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ABSTRACT. In this paper, we obtain the dimensions of symmetry
classes of polynomials associated with the irreducible characters of
the dihedral group as a subgroup of the full symmetric group. Then
we discuss the existence of o-basis of these classes.
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1. Introduction and preliminaries

One of the most classical areas of algebra, the theory of symmetric
polynomials has been known to be connected to combinatorics, repre-
sentation theory, and other fields of mathematics. For a review of the
theory of symmetric polynomials, one can see the book of Macdonald
[10]. The relative symmetric polynomials as a generalization of symmet-
ric polynomials are introduced in [12] by M. Shahryari. In [15, 16], the
authors studied the space of relative symmetric polynomials (symmetry
class of polynomials) with respect to the irreducible characters of the
cyclic and dicyclic groups. In this paper we study the symmetry class
of polynomials with respect to an irreducible character of the dihedral
group as a subgroup of the full symmetric group. We first give a review
of this notion (for more details, see [12]).
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Let Hy[x1,...,x,] be the complex space of homogeneous polynomials
of degree d with the independent commuting variables x1,...,z,. Let
FZ 4 be the set of all sequences a = (a, ..., a;) of non-negative integers

such that Y " ;o = d. For any a € I‘:{d, let X be the monomial
{1t zy? .. x%n. Then the set {X®| o € '} J} is a basis for Hylz1, ..., zx)].
An inner product on Hylxy,...,x,] is defined by
<Xa7Xﬂ> = 50&75'

Let G be a subgroup of the symmetric group .S,, and suppose Y is an irre-
ducible complex character of G. Define the action of G on Hy[z1, ..., xy]
by

(15, Tn) = @(To-1(1)5 - - s To=1(n))-
So we can consider o as an operator on Hy[z1,...,x,]. Define

760 = g S x(oe

ceG

It is easy to see that T(G,x) is an idempotent element in the group
algebra CG. By the orthogonality relations of characters, the set

{T(G,x)| x € Irr(G) }

is a complete set of orthogonal idempotents, where Irr(G) is the set of
irreducible complex characters of G.

The symmetry class of polynomials of degree d with respect to G and
X is the image of Hy[z1,...,z,] under the operator T(G, x) and is de-
noted by Hy(G, x). So, we have the following orthogonal direct sum
decomposition

Hd[xla"'al‘n] = @ Hd(G7X)
x€lrr(G)

For any ¢ € Hd[331, e ,iﬁn];
¢ =T(G,x)(q)

is called a symmetrized polynomial with respect to G and x. In particular,
if a € F;r 4> We denote symmetrized monomial (X¢)* by X**. Clearly

Hy(G,x) = (X |la T} ).

Also, we define the action of G on F: 4 by

Qo = (ag(l)a s 7aa(n))7
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where a = (a1,...,a,) € It and 0 € G. Let O(a) = {ao|o € G}
be the orbit of o and let G, be the stabilizer subgroup of a under the
action of G, i.e., G, = {0 € G|lac = a}. For any o, 3 € F;d, we have
(see [12, Proposition 2.4])

0 if O(a) # O(P),
<Xa’*,Xﬁ’*> _
% Egeaﬂ x(771o) if @ = Br for some 7 € G.

(1.1)

In particular

la

XO(,* 2 — 1 [X7 a ,

X7 = x( )‘ GGl

where [, |¢ is the inner product of characters. Hence X** # 0 if and

only if [x,1]g, # 0. Let A be a set of representatives of orbits of Fid
under the action of G and define

A ={a€ Al [x,1g, # 0}
For o € A, let H]"™" = (X*7*|o € G). It follows that
(1.2) Hy(G,x) = @HY"

a€eA
is an orthogonal direct sum. Also we have [12]
(1.3) dim Hy™" = x(1)[x; e,

If « =g and 8 =g, then B¢ 'g = o, and so if we let 7 = ¢'"!g and
use (1.1), the equality

1
(1'4) <Xa’*,XB’*> — % ZanglG,yg, X(O’)
is derived.
Let 0 € G be any element with the cyclic structure [ay, ..., an], (i.e.,
o is equal to a product of m disjoint cycles of lengths a1, . .., an, respec-

tively). Let Q(d, o) be the number of non-negative integer solutions of
the equation

ait1 + asto + -+ - + amt, = d.
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For a compact formula of Q(d, o), see [13].
By [12, Proposition 2.10], we have

(1.5) dim Hy(G, x) = ’Té}‘) > x(0)Q(d, 0).

celG
Recall that the number of non-negative integer solutions of the equation
ti+ - +tm =dis (see [1])

()=

An orthogonal basis of Hy(G, x) of the form {X**|a € S}, where S
is a subset of F;;d, is called an o-basis of Hy(G,x). If x is linear, then
the set {X**|a € A} is an o-basis of Hy(G, x). Otherwise, the existence
of an o-basis for Hy(G, x) is not guaranteed. The existence of o-basis

for symmetry classes of tensors has been studied in several articles (see
e.g., [2,3,4,5,6, 14]).

In this paper we obtain the dimension of Hyi(G,x), when G is the
dihedral group. Then a necessary and sufficient condition for existence
of an o-basis of Hy(G,x) is given. A similar result has been obtained
for symmetry classes of tensors in [7, 11].

2. The Dimensions

The subgroup Dy, of S,,(n > 3) generated by the elements

c=(12---n) and T:<1 23 ol ")
1 n n-1 - 3 2

is the dihedral group of degree n. The generators o and 7 satisfy

1 1

o"=1=72and 7 lor =0~

(see [8], p. 50). In particular,
Doy, = {o*, 76" 0 < k < n}.

For each integer h with 0 < h < n/2, Dy, has an irreducible character
xn of degree 2 given by

2
k‘hw’ Xh(O'kT) =0, 0<k<n.

xn (%) = 2cos
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The other characters of Dy, are of degree 1, namely 1;. For the character
table of Da,, we refer the reader to [9, p. 182].

In this section, we obtain the dimensions of the symmetry classes of
polynomials associated with the irreducible characters of the dihedral

group. For any positive integer d, define the multiplicative function
fa: N — N by

fa(k) =

1 if k divides d,
0 otherwise.

The above function will be used in the following theorems.

Theorem 2.1. Let G = Da,(n > 3). If n is even, then we have
(a)

n—l gk B n
dimHq(G,¢1) = 21n<kz_0< ”(n:'—k()n’_kl) 1>fd((n)

+ Q)+ (%‘%j) fd<2>),
(b)
1 (2 s n
d' H G’ — _ T—l—(n,k)—l
imHy(G,42) o (k()( 1 >fd((n,k))
- 2Q(d,T)—Z<g£31—1> a2 )
(c)
1 n—1 i) n
d' H G’ — _ T-ﬁ-(n,k)—l
imHg(G,3) ™ (k:0< 1 )fd((mk))
¥ 2Q<d,7>—’;<‘5§§1—1> fa()).
(d)

n—1
o = (8 (200 e
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(e)
n—1
dimHq(G, xn) = i(Z €08 Qk;im (d(?{ku(n’k)l) fd((nnk))>,

where [u] is the integer part of u, (n,k) denotes the greatest common
divisor of n and k, and

dyn_ dyn_ . .
ata ) pof2t2! if d is even,
n_q n

2 2

P (Vi]“é) if d is odd.
%

Qd,7) =

Proof. If 7 is a cycle of length a and (k, a) = d, then 7* has d cycles
of length a/d and therefore c¢(n*) = d = (k, a), where c¢(r) denotes the
number of cycles, including cycles of length one, in the disjoint cycle
factorization of o. So we have

(i) ¢(1) = n and then Q(d, 1) is the number of non-negative integer
solutions of the equation t; + --- 4+ ¢, = d and it is equal to

d+n—1
n—1 ’

(ii) ¢(0?) =n/2 and the length of each cycle is 2, thus

M 11> fa(2),
n_y

(iii) ¢(o®) = (n, k) and the length of each cycle is n/(n, k), so

[SI[oH
|3

Q(d,02) = (

d(n,k) n n
Qd,o*)y = = TR g, ,1<k< - -1
(@7 (nk)—1 ((n,k)) 2

(iv) Considering the cycle structure of o7 given as
n n+ 2)
2 2 7

we have c¢(o7) = n/2 and the length of each cycle is 2, thus
Q(d,o7) is the number of non-negative integer solutions of the
equation

or=(12)2n—-1) - (

200+ - +2t%:d
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(2.1)

(2.2)
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]

d
and it is equal to <2+
n_q
2

) fa(2).

Considering the cycle structure of 7 given as

nn+4d n+2

r=MEnEr-1) - (G ),

we have ¢(7) (n +2)/2, 7 has two cycles of length 1 and
(n —2)/2 cycles of length 2. In this case Q(d, 7) is the number
of non-negative integer solutions of the equation

t1+ 1ty +2t3+ --- +2t%+2t%+1:d.

For solving (2.1), we can give the possible values of t1, to and
rewrite (2.1) of the form

d d—t; ity
Z Z ( : 2+§—2> fd—tl—tz(Q)'

Now, if we set k = (d — t; — t2)/2, then by using the following
equality

_ [ n+1
m+1 ’
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=0
dyn_g g1 (421 o .
272 +23 7, 2 if d is even,
n_1 %71

a n
2yl <J+2‘1> if d is odd,

if d is odd.

Now by using the character table of Ds,, the proof is completed by
(1.5). O

Theorem 2.2. Let G = Doy, (n > 3). If n is odd, then we have
(a)

n—1
]. n, d n—1
d’lde(G7 wl) = % (z : (d(nk)+(n7k)1> fd(ﬁ) + n([gt"_lg ))7

(b)
dimH (G, v2) - i A (o) fal——= o )—n [3h+25
T ()1 (n. ) )
(c)
1
dimHy(G, xp) (Z 2khm (‘“”’“ (k) - ) fa(G )))

= (n,k)
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Proof. If n is odd, we have
n+1n+ 3)
2 2 7

thus ¢(7) = (n+ 1)/2, 7 has one cycle of length 1 and (n — 1)/2 cycles
of length 2. In this case Q(d,7) is the number of non-negative integer
solutions of the equation

(2.3) th+2to+ -+ +2tn-1 4+ 2tn1 =d.
2 2

T=(1)2n)Bn-1) - (

Then, we can give the possible values of ¢; and rewrite (2.3) of the form
2 2

Therefore,

d d—t{ , n—3
m&ﬂ=§j<112)mﬂw.

t1=0
Now, if we set k = (d — t1)/2, then by using (2.2) we have

[%] k4 n=3 [Q]_A'_L*l
Q(d7 T> - Z n—; - ’ nfl2 ’
k=0 2 2

Similar to the proof of Theorem 2.1, we have

m¢n:(“WQ,

n—1

2

d(n,k) n n—1
d,o¥)y = | "n tk)-1 L 1<k< ,
Q. %) ( (nk)—1 fd((n, /f)) -T2
Then by using the character table of Dy, the proof is completed by
(1.5). O

3. Orthogonal Basis

Now, we consider G = Da,(n > 3) and give a necessary and sufficient
condition for existence of an o-basis for Hy(G, x).
For any linear character x, Hy(G, x) has an o-basis. Thus we investigate
the problem for the irreducible characters of degree 2 of G = Ds,, i.e.,
X =Xhn 0<h<n/2

For a given prime number p, the p-adic valuation of a number n is
the highest exponent v such that p” divides n; it is denoted by 1,(n).
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Lemma 3.1. Let G = Dap(n > 3), and let x = x,(0 < h < 5). Then
for v € A, we have G, = (o*) or (o*) < G, for some 0 < k <n. In
both cases G, N (o) = (%), where kh =0 mod n.

Proof. See [11, Lemma 3 |. O
Lemma 3.2. Let 0 < h < 5. Then there exist t,t', 0 < t,t' < n such

that COS(W) =0 if and only if 1/2(%) < 0, where vy is the 2-adic
valuation.

Proof. 1t is straightforward. O
Lemma 3.3. Suppose G = Da,(n > 3), and x = xp(0 < h < ). Let

v € A and suppose that G is defined as G, = (o®), where kh = 0
mod n. If 1/2(%) < 0, then the subspace Hy™ has an o-basis.

Proof. The proof is similar to the case I of the part “only if” of the
proof of [11, Theorem 1]. O

Lemma 3.4. Let G = Dap(n > 3), and let x = xp(0 < h < §). Let
v € A be such that (o) < G, and G, N (o) = (oF), where kh = 0
mod n. If vo(2) <0, then the subspace H™ has an o-basis.

Proof. The proof is similar to the case 2 of the part “only if” of the
proof of [11, Theorem 1]. O

Theorem 3.5. If G = Day(n > 2) and x = x5(0 < h < 5), then
Hy(G, x) has an o-basis if and only if 1/2(%) <0.

Proof. Assume that Hy(G, x) has an orthogonal o-basis. Then by (1.2)
for any v € A, the subspace Hg’* has an o-basis, in particular for v =
(0,0,...,0,d). In this case 7 € G, and G, N Cy, = {1}, where C,, is the
cyclic subgroup of G generated by o. Moreover G, = {1, 7}, because if
ok € G, with 0 < k < n, then of = rrok € G, N Cy, which implies
k=0. Then [x,1]q, =1,s0 v € A. For all g, ¢’ € G, we have

{o57" 70517} ifg=o0", ¢ =0°,
— / .
g 'Gg = {ro*tr o5 ifg=0"1, ¢ = 0%,
{o°7 ", 70517} ifg=o0"1, ¢ =0o°T.

Therefore, by (1.4) we have

2 cos 2(37;)}” ifg=o0", ¢ =0°,
(3.1) (X9*, X9 = 2 cos 2(5_7:)}” ifg=o0"1, ¢ =0%,
2 oo 2= g o — grr gl = oo
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Using (1.3), we have dim " = 2. Since H" has an o-basis, by (3.1),

there exist t,t/, 0 < ¢, < 2n such that COS(W) = 0. Therefore,
Lemma 3.2 implies that v9(2h/n) < 0.

Conversely, if 19(2h/n) < 0, then applying Lemmas 3.1, 3.3 and 3.4 we
conclude that for any v € A, the subspace Hg’* has orthogonal o-basis,
therefore by (1.2) so does Hy(G, x). O

Remark 3.6. If 0 < h < § and h = hahy, where hy is a power of 2
and hy is odd, then 1/2(%) < 0 if and only if 4ha|n.

Corollary 3.7. Let G = Dan(n > 3). Then Hyxy,...,xz,] has an
o-basis if and only if n is a power of 2.

Proof. Suppose n = nagny , where no is a power of 2 and no is odd.
Then 0 < ny < n/2 and 4ng { n. Therefore if x = xp,, then Theorem
3.5 implies that Hy(G, x) has no o-basis and so Hy[z1,...,z,] has no
o-basis.

Conversely, assume that n is a power of 2. If 0 < h < n/2, then
he < n/4 and so 4hs|n, where h = hohy with he a power of 2 and ho
odd. Then by Theorem 3.5 we conclude Hy(G, xp,) has an o-basis, and
so Hy[z1,...,xy,] has no o-basis. O
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