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Abstract. In this paper, we obtain the dimensions of symmetry
classes of polynomials associated with the irreducible characters of
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1. Introduction and preliminaries

One of the most classical areas of algebra, the theory of symmetric
polynomials has been known to be connected to combinatorics, repre-
sentation theory, and other fields of mathematics. For a review of the
theory of symmetric polynomials, one can see the book of Macdonald
[10]. The relative symmetric polynomials as a generalization of symmet-
ric polynomials are introduced in [12] by M. Shahryari. In [15, 16], the
authors studied the space of relative symmetric polynomials (symmetry
class of polynomials) with respect to the irreducible characters of the
cyclic and dicyclic groups. In this paper we study the symmetry class
of polynomials with respect to an irreducible character of the dihedral
group as a subgroup of the full symmetric group. We first give a review
of this notion (for more details, see [12]).
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Let Hd[x1, . . . , xn] be the complex space of homogeneous polynomials
of degree d with the independent commuting variables x1, . . . , xn. Let
Γ+
n,d be the set of all sequences α = (α1, . . . , αn) of non-negative integers

such that
∑n

i=1 αi = d. For any α ∈ Γ+
n,d, let Xα be the monomial

xα1
1 xα2

2 . . . xαn
n . Then the set {Xα| α ∈ Γ+

n,d} is a basis for Hd[x1, . . . , xn].

An inner product on Hd[x1, . . . , xn] is defined by

⟨Xα, Xβ⟩ = δα,β.

Let G be a subgroup of the symmetric group Sn and suppose χ is an irre-
ducible complex character of G. Define the action of G on Hd[x1, . . . , xn]
by

qσ(x1, . . . , xn) = q(xσ−1(1), . . . , xσ−1(n)).

So we can consider σ as an operator on Hd[x1, . . . , xn]. Define

T (G,χ) =
χ(1)

|G|
∑
σ∈G

χ(σ)σ.

It is easy to see that T (G,χ) is an idempotent element in the group
algebra CG. By the orthogonality relations of characters, the set

{T (G,χ)| χ ∈ Irr(G)}
is a complete set of orthogonal idempotents, where Irr(G) is the set of
irreducible complex characters of G.
The symmetry class of polynomials of degree d with respect to G and
χ is the image of Hd[x1, . . . , xn] under the operator T (G,χ) and is de-
noted by Hd(G,χ). So, we have the following orthogonal direct sum
decomposition

Hd[x1, . . . , xn] =
⊕

χ∈Irr(G)

Hd(G,χ).

For any q ∈ Hd[x1, . . . , xn],

q∗ = T (G,χ)(q)

is called a symmetrized polynomial with respect to G and χ. In particular,
if α ∈ Γ+

n,d, we denote symmetrized monomial (Xα)∗ by Xα,∗. Clearly

Hd(G,χ) = ⟨Xα,∗|α ∈ Γ+
n,d⟩.

Also, we define the action of G on Γ+
n,d by

ασ = (ασ(1), . . . , ασ(n)),
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where α = (α1, . . . , αn) ∈ Γ+
n,d and σ ∈ G. Let O(α) = {ασ|σ ∈ G}

be the orbit of α and let Gα be the stabilizer subgroup of α under the
action of G, i.e., Gα = {σ ∈ G|ασ = α}. For any α, β ∈ Γ+

n,d, we have

(see [12, Proposition 2.4])

⟨Xα,∗, Xβ,∗⟩ =


0 if O(α) ̸= O(β),

χ(1)
|G|
∑

σ∈Gβ
χ(τ−1σ) if α = βτ for some τ ∈ G.

(1.1)

In particular

∥Xα,∗∥2 = χ(1)
[χ, 1]Gα

|G : Gα|
,

where [ , ]G is the inner product of characters. Hence Xα,∗ ̸= 0 if and
only if [χ, 1]Gα ̸= 0. Let ∆ be a set of representatives of orbits of Γ+

n,d

under the action of G and define

∆̄ = {α ∈ ∆| [χ, 1]Gα ̸= 0}.

For α ∈ ∆̄, let Hα,∗
d = ⟨Xασ,∗|σ ∈ G⟩. It follows that

Hd(G,χ) =
⊕
α∈∆̄

Hα,∗
d(1.2)

is an orthogonal direct sum. Also we have [12]

dim Hα,∗
d = χ(1)[χ, 1]Gα .(1.3)

If α = γg and β = γg′, then βg′−1g = α, and so if we let τ = g′−1g and
use (1.1), the equality

⟨Xα,∗, Xβ,∗⟩ = χ(1)
|G|
∑

σ∈g−1Gγg
′ χ(σ)(1.4)

is derived.

Let σ ∈ G be any element with the cyclic structure [a1, . . . , am], (i.e.,
σ is equal to a product of m disjoint cycles of lengths a1, . . . , am, respec-
tively). Let Q(d, σ) be the number of non-negative integer solutions of
the equation

a1t1 + a2t2 + · · ·+ amtm = d.
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For a compact formula of Q(d, σ), see [13].
By [12, Proposition 2.10], we have

dimHd(G,χ) =
χ(1)

|G|
∑
σ∈G

χ(σ)Q(d, σ).(1.5)

Recall that the number of non-negative integer solutions of the equation
t1 + · · ·+ tm = d is (see [1])(

d+m− 1
m− 1

)
=

(d+m− 1)!

(m− 1)! d!
.

An orthogonal basis of Hd(G,χ) of the form {Xα,∗|α ∈ S}, where S
is a subset of Γ+

n,d, is called an o-basis of Hd(G,χ). If χ is linear, then

the set {Xα,∗|α ∈ ∆̄} is an o-basis of Hd(G,χ). Otherwise, the existence
of an o-basis for Hd(G,χ) is not guaranteed. The existence of o-basis
for symmetry classes of tensors has been studied in several articles (see
e.g., [2, 3, 4, 5, 6, 14]).

In this paper we obtain the dimension of Hd(G,χ), when G is the
dihedral group. Then a necessary and sufficient condition for existence
of an o-basis of Hd(G,χ) is given. A similar result has been obtained
for symmetry classes of tensors in [7, 11].

2. The Dimensions

The subgroup D2n of Sn(n ≥ 3) generated by the elements

σ = (1 2 · · · n) and τ =

(
1 2 3 ··· n−1 n

1 n n−1 ··· 3 2

)
is the dihedral group of degree n. The generators σ and τ satisfy

σn = 1 = τ2 and τ−1στ = σ−1

(see [8], p. 50). In particular,

D2n = {σk, τσk| 0 ≤ k < n}.

For each integer h with 0 < h < n/2, D2n has an irreducible character
χh of degree 2 given by

χh(σ
k) = 2 cos

2khπ

n
, χh(σ

kτ) = 0, 0 ≤ k < n.
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The other characters ofD2n are of degree 1, namely ψj . For the character
table of D2n, we refer the reader to [9, p. 182].

In this section, we obtain the dimensions of the symmetry classes of
polynomials associated with the irreducible characters of the dihedral
group. For any positive integer d, define the multiplicative function
fd : N → N by

fd(k) =

{
1 if k divides d,

0 otherwise.

The above function will be used in the following theorems.

Theorem 2.1. Let G = D2n(n ≥ 3). If n is even, then we have

(a)

dimHd(G,ψ1) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n + (n, k)− 1
(n, k)− 1

)
fd(

n

(n, k)
)

+
n

2
Q(d, τ) +

n

2

(
d
2
+n

2
−1

n
2
−1

)
fd(2)

)
,

(b)

dimHd(G,ψ2) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)

− n

2
Q(d, τ)− n

2

(
d
2
+n

2
−1

n
2
−1

)
fd(2)

)
,

(c)

dimHd(G,ψ3) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)

+
n

2
Q(d, τ)− n

2

(
d
2
+n

2
−1

n
2
−1

)
fd(2)

)
,

(d)

dimHd(G,ψ4) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)

− n

2
Q(d, τ) +

n

2

(
d
2
+n

2
−1

n
2
−1

)
fd(2)

)
,



Symmetry classes of polynomials 868

(e)

dimHd(G,χh) =
2

n

(
n−1∑
k=0

cos
2khπ

n

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)

)
,

where [u] is the integer part of u, (n, k) denotes the greatest common
divisor of n and k, and

Q(d, τ) =



(
d
2
+n

2
−1

n
2
−1

)
+ 2

(
d
2
+n

2
−1

n
2

)
if d is even,

2

(
[ d
2
]+n

2

n
2

)
if d is odd.

Proof. If π is a cycle of length a and (k, a) = d, then πk has d cycles
of length a/d and therefore c(πk) = d = (k, a), where c(π) denotes the
number of cycles, including cycles of length one, in the disjoint cycle
factorization of σ. So we have

(i) c(1) = n and then Q(d, 1) is the number of non-negative integer
solutions of the equation t1 + · · · + tn = d and it is equal to(

d+n−1

n−1

)
,

(ii) c(σ
n
2 ) = n/2 and the length of each cycle is 2, thus

Q(d, σ
n
2 ) =

(
d
2
+n

2
−1

n
2
−1

)
fd(2),

(iii) c(σk) = (n, k) and the length of each cycle is n/(n, k), so

Q(d, σk) =

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
), 1 ≤ k ≤ n

2
− 1.

(iv) Considering the cycle structure of στ given as

στ = (1 2)(2 n− 1) · · · (
n

2

n+ 2

2
),

we have c(στ) = n/2 and the length of each cycle is 2, thus
Q(d, στ) is the number of non-negative integer solutions of the
equation

2t1 + · · · + 2tn
2
= d
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and it is equal to

(
d
2
+n

2
−1

n
2
−1

)
fd(2).

(v) Considering the cycle structure of τ given as

τ = (1)(2 n)(3 n− 1) · · · (
n

2

n+ 4

2
)(
n+ 2

2
),

we have c(τ) = (n + 2)/2, τ has two cycles of length 1 and
(n − 2)/2 cycles of length 2. In this case Q(d, τ) is the number
of non-negative integer solutions of the equation

t1 + t2 + 2t3 + · · · + 2tn
2
+ 2tn

2
+1 = d.(2.1)

For solving (2.1), we can give the possible values of t1, t2 and
rewrite (2.1) of the form

t3 + · · · + tn
2
+ tn

2
+1 =

d− t1 − t2
2

.

Therefore,

Q(d, τ) =
d∑

t1=0

d−t1∑
t2=0

(
d−t1−t2

2
+n

2
−2

n
2
−2

)
fd−t1−t2(2).

Now, if we set k = (d − t1 − t2)/2, then by using the following
equality

n−m∑
j=0

(
m+j

m

)
=

(
n+1

m+1

)
,(2.2)
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we get

Q(d, τ) =

d∑
t1=0

[
d−t1

2
]∑

k=0

(
k+n

2
−2

n
2
−2

)

=

d∑
t1=0

(
[
d−t1

2
]+n

2
−1

n
2
−1

)

=



(
d
2
+n

2
−1

n
2
−1

)
+ 2

∑ d
2
−1

j=0

(
j+n

2
−1

n
2
−1

)
if d is even,

2
∑[ d

2
]

j=0

(
j+n

2
−1

n
2
−1

)
if d is odd,

=



(
d
2
+n

2
−1

n
2
−1

)
+ 2

(
d
2
+n

2
−1

n
2

)
if d is even,

2

(
[ d
2
]+n

2

n
2

)
if d is odd.

Now by using the character table of D2n, the proof is completed by
(1.5). □

Theorem 2.2. Let G = D2n(n ≥ 3). If n is odd, then we have

(a)

dimHd(G,ψ1) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
) + n

(
[ d
2
]+n−1

2

n−1
2

))
,

(b)

dimHd(G,ψ2) =
1

2n

(
n−1∑
k=0

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)− n

(
[ d
2
]+n−1

2

n−1
2

))
,

(c)

dimHd(G,χh) =
2

n

(
n−1∑
k=0

cos
2khπ

n

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
)

)
.
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Proof. If n is odd, we have

τ = (1)(2 n)(3 n− 1) · · · (
n+ 1

2

n+ 3

2
),

thus c(τ) = (n+ 1)/2, τ has one cycle of length 1 and (n− 1)/2 cycles
of length 2. In this case Q(d, τ) is the number of non-negative integer
solutions of the equation

t1 + 2t2 + · · · + 2tn−1
2

+ 2tn+1
2

= d.(2.3)

Then, we can give the possible values of t1 and rewrite (2.3) of the form

2t2 + · · · + 2tn−1
2

+ 2tn+1
2

= d− t1.

Therefore,

Q(d, τ) =

d∑
t1=0

(
d−t1

2
+n−3

2

n−3
2

)
fd−t1(2).

Now, if we set k = (d− t1)/2, then by using (2.2) we have

Q(d, τ) =

[ d
2
]∑

k=0

(
k+n−3

2

n−3
2

)
=

(
[ d
2
]+n−1

2

n−1
2

)
.

Similar to the proof of Theorem 2.1, we have

Q(d, 1) =

(
d+n−1

n−1

)
,

Q(d, σk) =

(
d(n,k)

n
+(n,k)−1

(n,k)−1

)
fd(

n

(n, k)
), 1 ≤ k ≤ n− 1

2
.

Then by using the character table of D2n, the proof is completed by
(1.5). □

3. Orthogonal Basis

Now, we consider G = D2n(n ≥ 3) and give a necessary and sufficient
condition for existence of an o-basis for Hd(G,χ).
For any linear character χ, Hd(G,χ) has an o-basis. Thus we investigate
the problem for the irreducible characters of degree 2 of G = D2n, i.e.,
χ = χh, 0 < h < n/2.

For a given prime number p, the p-adic valuation of a number n is
the highest exponent ν such that pν divides n; it is denoted by νp(n).
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Lemma 3.1. Let G = D2n(n ≥ 3), and let χ = χh(0 < h < n
2 ). Then

for γ ∈ ∆̄, we have Gγ = ⟨σk⟩ or ⟨σk⟩ < Gγ, for some 0 ≤ k < n. In

both cases Gγ ∩ ⟨σ⟩ = ⟨σk⟩, where kh ≡ 0 mod n.

Proof. See [11, Lemma 3 ]. □
Lemma 3.2. Let 0 < h < n

2 . Then there exist t, t′, 0 ≤ t, t′ < n such

that cos
(2(t−t′)hπ

n

)
= 0 if and only if ν2(

2h
n ) < 0, where ν2 is the 2-adic

valuation.

Proof. It is straightforward. □
Lemma 3.3. Suppose G = D2n(n ≥ 3), and χ = χh(0 < h < n

2 ). Let

γ ∈ ∆̄ and suppose that Gγ is defined as Gγ = ⟨σk⟩, where kh ≡ 0

mod n. If ν2(
2h
n ) < 0, then the subspace Hα,∗

d has an o-basis.

Proof. The proof is similar to the case 1 of the part “only if” of the
proof of [11, Theorem 1]. □
Lemma 3.4. Let G = D2n(n ≥ 3), and let χ = χh(0 < h < n

2 ). Let

γ ∈ ∆̄ be such that ⟨σk⟩ < Gγ and Gγ ∩ ⟨σ⟩ = ⟨σk⟩, where kh ≡ 0

mod n. If ν2(
h
n) < 0, then the subspace Hα,∗

d has an o-basis.

Proof. The proof is similar to the case 2 of the part “only if” of the
proof of [11, Theorem 1]. □
Theorem 3.5. If G = D2n(n ≥ 2) and χ = χh(0 < h < n

2 ), then

Hd(G,χ) has an o-basis if and only if ν2(
2h
n ) < 0.

Proof. Assume that Hd(G,χ) has an orthogonal o-basis. Then by (1.2)
for any γ ∈ ∆̄, the subspace Hγ,∗

d has an o-basis, in particular for γ =
(0, 0, . . . , 0, d). In this case τ ∈ Gγ , and Gγ ∩Cn = {1}, where Cn is the
cyclic subgroup of G generated by σ. Moreover Gγ = {1, τ}, because if

τσk ∈ Gγ with 0 ≤ k < n, then σk = ττσk ∈ Gγ ∩ Cn, which implies
k = 0. Then [χ, 1]Gγ = 1, so γ ∈ ∆̄. For all g, g′ ∈ G, we have

g−1Gγg
′

=


{σs−r, τσs+r} if g = σr, g′ = σs,

{τσs+r, σs−r} if g = σrτ, g′ = σs,

{σs−r, τσs+r} if g = σrτ, g′ = σsτ .

Therefore, by (1.4) we have

⟨Xγg,∗, Xγg′,∗⟩ =


2
n cos 2(s−r)hπ

n if g = σr, g′ = σs,
2
n cos 2(s−r)hπ

n if g = σrτ, g′ = σs,
2
n cos 2(s−r)hπ

n if g = σrτ, g′ = σsτ .

(3.1)
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Using (1.3), we have dimHγ,∗
d = 2. Since Hγ,∗

d has an o-basis, by (3.1),

there exist t, t′, 0 ≤ t, t′ < 2n such that cos
(2(t−t′)hπ

n

)
= 0. Therefore,

Lemma 3.2 implies that ν2(2h/n) < 0.
Conversely, if ν2(2h/n) < 0, then applying Lemmas 3.1, 3.3 and 3.4 we
conclude that for any γ ∈ ∆̄, the subspace Hγ,∗

d has orthogonal o-basis,
therefore by (1.2) so does Hd(G,χ). □

Remark 3.6. If 0 < h < n
2 and h = h2h2′ , where h2 is a power of 2

and h2′ is odd, then ν2(
2h
n ) < 0 if and only if 4h2|n.

Corollary 3.7. Let G = D2n(n ≥ 3). Then Hd[x1, . . . , xn] has an
o-basis if and only if n is a power of 2.

Proof. Suppose n = n2n2′ , where n2 is a power of 2 and n2′ is odd.
Then 0 < n2 < n/2 and 4n2 ∤ n. Therefore if χ = χn2 , then Theorem
3.5 implies that Hd(G,χ) has no o-basis and so Hd[x1, . . . , xn] has no
o-basis.
Conversely, assume that n is a power of 2. If 0 < h < n/2, then
h2 < n/4 and so 4h2|n, where h = h2h2′ with h2 a power of 2 and h2′
odd. Then by Theorem 3.5 we conclude Hd(G,χh) has an o-basis, and
so Hd[x1, . . . , xn] has no o-basis. □
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