo

Using Lemma 1.1, we get that lim [|S,y, — x| = 0. Thus
n—0o0

nlggo [Zn+1 — 2l = nlggo n[Snyn — xn| = 0.
By convexity of || - ||? and (1.3), we have
|z — 2> < (1= an)len —zl* + anllSpyn — ?

< (1= ap)|zn —2|? + anllyn — 2|

< (1 ap)|zn -2
Fan||Pel(1 = M) (I — M)z, — Po(I — AA)z|?

< (1 ap)|zn -2l
+anl|(1 = A\)(I = AA)xy, — (I — M)z |?

< (1= ap)|zn — 2| + apdal (I = AA)z||?
+an(1 = M) = XA)z,, — (I — XA)z|]?

< (A—ap)llzn— 55”2 + an(1 = An)llzn — xHZ
Fan(1 = M)A = 20)|| Az, — Az
o ||(I — XA)z||?

< lzn — z)* + an(l = M)A — 2a) || Az, — Az|?

Fann||(I — XA)z||?.
Therefore, we have

an(1 = X\)A(2a — N)|| Az, — Az||?
ln = @[|* = llzn+1 = 2l* + an X[l (T = Ad)z]?
[2n — Tna] [Hxn — ||+ [[#n+1 — xH] +an (I = AA)z|?.
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Since 0 < A < 2a, lim A\, = 0 and lim ||z,4+1 — x,|| = 0, we obtain

lim [ Ay, — Az = 0. From (L1), we have
o= 2l = [ Pe{(1 = An)(J = M), = PeT = Ad)a?
(1= A)(I = A)zn — (I = M)z, g — 7)
= %{H(l = M) = M)z — (I = AA)z|* + [lyn — 2|

(1= A)(I = M) — (I = AA)z — g + 2]}
= ST =AYz — (T = )z — An(T — AA)a |

Hlyn = l® = llzn = yn — AMAzn — Az) = An(] = XA)z|*}
= %{H(I = AM)an — (I = AA)z|* + X2 ([(1 = M)z ®

220 (I = AA)zp — (I = AA)z, (I — MNA)x) + |lyn — z|?
—||zn — yn”2 — [[AMAzp — Az) — A (1 — )‘A)an2
+2(xy, — Yn, A(Axy, — Az) + Ay (I — NA)zy) }

1
gUlen =2l + AT = AA)za|[* = 2Xa[[(T = M)

IN

IN

F2X[(1 = Az [[I|(T = AA)z[| + [lyn — 2l* = llzn = yull?
2|20 — ynll[[Azn — Az + 2An[lzn — yalll(1 = AA)zn |}

1
g Ulan =27 + 22 [(T = AA)an || (T = AA)z ]| + [lyn — =]

IN

—|2n = ynll® + 2\ 20 — ynlll|Azy — Az
2 0120 — YallI(1 — AA) x|}

It follows that
lyn — 2l < llan — 2l + 220]|(1 = AMA)zp || = AA)z]| — (|20 — yal?
2|20 — Ynlll|Azn — Az|| 4+ 2Mn |20 — ynl|[|(1 — AA) 24|,

and hence

|Zn+1 _37”2 (1_an)”xn_xHQ"‘anHSnyn_l’HQ

(1 — an)l|zn — $H2 + anllyn — =T||2

i — 22 + 200 AT — )l [(T — M)z
—an||zn — yn||2 + 20\ || 20 — Y| | Ay, — Az

+20m Anllzn — ynllll(1 = AA)zn,

VANRVANVAN
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which implies that
anllzn — ynll® < llzn — 2l* = [|2n1 — 2|
+20, A ||[(1I — M)z |||[(IT — M)z || 4+ 200\ || X0 — ynl||| Az — Ax||
F20, |20 — yul|| (I — AA)zy ||

< e = zapalllllzn — 2l + l2nsr — 2all]
20 An[[(I = AA)zp[|[|(1 = AA)z|[ + 20 A2 = yal|| Azn — Az]]
+2anAn|zn = ynlI( = AA)n.
As lim A\, = 0, hm Hxnﬂ — xp| = 0 and lim ||Az, — Az|| = 0, it
n—o0 n—oo
implies that li_>m HiL'n — yn|| = 0. Also, using [|Snyn — Ynll < [|Snyn —
n—oo

Tn|l + |0 — ynl|, we get that lim ||Spyn — ynl| = 0.
n—oo

Now, we prove that lim sup(w, w—y,) < 0, where w = Ppjy(5)nv1(c,4)0-
n—oo
To show it, we choose a subsequence {y,,} of {y,} such that

lim sup(w,w — y,,) = hm (w w— l/m)
n—oo

As {yn,} is bounded, we have a subsequence {ynz } of {yn, } which con-
verges weekly to z. Without loss of generahty, assume y,, — z. It
readily follows that z € C, because {yn,} is a subsequence in C' and C
is a closed convex subset. We shall show that z € Fiz(S) N VI(C, A).

First, we suppose that z ¢ Fiz(S). From opial’s condition and
Lemma 1.3, we have

liminflly,, — 2| < liminf{ly,, — S|
1— 00 1—00

hminfnym - Smym + Smym - Sym + Sym - SZH
1—00

lim inf||Sy,, — Sz||

1— 00

IN

IN

lim inf [y, — 21|
1—00

This is a contradiction. Thus z € Fiz(S).

Now, let us show that z € VI(C, A). The mapping A is an a-inverse
strongly monotone mapping and so it is monotone. Let T" be the map-
ping generated by A as follows:

| Av+ Ncgv, vedl

”—{& v C,
where Ngv is the normal cone to C' at v € C. Then T is a maximal
monotone mapping. Set (v,w) € G(T'). Since w — Av € N¢v and
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Yn, € C, we have (v — y,,,w — Av) > 0. On the other hand, vy, =
Po[(1—Ap)(I = AA)xy], we have (v —yp,, Yn, — (L = Ap,) (L —AA)zp,) >0

or (v — Y, L5 + Az, + )‘;i (I — MA)zy,,) > 0. So, we get that
<U - ym’w> 2 <’U - y”i’AU>
Z </U - ynz‘a AU>
. A,
7 A K2 A ?
1
= <'U_yniaAU_A5Um>_X<U_yn,-7yni—fUni>
An,;
- )\Z <U — Ynis (I - )\A)l‘n»
= <U - ynia AU - AyTM) + <U - yTLi: Aym - Ax’nz>
1 An,
_X<’U ~ YnisYn; — $n1> - )\Z <U — Ynis (I - )\A)$m>
As lim A\,, = 0, lim ||yn, — zp,|| = 0 and A is monotone and Lipschitz
1—00 1—00

continuous, we obtain (v—z,w) > 0. Also, since T is maximal monotone,
we deduce that z € T~1(0) and it implies from (1.5) that z € VI(C, A).
Now, as z € Fiz(S)NVI(C,A), we deduce

limsup(w,w — yn) = lim (w,w — yp,) = (w,w — z) < 0.
n—00 100

Finally, we prove z, — w. From (1.3), we have w = Po(w — MAw) for
all A > 0; in particular,

w= Polw—A1—\,)Aw] = Po[Aw + (1 — A\p)(I — AA)w].
Thus, (1.1) implies that

[Yn — w]?
| Pc[(1 = M) (I = MA)z,] — Po[Apw + (1 = A (I = AA)W]||?

< (=M =)z, — (1= X)) — A)w, yp, —w)
_<)\nwayn _W>
< (IT=MI = AA)zy — (I = AA)w| |y — W + Anlw,w — yn)
< (1= M)z = wl[llyn — @l + Anfw, w — yn)
1-X\,
< 9 [Hxn_WHZ"‘ Hyn_w‘|2]+)‘n<w7w_yn>-
Hence
1-\, 1-\,
(1- Myn — wll® < 20 — w|* + An(w,w — ),

2 2
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or
1—A A
o =l < 155 =l (w0 = ).
Therefore,
lZnt1 —wl* < (1 —an)llzn —w|® + anlSpyn — w]?
< (1= an)llzn — wl” + anllyn — wlf?
an(l—An)
< (1- _wlyp T A, 2
< (I—an)lzn —wl”+ . [[2n — ]|
2an)\n< >
w,w —
T+, Yn
200, A 2 20\
= (1- T —w|” + W, W — Yn)-

Hence, by Lemma 1.2, we get that {x,} converges strongly to w €
Fiz(S) N VI(C, A), where w = Ppjys)nvi(c,4)0. This completes the
proof of this theorem. O

3. Applications

In this section, the equilibrium problem is stated. Then, the problem
of finding the zeroes of a maximal monotone operator, a common fixed
point of a family of strictly pseudocontractive mappings and a common
fixed point of a countable sequence of W-mappings are investigated.

3.1. Equilibrium problems. A considerable amount of literature is
being dedicated to the study of equilibrium problems, both from a theo-
retical point of view (optimization, game theoretic, complementary and
variational inequality techniques), and from an applied point of view
(networks, agent-based modelling and social scientific methods), which
in itself constitutes wide areas of research interest today.

Let ¢ : C — R be a real-valued function and A : C — H a
nonlinear mapping. Also, suppose F : C x C' — R is a bifunction. The
generalized mixed equilibrium problem is to find x € C (see [6, 13, 29])
such that

(3.1) F(z,y) + ¢(y) — p(z) + (Az,y —x) > 0,

for all y € C.
We shall denote the set of solutions of this generalized mixed equilib-
rium problem by GMEP; that is

GMEP :={zxeC: F(z,y)+¢(y) —p(x)+ (Az,y—z) >0, Yy e C}.
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We now discuss several special cases of GMEP as follows:

1. If ¢ = 0, then the problem (3.1) is reduced to generalized equi-
librium problem, i.e., finding x € C such that

F(ﬁ,y)+<AI‘,y—l‘> 205

for all y € C.
2. If A =0, then the problem (3.1) is reduced to mixed equilibrium
problem, that is to find z € C such that

F(x,y) +o(y) —¢(x) >0,

for all y € C. We shall write the set of solutions of the mixed
equilibrium problem by M FEP.

3. If p =0, A =0, then the problem (3.1) is reduced to equilibrium
problem, which is to find 2 € C such that

F(x,y) >0,

for all y € C.
4. If ¢ =0, F' = 0, then the problem (3.1) is reduced to variational
inequality problem (1.2).

Now, let ¢ : C' — R be a real-valued function. To solve the generalized
mixed equilibrium problem for a bifunction F' : CxC' — R, let us assume
that F, ¢ and C satisfy the following conditions:

(A1) F(z,z) =0 for all z € C;

(A3) F is monotone, i.e., F(x,y) + F(y,z) <0 for all z,y € C;

(A3) for each x,y,z € C, lim+F(tz +(1—-t)r,y) < F(x,y);
t—0

(A4)

(B1)

for each x € C, y — F(z,y) is convex and lower semicontinuous;
for each x € H and r > 0, there exists a bounded subset D, C C
and y, € C such that for each z € C\D,,

1

F(z,yz) + ¢(yz) — p(2) + ;(yz —z,2 — 1) <0;

(Bz2) C is a bounded set.

In what follows, we state some lemmas which are useful to prove our
convergence results.

Lemma 3.1. ([12]) Assume that F : C x C — R satisfies (A1) — (A4),
and let ¢ : C — R be a lower semicontinuous and convex function.
Assume that either (By1) or (Bz2) holds. Forr >0 and x € H, define a
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mapping T+ H = C as follows:
pping Ty :H — C as follows:

TP (@) == (2 € O+ Fle,y)boply)—p(2)1+ (=2 7—x) > 0, Vy € C},

for allx € H. Then the following assertions hold:
(1) For each x € H, T #0;
(2) T s single-valued;
(3) TT(F’@) is firmly nonexpansive, i.e., for any x,y € H,

0 = Ty |2 < (T = Ty 2 — y);

4) Fiz(T\"9)) = MEP;
(5) MEP is closed and convez.

Lemma 3.2. (]9]) Let C be a nonempty closed convexr subset of a real
Hilbert space H. Assume that S is a monexpansive mapping from C
into H and S a firmly nonexpansive mapping from H into C' such that
Fiz(S1) N Fix(Sy) # (0. Then S1S2 is a nonexpansive mapping from H
into itself and Fix(S152) = Fixz(S1) N Fiz(S2).

Lemma 3.3. ([3, 10]) Let C be a nonempty closed convex subset of a
real Hilbert space H. Let F' be a bifunction from C x C into R satisfying
(A1) —(A4) and ¢ : C — R a lower semicontinuous and convez function.
Assume that either (By) or (Bz) holds. Let {r,} be a sequence in (0, 00),

such that inf{r, :n € N} >0, X2, |r 11 — ry| < co and let Tr( F@) pe
a mappmg defined as in Lemma 3.1. Then

Zsup{HTmﬂ‘f || -z € B} < oo, for any bounded
subset B of C;

(2) Fix(T, "p) ﬂFw: ), where T,SF’“O) is a mapping de-
fined by T( ’“0) = hm T(F‘P)J:, for all x € C. Moreover,
nlggo”T Fip) g — 1) 93” =0.

Now, we have the following theorem that improves and extends the
results announced by Shehu [15]. In fact, this theorem shows that the
new conditions are better than what is proved in that paper.

Theorem 3.4. Let C' be a nonempty closed convex subset of a real
Hilbert space H. Let F be a bifunction from C x C into R satisfying
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(A1) — (Ay) and ¢ : C — R a lower semicontinuous and convez func-
tion. Assume that either (By) or (Bg2) holds. Let A be an a-inverse
strongly monotone mapping, B a B-inverse strongly monotone mapping
and © a p-Lipschitzian, relazed (7, )-cocoersive mapping from C into
H. Suppose that S is a nonexpansive mapping from C into itself such

that Fiz(S)NVI(C,A)NVI(C,©0)NGMEP # 0. Let {a,} and {\,}
two real sequences in (0,1), {r,} and {s,} two real sequences in (0, o)
and 0 < XA < 2a. Let {yn}, {un} and {z,} be generated by z; € C,
Yn = Pol(1 = A\p) (I — MNA)zy],
Up = T?“(nF’(p) (yn - TnByn)a
Tnt1 = (1 — ap)zy + anSPo(un — $,Ouy), (n>1).
Suppose that the following conditions are satisfied:
(1) 0< hm 1nfan < lim supay, < 1,
n—oo
(2) hﬁm )\n =0 and £;2, M\, = 00,
(3) 0<a S Tn S 216, E?LO:1|TTL+1 - "”n‘ < o,
2
(4) 0<s, < %, Yol 1l8nt1 — sn| < o0.
Then {x,} converges strongly to an element
we Fiz(S)NVI(C,A)NVIC,6)NGMEP,
where w = Prig(s)nvi(c,a)nvi(c,e)neamEpD-

Proof. For all z,y € C and s, € [0, 2(5;7;“2)], we obtain

I(I = $2©)z — (I — 5,0)y[I* = ||z — y — 5n(Ox — Oy)|?
|z — yH2 —2sp(z —y,0x — Oy) + 2|0z — @yHZ

nll

< lz =yl = 250 [—7[|0z — Oy|)* + ]|z — y|*] + 52 ]|©z — Oy|?
<z =yl + 250l — yl* = 2506l — yl|* + pPsh |z — |
= (14 2sup®y — 2550 + pi%s2)|lz — y?

< o -yl

This shows that I — 5,0 is nonexpansive for each n € N. By Lemma
3.3, it implies that

Zsup{HT Fe)y, Pz|:x e B} < oo,

T'n+1



837 Bagherboum and Razani

for any bounded subset E of C. Moreover, the mapping TT(F’W), de-
fined by Tz = lim Tvgf’@fl«“ for all x € C, satisfies Fix(Tr(F’@)) =
n—oo

ﬂ Fix(T, = MEP.

Put Sy = SPo(I — snG)Tgf’w) (I —rpB) = SU,. Then, by Lemmas
3.2, 3.1 and relation (1.3), we get that S,, is a nonexpansive mapping
from C' into itself and for all n € N,

Fiz(S,) = Fiz(S)NVI(C, A) N Fiz(T.# (I —r,B)) = Fiz(S)NVI(C, A)NGMEP.

So, ﬂ Fix(S,) = Fizx(S)NVI(C,A) N GM EP. Also, we note that

[Sn+12 = Spz|| = [|SUns12 — SUpz|| < |Uns12 — Upz||

< U = snm1®) T — v B)w — (I — s,©0) TSI — 1, B)a|
< T = $01O) O — 11 B)a — (I = 5,410)T) (I — 1, B)2|
H|(I = $,410) NI — 1y B)x — (I - 5,0)T "9 (I — r, B)z|
< T8I = rpa By — TP — v, B) x|
+snt1 — sal|OT (T — 1, B)|
< T8I = rpa By — T — ryga B)a
H|TENT = 11 B)w — TO(I — v, B)a|
+|snr1 — ol [OTN(I — 1y B)a|
< TP v, — TP o[ + s — || Ba|

+|snt1 — sn||OT} Fw)(f —rnB)zl|.

where v, = (I — rp4+1B)x. Moreover, for any bounded subset E of C,
the boundedness of D = {(I — r,41B)z : x € E,n € N} implies that

> " sup{||Sps12 — Snz : 7 € E}

n=1

< Zsup{”Un+1x —Upz| :x € E}

n=1

< Zsup{H ey — TiF9)y|y € D}
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(o]
—I—Z |"n+1 — | sup{||Bz|| : x € E'}

n=1

—1—2 |Sn+1 — sn|sup{||8T(F“" (I —rpB)z|]|:x € E} < 0.

n=1

Hence, by Theorem 2.1, {z,} converges strongly to an element w €
Fiz(S)NVI(C,A)NVI(C,0) NGMEP, where
w = Priys)nvic,anvicenamep0. This completes the proof. O

Corollary 3.5. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let F be a bifunction from C' x C into R satisfying
(A1) — (Ay) and ¢ : C — R a lower semicontinuous and convez func-
tion. Assume that either (By) or (Bg2) holds. Let A be an a-inverse
strongly monotone mapping, B a B-inverse strongly monotone mapping
and © a p-Lipschitzian, relazed (7, d)-cocoersive mapping from C into
H. Suppose that S, is a sequence of nonexpansive mappings from H
o0

into C such that (| Fiz(S,) N VI(C,A) N VI(C,0) N GMEP # {.
n=1

Let {a,} and {\,} two real sequences in (0,1), {r,} and {s,} be two
real sequences in (0,00) and 0 < A < 2a. Let {yn}, {un} and {z,} be
generated by x1 € C,

Yn = Po[(1 = A\p) (I — AA)zy],

Unp = T7§57<p) (yn - TnByn)a

Tnt1 = (1 — ap)zy + anSpPo(up — $,0uy,), (n>1).
Suppose that the following conditions are satisfied:

(1) 0< hrn mfan < limsupay, < 1,

n—o0

(2) lim )\n =0 and X;2 1\, = 00,

n—oo n=

(3) 0<a<r, <28, X2 |rny1 — | < 00,

(4) 0<s, < % o 1l8nt1 — sn| < 00,

(5) Z sup{||Sp+12 — Spz|| : @ € B} < 0o, for any bounded subset B

ofC'.

Then {xy,} converges strongly to an element w € m Fiz(S,)NVI(C, AN

n=1
VI(C,©0)NGMEP, where w= P 0.

() Fiz(Sn) NVI(C,A)NVI(C,0) N GMEP

n=1
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3.2. Maximal monotone operators. In this section, applying The-
orem 2.1, we prove a strong convergence theorem concerning maximal
monotone operator.

Let T be a set-valued maximal monotone operator. It is known that T
is a set-valued maximal monotone operator if and only if R(I+rT) = H
for all » > 0. Hence, for every r > 0 and x € H, there exists a unique
x, such that = € z, + rTx, (see [20]). We define the resolvent of T' by
JEx = x,, for all » > 0. In other words, JI = (I +rT)~! for all 7 > 0.
We now consider the problem of finding x € H such that 0 € T'(x).
Suppose that the set of solution to this problem is denoted by

A={zcH:0cT(x)} =T%0).

We know that A is a nonempty closed convex subset of H. Also, JI
is a single-valued nonexpansive mapping and Fiz(J!) = T~(0) for all
r > 0 (see [8] for more details).

We now give a lemma which will be used in the proof of the next
theorem.

Lemma 3.6. ([5]) Let C be a nonempty closed convexr subset of a real
Hilbert space H. Let T be a set-valued mazximal monotone operator such
that T1(0) # 0 and D(T) C C, and let {r,} be a sequence in (0, 00).
If inf{r, : n € N} > 0 and X5 |rp+1 — ma| < 00, then the following
assertions hold:

(1) Zsup{HJg;H:r - Jr:CLxH :x € B} < o0, for any bounded subset

n=1
B of C;

(2) If r = limry,, then J'z = lim J;:';ac, for oll x € C and
n—00 n—0o0

Fig(JF) = ﬁFix(Jg).

n=1

In the following theorem, we observe an iterative sequence to obtain
zeroes of a maximal monotone operator and the set of solutions of vari-
ational inequality of an a-inverse strongly monotone mapping.

Theorem 3.7. Let C' be a nonempty closed convexr subset of a real
Hilbert space H and T be a set-valued maximal monotone operator such
that T~1(0) # 0 and D(T) C C. Suppose A is an a-inverse strongly
monotone mapping from C into H such that T=1(0) N VI(C, A) # 0.
Let {an} and {\,} be two real sequences in (0,1), {rn} a real sequence
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in (0,00) and 0 < A < 2av. Set JT be the resolvent of T. Let {yn} and
{zn} be generated by x1 € C,

Yn = Po[(1 — M) (I — ANA)zy],
Tnt1 = (1 —ap)zy + anJg;yn, (n>1).

Suppose that the following conditions are satisfied:

(1) 0 < liminfa,, <limsupa, <1,

n—00 n—o0o
(2) lim A\, =0 and 352\, = 00,
n—o0

(3) inf{r, :n € N} > 0 and X7 |rnt+1 — | < 0.
Then {x,} converges strongly to an element w € T~1(0) N VI(C, A),
where w = PTfl(O)ﬂVI(C,A)O'

Proof. Jg; is a nonexpansive single-valued mapping and sz(Jf; ) =

oo
T71(0). From Lemma 3.6, we know that Zsup{HJg;Hx —Jra|| iz €
n=1
B} < oo, for any bounded subset B of C. Therefore, applying Theorem
2.1, the desired conclusion is obtained. O

In the sequel, we provide an algorithm to obtain the common element
of the set of zeroes of a maximal monotone operator, the set of solutions
of a variational inequality problem of an a-inverse strongly monotone
mapping, the set of solutions of a variational inequality problem of a p-
Lipschitzian, relaxed («, \)-cocoercive mapping and the set of solutions
of a generalized mixed equilibrium problem.

Theorem 3.8. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let F be a bifunction from C x C into R satisfying
(A1) — (A4) and ¢ : C — R a lower semicontinuous and convex function
with assumption (B1) or (Bz). Let A be an a-inverse strongly mono-
tone mapping, B a B-inverse strongly monotone mapping and © a pu-
Lipschitzian, relaxed (v, §)-cocoersive mapping from C into H. Assume
that T is a set-valued mazimal monotone operator such that T—(0) N
VI(C,A)NVI(C,0)NGMEP # 0. Let J' be the resolvent of T for
each r > 0. Suppose that {ca,} and {\,} are two real sequences in (0,1),
{rn} and {s,} are two real sequences in (0,00) such that r = nli_)rg(jm and

0 < A<2a. Let {yn}, {un} and {z,} be generated by x; € C,
Yn = Pol(1 = A\p) (I — AA)zy],
Up = Tr(:ﬁ’%) (yn - TnByn)v
Tpy1 = (1 — o)z + ! Po(un — 5,0uy,), (n>1).
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Suppose that the following conditions are satisfied:
(1) 0< hm 1nfan < lim supay, < 1,

n—oo

(2) nlLIEOAn—O and X;° 1 \p, = 00,
()0<a<rn§25, n1|rn+l_7'n‘<ooa
(4) 0 < s, < (5u;u > Yo i lsna1 — sn| < 0.

Then {x,} converges strongly to an element w € T~1(0) N VI(C, A) N
VI(C,0) NGMEP, where w = Pr—1)vi(c,anvicencmero-

Proof. We know that J! is nonexpansive and Fiz(J]) ﬂ Fiz(J, T )=

n=1

T-1(0). So, using Theorem 3.4, we are done. O

3.3. Strictly pseudocontractive mappings. A mapping S : C — C
is said to be k-strictly pseudocontractive if there exists a constant k €
[0,1) such that

1Sz — Sy|? < ||z — gl + K||(I = S)a — (I - S)y|?,

for all x,y € C. It is clear that every nonexpansive mapping is k-strictly
pseudocontractive with k = 0. Before starting the main theorem of this
section, we recall the following lemma.

Lemma 3.9. ([30]) Let C be a nonempty closed convex subset of a real
Hilbert space H, and let S : C — C be a k-strictly pseudocontractive
mapping with a fized point. Then Fix(S) is a closed conver subset.
Define Sy : C — H by Syx = Az + (1 — \)Sx, for each x € C. Then S
is a monexpansive mapping such that Fix(S)) = Fix(S), provided that
A€ [k, 1).

Theorem 3.10. Let C be a nonempty closed convexr subset of a real

Hilbert space H. Let A be an a-inverse strongly monotone mapping from

C into H and {S,} a sequence of ky,-strictly pseudocontractive mappings
o

from C into itself such that ﬂsz(Sn) NVI(C,A) # 0. Suppose that
n=1

{an} and {\,} are two real sequences in (0,1) and 0 < X\ < 2«a. Let

x1 € C and let {x,,} be the iterative sequence defined by

{ Yn = Pol(1 = A\p) (I — MNA)zy],
Tp+1 = (1 - Oén>37n + anThyn,
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for alln € N, where Thx = kpx + (1 — ky)Spx, for all x € C. Suppose
that the following conditions are satisfied:

1) 0< hm 1nf04n < limsupa, < 1,
n—oo
2

(

(2) nl;rgoA =0 and X021\, =

(3) EpZalknsr = knl < 0o,

(4) ZSUP{HSnHl” — Spz|| : x € B} < 0o, for any bounded subset B
of C.

Let S be a mapping from C into itself defined by Sz := nli_)rroloSna: for all

xz € C and suppose that Fix(S ﬂFm . Then {z,} converges

strongly to an element w € Fw:(S)ﬁVI(C A), where w = Priy(s)nvi(c,4)0-

Proof. Using Lemma 3.9, we obtain that 7, is a nonexpansive mapping
such that Fiz(S,) = Fixz(T,). Moreover, for any bounded subset B of
c,

sup{||Th+12 — Thx| : x € B}
sup{||kn+1z + (1 — kpt1)Sny12 — (knz + (1 — kpn)Spx)|| : @ € B}

< |knt1 — kn|sup{||z — Spz| : x € B}
+(1 — kpg1) sup{||Sn+1z — Spz| : © € B}
< Jkos1 — knl(sup{|lz] : = € B} +sup{||Suzl : = € BY)

+ sup{||Sn+1x — Spz|| : x € B}.
Hence, by conditions (3), (4) and Lemma 1.3, we get that

(o9}
Zsup{HTnH:c —Thx| : x € B} < o0.

n=1
Also, by Lemma 1.3, we can define T : C — C' by Tx = ILm Thx, for all
xeC.

Since {k,} is a bounded sequence, there exists a subsequence {ky,}
of {ky} such that ,lim kyn, = k. It follows that

Tr = limT,,x = limk,,x + (1 — ky,)Sp,x = kx + (1 — k)Sz,

1—00 i—00
for all x € C. Thus, by the previous lemma, T is a nonexpansive map-

ping such that Fiz(T) = Fiz(S). Now the result is an immediate con-
sequence of Theorem 2.1. O
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By considering Lemma 3.9 and using Corollary 3.5, we have the fol-
lowing theorem.

Theorem 3.11. Let C be a nonempty closed convexr subset of a real
Hilbert space H. Let F be a bifunction from C x C into R satisfying
(A1) — (A4) and ¢ : C — R a lower semicontinuous and convex function
with assumption (By) or (Bg2). Let A be an a-inverse strongly mono-
tone mapping, B a B-inverse strongly monotone mapping and © a p-
Lipschitzian, relazed (v, §)-cocoersive mapping from C into H. Assume
that {Sn} is a sequence of ky-strictly pseudocontractive mappings from
o0

C into itself such that [ | Fiz(S,)NVI(C,A)NVI(C,0)NGMEP # .
n=1

Let {an} and {\,} be two real sequences in (0,1), {rn} and {s,} two

real sequences in (0,00) and 0 < A < 2a. Let {yn}, {un} and {z,} be

generated by 1 € C,

Yn = Pol(1 = A\p) (I — ANA)zy,],

Up = TT(:—VM) (yn - rnByn)v
Tnt1 = (1 — ap)zy + anTh Po(u, — $,0uy,),

for all n € N, where Tpx = kpx + (1 — ky)Spx, © € C. Suppose that the
following conditions are satisfied:

(1) 0 < liminfoy, < limsupa, < 1,
n—00 n—o0o

(2) lim A, =0 and 72\, = oo,

n—oo
Yo i knt1 — knl| < o0,
0<a<r, <28, X0 |rpt1 — | < oo,

2(5—yp?
0<Sn§ (ugﬂ)7 ?:1’8n+1_5n‘<007

(3
(4
(5
(

)
)
)
)

6 Zsup{HSon — Spz|| : x € B} < 00, for any bounded subset B

n=1
of C.
Then {x,} converges strongly to an element w € m Fiz(S,)NVI(C, AN
n=1
VI(C,©0)NGMEP, where w= P « 0.

() Fiz(Sn) NVI(C,A) NVI(C,0)NGMEP
n=1

3.4. W-mappings. The concept of W-mappings was introduced in [19,
21]. It is now one of the main tools in studying convergence of iterative
methods to approach a common fixed point of nonlinear mapping; more
recent progresses can be found in [4, 26] and the references cited therein.
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Let {S,,} be a countable family of nonexpansive mappings S,, : H —
H and B4, B2, - - - be real numbers such that 0 < 3,, < 1 for every n € N.
We consider the mapping W,, defined by

Un,n+1 =1,

Un,n = /BnSnUn,nJrl + (]- - ﬁn)la
Un,n—l = ﬁn—lSn—lUn,n + (1 - /Bn—l)I’

(3.2) Unk = BeSikUn g1 + (1 — Bi)1,
Unji—1 = Br—1Sk—1Un i + (1 = Br—1)1,

Ung = 25Uy 3+ (1 — p2)1,
Wy :=Up1 = B151Un2+ (1 — 1)1

One can find the proof of the following lemma in [17].
Lemma 3.12. Let H be a real Hilbert space. Let {S,} be a sequence
oo
of nonexpansive mappings from H into itself such that m Fix(Sy) # 0.

n=1
Suppose that By, B2, -+ be real numbers such that 0 < B, < b < 1 for all
n € N. Then

(1) W, is nonexpansive and Fix(W,) = ﬂFix(Si), for all m € N;
i=1

(2) lim Uy g exists, for all x € H and k € N;
n—o0
(3) the mapping W : C' — C defined by Wz := lim Wyz = lim Uy 1,

for all x € C, is a nonexpansive mapping satisfying Fix(W) =

m Fix(Sy); and it is called W -mapping generated by Sy, Ss,- -+ , Sy
n=1
and 1617627 o 767%

Theorem 3.13. Let C' be a nonempty closed convexr subset of a real

Hilbert space H. Assume that A is an «a-inverse strongly monotone

mapping from C into H and {S,} a sequence of nonexpansive mappings
[e.e]

from C into itself such that m Fiz(S,) NVI(C,A) # 0. Let {oy,} and
n=1

{An} be two real sequences in (0,1) and 0 < A < 2. Also, suppose that

W, is the W-mapping from C' into itself generated by S1,S3,- - , S, and

B1, B2, , Bn such that 0 < B, < b < 1, for everyn € N. Let x1 € C
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and let {x,} be the iterative sequence defined by

Yn = Po[(1 = X)) (I — AA)zy],
Tn41 = (1 - an)xn + anWhyn, (n > 1)7

where the following conditions are satisfied:

(1) 0 < liminfe, < limsupa, <1,

n—00 n—oo
(2) nan;oAn =0 and X721\, = 0.

Then {x,} converges strongly to an element w € ﬂ Fiz(S,)NVI(C,A),

n=1
where w = P« 0.
() Fiz(Sn) N VI(C, A)

n=1

Proof. Since S; and U,,; are nonexpansive, by relation (3.2), we deduce
that for each n € N,

Wiz — Wazl| = [[8151Unt1,20 — B1.51Un 22|
< BillUns120 — Up x|
= B1|2S2Uns1,3¢ — B2S2U, 3|
< BiBel|Unt137 — Un sz
<
< BiBe e BullUngint12 — Uppgr]] < MH@A

i=1
where M > 0 is a constant such that sup{||[U,+1nt12 — Upnt12| : x €
B} < M, for any bounded subset B of C. Then

[e.e]

Zsup{HWnHJJ — Whz| 1z € B} < 0.

n=1
Now, by setting S, := W,, in Theorem 2.1 and using Lemma 3.12, we
obtain the result. g

4. Numerical examples

The purpose of this section is to illustrate Theorems 2.1 and 3.4 by
numerical examples.

Example 4.1. Let C = [-1,1] C H = R with an = $9==5, Ay = 15, and

A=1. Set A(x) = {5 and Sp(x) = 7. Then A is a 5-inverse strongly

n°
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monotone mapping and Sy, is a sequence of nonerpansive mappings. It
readily follows that the sequence {x,} generated by

Yn = Po[(1 = X)) (I — ANA)xy,] = g%aflxn,

— _ 8n-8 2n—1
Tni1 = (1 = n)Zn + anSnyn = 1gr=g%n + 15,2 =g, Y

with nitial value 1 = 1, converges strongly to an element (zero) of

Fix(S)NVI(C, A), where Fiz(S) = Ni2; Fiz(Sp) and 0 = Ppiy(s)nvi(c,a)0-

The next example shows that the conditions of Theorem 3.4 is better
than the conditions of the main theorem presented in [15].

Example 4.2. Let C = [~1,1] € H = R and define F(z,y) = —322 +

xy+2y%. Then, we have F(x,z) =0, F(x,y) + F(y,x) = —(x —y)?> <0

and lim+F(tz+(1—t):z,y) = —32%day+2y* < F(x,y) forallx,y,z € C.
t—0

Also, for all x € C, f(y) = F(x,y) = —32% + 2y + 2y* is a lower

semicontinuous and conver function.

From Lemma 3.1, TT(F’@) 1s single-valued. Now, we get TT(F’“D). For
anyy € Cyr >0 and ¢ =0, we have

1
r
Set G(y) = 2ry> + ((r+ 1)z — )y + 2z — (3r + 1)22. Then G(y) is a

quadratic function of y with coefficients a = 2r,;b = (r + 1)z — z and
c=xz— (3r+1)22. So

F(z,9)+~-(y—2z,2—x) >0 2ry® +((r+1)z—z)y+zz—(3r+1)22 > 0.

A = [(r4+1)z—z)* —8r(zz— (3r+1)z%)
= (r+ 1222 = 2(r + )az + 22 — Sroz + (24r2 + 8r) 22
= ((5r+ 1)z—:n)2.

Since G(y) > 0, for ally € C, if and only if A < 0. Therefore, [(5r +
1)z —z]*> < 0. It implies that z = %5 and hence 759 (z) = 555-

Let A(x) = 0 and B(x) = O(z) = S(x) = {5. Then A is an a-
inwerse strongly monotone mapping, B is a 5-inverse strongly monotone
mapping, © is a %—Lz’pschitzz’an, relaxed (1, %)—cocoersive mapping and
S is a nonexpansive mapping. Assume that oy, = %, Ap = %,rn =
8 und s, = %. It is clear that all the assumptions of Theorem 8.4 are
satisfied. Setting x1 = 1 and using the algorithm in Theorem 3.4, we
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obtain the following sequences:

Yn = Pol(1 =M\ (I — ANA)z,] = 199,

10n
. (Fyp) _ _9n-8
Up = Tr, (yn - TnByn) = Gon+400In>
= (1 — SP _ [e) _ 8n—8 2n—1
Tpyr = (1 = an)zn + anSPo(un — $,0Un) = {5o=6Tn + 555 Un-

Then {x,} converges strongly to 0 € Fiz(S)NVI(C,0) N GMEP,
where 0 = Priy(s)nvic,e)namep.
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