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ABSTRACT. In this paper, existence of an LP-solution for 2DIEs
(Two Dimensional Integral Equations) of the Hammerstein type
is discussed. The main tools in this discussion are Schaefer’s and
Schauder’s fixed point theorems with a general version of Gron-
wall’s inequality.
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1. Introduction

Most of the integral and integro—differential equations arise from math-
ematical modeling of scientific problems such as fluid and solid mechanics
(for example in modeling piezoelectric materials and utilizing of these
materials in nano-tubes), electrical engineering (specially optimal con-
trol), mathematical physics, biology, etc. [1, 4, 10, 13].

As we know, much works have been done on analyzing existence and
uniqueness of solution and developing numerical algorithms for solving
one dimensional nonlinear integral equations [2, 6, 7, 12]. But in two
dimensional nonlinear cases a few studies have been done [3, 5, 11, 16].
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In the present work, we study existence of an LP-solution for the
2DIEs of the Hammerstein type of the form

d rb
(1.1) u(z,t) = f(z,t) —|—)\// k(x,t,y, 2)o(y, z,u(y, z))dydz,

where f and k are given real valued functions, ¢ is a nonlinear function
in terms of the unknown function wu(z,t), and X is a real or complex
constant.

The fixed point theorems in Banach spaces are powerful tools to prove
existence and uniqueness of solution for integral and integro-differential
equations. Most of these theorems are based on compactness of oper-
ators on a suitable Banach space. In this study, we use Schaefer’s and
Schauder’s fixed point theorems to prove existence of an LP-solution of
Eq. (1.1). Since we will not use the function ¢ satisfying the Lipschitz
condition, we claim that our result generalizes literature concerning this
equation.

We recall the following well known definitions and theorems from
8,9, 14, 15, 17] which will be used throughout this paper, where =
IxJ, I=]ab] and J = [c,d] are intervals in R.

Definition 1.1. [9] The superposition operator Ny associated to ¢ : 2 x
R — R assigns to each function u : Q — R, the function Ngu : Q — R,
defined by

(1.2) Nyu(z,t) = ¢(z,t, u(z,t)).

Definition 1.2. [17] Let p,q > 1. A function ¢ : Q@ x R™ — R" is
(p, q)-Carathéodory if the following conditions hold:

(i) If 1 < p < oo, then |p(z, y)| < C]y|§ + Y(x) for a.e. x€ Q, all
y € R™ and some ¢ € LI(Q)), C € RT;

(ii) If p = oo, then for every I > 0 there is a ¢y € L1(Q) with
|p(x, y)| < Y(x) for a.e. x € Q and all y € R™ with |y| < 1.

Theorem 1.3. [15, 17] Let p > 1 be a real number and let ¢ > 1 be the
conjugate of p (I% —i—é =1). Assume that ¢ : @ x R — R is a (p,q)-
Carathéodory function such that u € LP(Q) implies that ¢(x,t,u(x,t)) €
L%(Q). Then, the superposition operator G : LP(Q2) — L9(Q) defined
by Gu(x,t) = ¢(x,t,u(z,t)) is continuous and bounded. In particular,
there exist a constant C > 0 and i € L1(Q) such that

(1.3)  p(x,t,u(z, )| < Clule, )P~ +4(x,t), Vo eI, teJ.
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Theorem 1.4. (Arzéla-Ascoli) [14] Let X be a compact space and B C
C(X). Then B is compact if and only if B is uniformly bounded and
equicontinuous.

Theorem 1.5. (Schaefer’s fixed point theorem) [14] Let T' be a contin-
uous and compact operator of a Banach space X into itself such that the
set

{ue X :u=ATu for some 0 <\ <1},
is bounded. Then T has a fixed point.
Theorem 1.6. (Schauder’s fixed point theorem) [14] Let K be a closed

convex subset of a Banach space X and T : K — K a compact, contin-
uous operator. Then T has a fized point in K.

Theorem 1.7. (General version of Gronwall’s inequality) [8] Suppose
that ¢ is a positive and measurable function over I x J and p € L' (1)

with p(x,t) >0, Ve eI, t € J and fcdf; p(x,t)p(x,t)dzdt < +o0. If for
some A we have

d rb
oz, t) < A+ // plz, t)p(x, t)dadt, Vo € I, t € J,

then
o(x,t) < Aexp (||pllh), Ve € I, t € J.

2. Existence of an LP-solution

We will use the following notations throughout this section:
For every f € LP(Q) define

1
d rb P
T (/ rﬂawmmw),fw1<p<m,

||f||p = €388 SUP ’f(xat”a fO?" b = 0.
xzel,
teJ

Similarly, for every k € LP(X) where X = Q x 2, define

d b pd b :
= ([ [ ][ oty pasaraaz) " gor <<

|Ellp = ess sup [k(z,t,y,2)|, for p=oc.
z,y€el,

t,zeJ
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Theorem 2.1. Let 1 < p,q < oo and let q be the conjugate of p. Suppose
that the operator T : LP(Q2) — R is defined by

d rb
(2.1) Tu(x,t) = f(x,t) —i—)\// k(x,t,y, 2)o(y, z,u(y, z))dydz,

and f € LP(Q) and there exists a positive constant C' and a function

Y € L1(Q) such that
|p(2,t,u(x,t))| < Clu(z, )P~ +(x,t), Ve eI, t € J,

holds. In addition, suppose that k € LP(X), where X = Q x Q. Then
for every uw € LP(Q?), Tu € LP(Q2) and T is a compact operator.

Proof. In order to show that T' is a compact operator on LP(Q), we
rewrite T' as T' = T’y + T}, where

Tru(x,t) = f(x,t),

and

d rb
(2.2) Tru(z, t) = )\// k(z,t,y,2)o(y, z,u(y, z))dydz,

are defined on LP(§2). It is clear that Ty : LP(Q2) — LP(R2) is a rank
one operator and so is a compact operator on LP(€). Thus it suffices to
prove that Ty : LP(Q2) — LP(Q) is a compact operator. First, we show
that for each u € LP(Q), we have Tpu € LP(Q).

Let u € LP(Q)). Then we have

p

d rb
| Teuls = HA [ [kt 21000, 2t 2y
C a p

(2.3) <Al /Cd/ab </Cd/ab |k:(:v,t,y,z)qS(y,z,u(y,z))|dydz>pdxdt.
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By using the Holder’s inequality and the assumptions of the theorem,
we rewrite (2.3) as

d rb d rb
Tl <N [ ( [ rm,t,y,z)wdydz)

d rb
X(/ \¢(y,z,U(y,Z))\qdde> dadt

Q3

d b L
< Ik ( [ [ty + W,t»mydz)
< IEIE (1C1aP™ + o)
< KL (g + 11l,)”

— NIRIE (Clalz + 11ll,)?

Consequently, we have
1 _
I Teully < NP Ikl (Cllullp™ + 1¢llq) -

By the assumptions of the theorem, we have Tpu € LP(Q).
To prove the compactness of the operator T}, we consider the following

cases:
Case 1: Let k € C(X). Let z,z9 € I, t,tp € J and let u € LP(Q2) be
arbitrary. Then, we have

d rb
Tou(e, t) — Teu(zo, to)] < | / / k(@ 8,9, 2) — k(z0, t0, 4, 2)]

x(Clu(y, )P~ + (y, 2))dydz
S |A| Squ |]€($, tvya Z) - k(x()ut())y’ Z)|
yel,

zedJ

(2.4) x[(d = ¢)(b—a)]7 (Cllulp™ + [1lg)-

Since X is compact, k is uniformly continuous on X, thus the inequality
in (2.4) implies that Tpu € C(§2). Hence T} is an operator from LP(£2)
into C(Q).

Suppose that S = {up}nen is a bounded subset of LP(Q) (i.e., there
exists a positive constant M such that ||u,||, < M for each n € N).
We show that T}, is uniformly bounded operator on C(f2). Let u, € S.
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Then

d b
[ Trun (o, )] < |A| // |k(z,t,y, 2)| (Clun(y, 2)[P + (y, z)) dydz

(Cllunlp™" =+ l19llq)

=

< ‘)“638 sup |k($,t,y, Z)[(d - C)(b - CL)]
e
1 —
< lEllss[(d =€) (b — )] (CMP™ + [[%]]g),
VvneN, zel, teld

To prove the compactness of Ty, it suffices to show {Tx(uy,) : un € S} is
equicontinuous. Indeed, for every x,xo,y € I and t,tg,z € J by using
the Holder’s inequality we have

|Tkun(x7t) - Tkun(x(%tO)’ < |)“ SU? ’k(ﬂ?,t,y, Z) - k(mo’tmya Z)|
yel,

zeJ

x[(d = ¢)(b— a)]? (CMP™ + ).

This implies that T} is equicontinuous on 2, since k is uniformly contin-
uous on X. By the Arzéla-Ascoli theorem (Theorem 1.4), T}, is compact
on C(€). Therefore T} is compact on LP(2), since C(Q2) is dense in
LP(Q).

Case 2: Suppose that k& € LP(X). Then there exists a sequence
{kn}nen of continuous kernels such that ||k, — k[, — 0 as n — oo.
Suppose that S is a bounded subset of LP(2) in previous case. Since
k1(z,t,y, z) is a continuous function on X, by using the result of case 1,
T}, is a compact operator. Thus there exists a subsequence {u,(ll)}neN
of {u,} such that {T}, (u%l))} is convergent. Similarly, there exists a
subsequence {ug)}neN of {ug)} such that {T%, (ug))}neN is convergent.
Generally, for each m € N there exists a subsequence {u%m)}neN of
{uglm_l)}neN such that {7} (ugm))} is convergent. Considering the di-

m

agonal subsequence {uﬁf‘)}neN, we show that {7 k(u%n))} is a Cauchy
sequence on LP(Q). For every m,n,l € N, we have
m l m m
1T (u?) = Tl < 1 7(uf?) = Th, ()l
m l
T, () = T, ()
! l
(2.5) 1T, (") = Tl
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Since {7}, (ul(l))} is convergent, for € > 0, there exists N; € N such that

(2.6) T, (ul)) = T, ()], < % Y m,l > Ny

Also, we have
27) |1 Ta(u?) = T, (wi)[15 < [M[[lk = Enl[5CMP 4 [[]]q)"-

Since ||ky, — k||, = 0 as n — oo, for € > 0, there exists Ny € N such that
€

(2.8) 1T (ulg?) = T, (wi)lp < 3 V2 Na.

By (2.5)-(2.8), we have

l
1(ulf?) = T < e
Hence, {T}, (u%n))} is a Cauchy sequence on LP(£2) and so it is convergent.
Thus T} is a compact operator on LP(£2). O

Theorem 2.2. Consider the 2DIE (1.1). Suppose that 1 < p < 2 and
q > 1 is the conjugate of p, and k € LP(X), f € LP(Q) and ¢ is a
(p, q)-Carathéodory function. Then

(i) If 1 < p < 2, then Eq. (1.1) has an LP-solution.
(ii) If p =2 and the following conditions hold for the kernel k:
(a) C’|)\|%Hk\|2 < 1 where C is the constant given in Theorem
1.3;
(b) k(z,t,y,2z) =0, Yy >z, V2>t and

k2, t,y, 2)] < [ka(,t)][ka(y, 2)];

where ki is bounded and measurable on Q2 and ko € LP(Q2),
then Eq. (1.1) has an L?-solution.

Proof. Since ¢ is a (p, q)-Carathéodory function, it satisfies Theorem
1.3. Thus by Theorem 2.1 the operator 7" in (2.1) is compact on LP ().
To prove existence of an LP-solution of Eq. (1.1), we use the Schaefer’s
fixed point theorem (Theorem 1.5). First, we show that 7" is continuous.
Let u € LP(Q2) and let {uy}nen be a sequence in LP(2) that converges
to u. Also, let G be the superposition operator defined in (1.2). Then
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by using the Holder’s inequality, we obtain

d rb d rb
HTun—Tunggm// (// |k(x,t,y, 2)|

X|Gup (y, 2) — Gu(y, 2)) |dydz) " dzdt
(2.9) < MEIPNG (un) = G(u)][5-

Since G is continuous, inequality (2.9) implies that T is continuous.

To prove the existence results, it suffices to show the set F = {u €
LP(Q) : u = ATu for some 0 < A < 1} is a bounded set. Let u € F.
Then by reusing (1.3) and the Holder’s inequality, we have

1 _
(220) [lull, = MITull, < [ Tullp < [1£llp + Mz IELCllully™ + 1#1l,),

or equivalently,
1 1
lalB= (lullz ™ = AP CllElR) < £l + AP 111l

Since 1 < p < 2, p—1 and 2 — p are nonnegative constants, then
there exists a positive constant M such that |lul|, < M and so F is a
bounded set. By using the Schaefer’s fixed point theorem, we conclude
that the operator T" has a fixed point in LP(£2). Hence Eq. (1.1) has an
LP-solution.

Let p =2 and u € F and the condition (a) holds. Then from (2.10),
we have

1
[ulla < [[Tulla < [[fll2 + [AZ[E[2(Cllull2 + [1¥]l2),

or equivalently,

1
[1fll2 + [A[2[[El2[[4]l2
1
L= CAl2 |l

lullz <

which implies |Jul|2 < M, since C|)\|%H/<;H2 < 1. Hence F is bounded. It
is evident again from the Schaefer’s fixed point theorem that Eq. (1.1)
has an L?-solution.
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Now, suppose that the condition (b) holds. Then
t rx
)] < 1701+ N [ [ bt 20002 0, 2) dyds

<1 lloe + 1A / / k(2. D)l k2 (9, 2) (Clu(y, 2)] + 9y, 2))dydz
< 1 Fllso + R oo Rl

IOkl / / ks (9, 2)lu(y, )| dydz

<A+// p(y, 2)|u(y, z)|dydz,

where A = || flloo+[All[F1l[ ol B2[l2][4[l2 and p(y, 2) = CA[|k1lec|k2(y; 2)]
€ L%(Q). Since L%(Q) c LY(Q), by Gronwall’s inequality we conclude

[ulla < V/(d = ¢)(b — a)Aexp(||pll1)

Then the Schaefer’s fixed point theorem implies that Eq. (1.1) has an
L?-solution. O

Theorem 2.3. Let p,q > 1 and let q be the conjugate of p. Suppose
that f € LP(Q?) and k € LP(X) and there exist a positive constant C’
and ¢ € LP(Q) such that

6y, 2, uly, 2))| < C'uly, z)| + ¢(y, 2) for ae.y €1, 2 € J.

Suppose that there exists a weight function w on Q (i.e., w is nonnega-
tive, measurable and a bounded function on 1) such that the function

J8 ket g, 2)|2(w(y, ) 7 dydz) e, p> 1,

@(l’,t) = sup ’k<m7t7y7z)’ _ 1’
y€{f w(y7z)
zE

belongs to LP(Q,dw). If |A\C'®|pw < 1, then Eq. (1.1) has an LP-
solution.

Proof. The weighted space LP(£,dw) is the space of real functions pro-
duced by the norm

pw = (/cd/ab |f(ac,t)|pw(:n,t)dmdt>;

/1
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It is easy to show that the norms || ||, and ||- ||, . are equivalent. Hence,
a bounded set of LP(2, dw) is also bounded on LP(2). Consider the ball

Sa = {f € LP(Q, dw) : || fllpw <

in LP(Q, dw). Since the operator T}, given by (2.2) is compact on LP(f2)
and S, is a bounded subset of LP(2), T(S,) is relatively compact on
LP(Q) C LP(Q, dw).

Let u € Sy. Then

k‘ t
|Tkuupw_w// (2,1) //' by, 2

x(w(y, z>>ﬁr¢<y,z7u<y,z>>rdydz) drdt

<o [ f e () lk(watvw)\q(w(y,z))?dydz)Z

x(/cd/abw(y, 2)|o(y, z, u(y, z))|pdydz) dxdt

<o [ [ e ([ lk(%@yw)iq(w(y,z))dedzf

// w(y, 2)(C’|ul(y, 2 )|+w(y,z))f’dydz)dxdt

< NICu+ 9, / / (e, 1)
C a
b

d _ a
([ et oty ) F ) aoar
cJa
211) < A Cullpw + ¥l 11215
Since Tu = f + Tpu and |ju||pw < o, (2.11) implies
I Tullpr < £ llpo + AN lpo | Rllpe + INC ol 2]l -

Thus, if [[AC'®||pw < 1, then there exists € > 0 such that for each o > ¢,

we have
o> |fllpw + \/\H\zlep,wH@!p,w’
1= [AC"[®]lpw
and so T'(Sy) € S,. Therefore T' maps the closed convex subset S, into
itself. Since T'(S,) is compact, by the Schauder’s fixed point theorem

(Theorem 1.6) T has a fixed point. This completes the proof. O
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3. Conclusion

In this paper, we proved a major existence theorem for 2DIEs which is
important in the numerical solution of these types of equations. It may
be extended to the higher dimensional integral equations by authors as
a future work.
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