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1. Introduction

Splitting methods have recently received much attention due to the
fact that many nonlinear problems arising in applied areas such as im-
age recovery, signal processing, and machine learning are mathematically
modeled as a nonlinear operator equation and this operator is decom-
posed as the sum of two (possibly simpler) nonlinear operators. The
central problem is to iteratively find a zero point of the sum of two
monotone operators, that is,

0 € (A+ B)(x). (1.1)

Many problems can be formulated as a problem of the form (1.1). For in-
stance, a stationary solution to the initial value problem of the evolution
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Zero point problems and fixed point problems 892

equation

ug = u(0),

can be recast as (1.1) when the governing maximal monotone F' is of the
form F' = A + B; for more details, see [10] and the references therein.
Fixed point theory as an important branch of nonlinear analysis has been
applied in the study of nonlinear phenomena. In particular, fixed point
techniques have been applied in such diverse fields as biology, chemistry,
economics, engineering, game theory, and physics. The aim of this paper
is to investigate zero point problems of the sum of two monotone map-
pings and fixed point problems of a strictly pseudocontractive mapping
in the framework of Hilbert spaces. The organization of this paper is
as follows. In Section 2, we provide some necessary preliminaries. In
Section 3, a viscosity iterative algorithm with mixed errors is investi-
gated. And, a strong convergence theorem is established. In Section 4,
applications of the main results are discussed.

o]
{0@Fu+g;,

2. Preliminaries

Throughout this paper, we always assume that H is a real Hilbert
space with inner product (-,-) and norm || - ||, respectively. Let C be a
nonempty closed convex subset of H and Projc the metric projection
from H onto C.

Let S: C — H be a mapping. We use Fiz(S) to stand for the fixed
point set of S; that is, Fiz(S) :={z € C: x = Sx}.

Recall that S is said to be a-contractive iff there exists a constant
a € (0,1) such that

[Sz =Syl < allz —yl, Vi,yeC.
S is said to be nonexpansive iff
1Sz =Syl < llz—yll, Vz,yeC.

S is said to be k-strictly pseudocontractive iff there exists a constant
k € [0,1) such that

ISz — Syl> < o — yl> + sll(x - Sa) - (y - Sy)[%,  Va,y € C,

The class of k-strictly pseudocontractive mappings was introduced by
Browder and Petryshyn [2]. Note that the class of s-strictly pseudocon-
tractive mappings strictly includes the class of nonexpansive mappings.
That is, S is nonexpansive iff the coefficient x = 0.
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Let A:C — H be a mapping. Recall that A is said to be monotone

iff
(Az — Ay,x —y) >0, Vz,yeC.
A is said to be &-strongly monotone iff there exists a constant & > 0 such
that
(Az — Ay, x —y) > Ellz —y|I?, Va,yeC.

A is said to be &-inverse-strongly monotone iff there exists a constant
& > 0 such that

<A.T—Ay,l‘—y> Z§||Ax—AyH2, Vl’ayec

It is not hard to see that &-inverse-strongly monotone mappings are
Lipschitz continuous. Indeed, we have

£ Az — Ay|]? < (Az — Ay, x —y) < ||Az — Ay| ||z -y
This shows that ||Az — Ay|| < %Hx — y||. Recall that the classical varia-
tional inequality, denoted by VI(C, A), is to find u € C such that

(Au,v —u) >0, YvedC. (2.1)

One can see that the variational inequality (2.1) is equivalent to a fixed
point problem. The element v € C is a solution of the variational
inequality (2.1) iff u € C satisfies the equation

u = Projo(u — A\Au),

where A > 0 is a constant. This alternative equivalent formulation has
played a significant role in the studies of the variational inequalities and
related optimization problems. If A is a-inverse-strongly monotone and
A € (0,2a], then the mapping Po(I — AA) is nonexpansive. Indeed, we
have

(I = XA)z — (I = AA)y]?

= [[(z — y) — MAz — Ay)||?

= ||z — y[I* = 2X\(z — y, Ax — Ay) + N*|| Az — Ay||?

<l —yl* = AM2a = )| Az — Ay||*.
This shows that Po(I — AA) is nonexpansive.

A multivalued operator B : H — 2¥ with the domain Dom(B) =
{r € H: Bx # 0} and the range Ran(B) = {Bxz : © € Dom(B)} is
said to be monotone if for x; € Dom(B), x2 € Dom(B), y1 € Bx; and
y2 € Bxg, we have (x1 — x2,y1 — y2) > 0. A monotone operator B is
said to be maximal if its graph Graph(B) = {(z,y) : y € Bz} is not
properly contained in the graph of any other monotone operator. Let [
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denote the identity operator on H and let B : H — 29 be a maximal
monotone operator. Then we can define, for each A > 0, a nonexpansive
single valued mapping Jy : H — H by Jy = (I + AB)~!. It is called the
resolven of B. We know that B~'0 = Fiz(Jy) for all A > 0 and J, is
firmly nonexpansive; for more details, see [6], [7], [13-15] and [19] and
the references therein.

In [9], Kamimura and Takahashi investigated the problem of finding
zero points of a maximal monotone operator by considering the following
iterative algorithm

x1 € H, zpy1=apx+ (1—an))y zn, Yn>1, (2.2)

where {ay,} is a sequence in (0,1), {\,} is a positive sequence, B : H —
2 is a maximal monotone and Jy, = (I+A,,B)~!. They showed that the
sequence {z,} generated in (2.2) converges strongly to some z € B~1(0)
provided that the control sequence satisfies some restrictions. Further,
using this result, they also investigated the case that B = 0f, where
[+ H— (—o00,00] is a proper lower semicontinuous convex function.
Convergence theorems are established in the framework of real Hilbert
spaces; for more details, see [9].

In [8], liduka and Takahashi investigated the problem of finding a
common solution of the variational inequality (2.1) and a fixed point
problem involving nonexpansive mappings by considering the following
iterative algorithm

x1 €C, wpt1 =anr+(1—ay)SProjo(xy —AAzy,), Vn>1, (2.3)

where {a,} is a sequence in (0,1), {\,} is a positive sequence, S : C' —
C is a nonexpansive mapping and A : C — H is an inverse-strongly
monotone mapping. They showed that the sequence {z,} generated in
(2.3) converges strongly to some z € VI(C, A) N Fiz(S) provided that
the control sequence satisfies some restrictions; for more details, see [8].

Recently, Takahahsi, Takahahsi and Toyoda studied zero point prob-
lems of the sum of two monotone mappings and fixed point problems of a
nonexpansive mapping by considering the following iterative algorithm:
x1 € C and

Tnt1 = Bnxn + (1 = Bn)S(anz + (1 — ap)Jy, (zn — MAzy)), Yn > 1,
(2.4)
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where {«,} and {3, } are sequences in (0,1), {\,} is a positive sequence,
S : C — (' is a nonexpansive mapping and A : C' — H is an inverse-
strongly monotone mapping. They showed that the sequence {z,} gen-
erated in (2.4) converges strongly to some z € (A + B)~1(0) N Fiz(S)
provided that the control sequence satisfies some restrictions; for more
details, see [20].

Motivated by the above results, we investigate zero point problems
of the sum of two monotone mappings and fixed point problems of a
strictly pseudocontractive mapping. To obtain our main results, we
need the following tools.

Recall that a space is said to satisfy Opial’s condition [12] if, for any
sequence {z,} C H with z,, = x, where — denotes the weak conver-
gence, the inequality

liminf ||z, — x| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # x. Indeed, the above inequality is
equivalent to the following

limsup ||z, — x| < limsup ||z, — y||.

Lemma 2.1. [1] Let C' be a nonempty, closed, and convex subset of H,
A:C — H a mapping, and B : H = H a maximal monotone operator.
Then F(Jy(I — AA)) = (A+ B)~1(0).

Lemma 2.2. [18] Suppose that H is a real Hilbert space and 0 < p <
tn < q < 1 for alln > 1. Suppose further that {x,} and {y,} are
sequences of H such that

limsup ||z, | < v, limsup [jy,| < r
n—oo n—oo

and

lim |[tpzn + (1= tn)ynl| =7
n—oo

hold for some r > 0. Then limy, s ||Zn — ynl|| = 0.

Lemma 2.3. [3] Let C' be a nonempty, closed, and convex subset of H.
Let S : C — C be a nonexpansive mapping. Then the mapping I — S is
demiclosed at zero, that is, if {x,} is a sequence in C' such that x, — T
and x, — Sz, — 0, then T € F(9).
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Lemma 2.4 [11] Assume that {ay} is a sequence of nonnegative real
numbers such that

Qp41 < (1 - ’Yn)an + 5717
where {y,} is a sequence in (0,1) and {0,} is a sequence such that
(i) D202y = 005
(i) Hmsup, o0 O0n/vm < 0 or > >0 [0,] < oo.
Then lim,,_ s oy, = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed conver subset of a real
Hilbert space H, A : C — H a &-inverse-strongly monotone mapping,
S : C — H a k-strictly pseudocontractive mapping, T : C — H an
a-contractive mapping and B a mazximal monotone operator on H. As-
sume that F = Fix(S) N (A+ B)~Y0) # 0. Let {an}, {Bn} and {v,} be
real number sequences in (0,1). Let {\,} be a positive real number se-
quence. Let {x,} be a sequence in C generated in the following iterative
process

x1 € C,

Yn = Projo(anTxn + (1 — an)Jdy, (Tn — AAzy)),

Tn1 = BnTn + (1 = Bn)Proje(ynyn + (1 — ) Syn),  Vn > 1,
where Jy, = (I + A\, B)~L. Assume that the sequences {an}, {Bn}, {n}
and { A} satisfy the following restrictions:

(a) limyyoo ap = 0, Y 07 | atp = 00;

(b)y 0<a<p,<b<1;

(€) kK < <ec <1, limp oo |Vt — | =0;

(d) 0<d< Ay <e< 26, limn oo Aatt — An| = 0,

where a,b,c,d and e are some real numbers. Then the sequence {x,}
converges strongly to x = ProjrTx.

Proof. First, we show that {z,} is bounded. Notice that I — A\, A is
nonexpansive. Indeed, we have

(I = X A)z — (I = X, A)yl?

= [l(x —y) — An(Az — Ay)|?

= [lz — ylI* = 2An(x — y, Az — Ay) + X, *[| Az — Ay]|®
< [lz = yll* = An (26 — An) || Az — Ayl|>.
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In view of the restriction (d), we find that I — A\, A is nonexpansive.
Fixing p € F, we find from Lemma 2.1 that
p=5p=Jr(p—AAp).

Put z, = Jy, (zn — ApAx,). Since Jy, and I — )\, A are nonexpansive,
we have

|20 — 2l < [(zn — AnAzy) — (p — A\ Ap)||
<@ —pll.

Define G,x = Projo(ynx + (1 — v,)Sz), Vo € C. It follows from the
restriction (c¢) that

(3.1)

|Grym — plI®
<N (¥ + (1= 70)Syn) — (p + (1 — 1) Sp)|1?
< ¥a(yn = p) + (1 = 1) (Syn — Sp)|I>
= Yullyn = plI* + (1 = 7)|1Syn — Sp|®
— V(1 = ) l(yn — p) = (Syn — Sp)|1?
< Anllyn = ol + (1 =) (lyn — plI?
+ £l (Yn — p) — (Syn — SP)II?)
=YL =) (yn — p) = (Syn — Sp)|I>
= [lyn = pI* = (1 = 7) (30 — )| (Y0 — P) — (Syn — Sp)I?
< lyn — plI>.
Notice that
lyn — pll = [ Projc(anTzy + (1 — an)2zn) — pl|
< ap||Tzn — pll + (1 — an)llzn — pll (3.3)
< (I—an(l=a))lzn —pl + anlTp - p|.
Substituting (3.3) into (3.2), we obtain that
1Gryn —pll < (1 = an(l — @)l — pll + ol TP — pl|. (3.4)
This in turn implies that
011 = pll < Ballzn —pll + (1 = Bu)[|Gryn — 1|
< (1= an(l = a)(1 = Bn))llzn — pll
+ an(1 = Bu) | Tp — pl|-
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Putting M = max{|z1 — p||, HTp pH} we find that ||z, — p|| < M for all
n > 1. Indeed, it is clear that Hxl —p|| < M. Suppose that ||z, —p| < M
for some positive integer m. It follows that
—pll < (1 = am(l = a)(1 = Bn))llzm — pl
+ am(L = Ba)Tp = pl]
<(1—aml—a)l—Bn)M
+an(l—03)01—-a)M
=M.

||33m+1

This competes the proof that {z,} is bounded. Notice that

[2n4+1 = 2ol < [[(@n41 — Ans1Azng1) = (@0 — An Az ||
+ [ Tangr (@0 = AnAn) — Iy, (@ — AnAzy) || (3.5)
< [zt — znll + [Ang1 — An| | Aza| .
+ 1 (@0 — AnAzn) = Iy, (20 — AnAzn)|],

and
—Ynll < @t 1Trpy1 + (1 — @ng1)zng1)
— (anTxn + (1 — an)zn)|]
< g1 | Tepgr — Tl + (1 — apg1) [ 2ng1 — 20| 56)
+ lant1 — anll|zn — Ty '
< an10)|Tp1 — 2l + (1 — ang1) | 2ns1 — 2|

H3/n+1

+ ant1 — anll|zn — Try|.
Substituting (3.5) into (3.6), we arrive at

[Ynt1 = Ynll
< (1= ana(l = a))[[ents — 2
+ (1 = ang1)|Ang1 — M|l Az ||
+ (1 = ang ) Iansr (Tn = AnAzy) — Iy, (20 — ApAzy)||

(3.7)

+ lant1 — anll|lzn — Tap .
Put u, = x, — A\, Ax,. Since B is monotone, we see that

n J)\n+1un _ Up — JAnun> > 0
)\n+1 )\n o

<J>\n 1 J)\n Un ’
+
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It follows that

A
(Trrtin = T tims (1= S5 ) = Ty un)) > [Ty tin = T in [
This in turn implies that
Ant1l — An
st = Tagunll < 222l g a)
Substituting (3.8) into (3.7), we find that
lynsr = vall < (1= @nir(1 = @)l|znss — 2]
+ (1= 1) Antr = Aalll[ Az
|)‘n+1 — )\n| (3'9)

+ (1 — any1) [tn — JIx, unll

An
+ lont1 — onlllzn — Ton .

On the other hand, we see that the mappign G,, : C' — C' is nonexpan-
sive. Indeed, we see from the restriction (c) that

|Gz = Gnyll* < Il (z — ) + (1 = ) (Sz — Sy)|?
= llz = ylI* + (1 = 7)|| Sz — Syl|?
— (L= )ll(x — y) = (Sz — Sy)|?
< Anllz = yl* + (1 =) (|lz -yl
+kll(z —y) — (Sz — Sy)|1*)
— V(1 =) (z = y) = (Sz — Sy)||?
=z —yll> = (@ =) (v — K)l(z —y) — (Sz — Sy)|?
<|lz—vyl? Var,yeC.

This shows that G, is nonexpansive. Therefore, we have

Grt1Ynt1 — Gnnll

<Gt 1Yns1 — Gu1Un + Gor1Yn — Goynl|

< Yyn+1 = yull + | Proje(vn+19n + (1 = Ynt1)Syn) (3.10)
— Projc(Ynyn + (1 — v2)Syn) |

< Yyn+1 = Yull + [vn+1 = Yalllyn — Synll-
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Substituting (3.9) into (3.10), we find that

||Gn+1yn+1 - GnynH
< (1= onp1(l = a))llzntr — @l
+ (1 = ang1)|Ans1 — Anl | Az
|)‘n+1 — )‘n|
An
+ lant1 — anlllzn — T + [vnt1 — Yalllyn — Synll
< lznt1 — @all + [Ang1 — Al | A2y ||

+ (1 — any1) l|wn — Jknun”

+ ’)\n—&—l - )\n’
An
+lant1 — anlllzn — Tznll + [yns1 — Wlllyn — Syall-

This yields from the restrictons (a), (c), and (d) that

hmsup(”Gn+1yn+l - GnynH - ||xn+1 - $n|’) <0.

n—00

It follows from Lemma 2.2 that
lim ||Gryn — zn| = 0. (3.11)
n—oo

In view of
Tp+l — Tn = (1 — Bu)(Gnyn — xn)v
we obtain that
|Zn+1 — zp| = 0. (3.12)

lim
n—oo

Since || - [|? is convex, we see from (3.2) that

Zns1 = plI* < Bullzn — plI + (1 = Ba)|Gayn — plI>
< Bullwn = plI* + (1 = Ba)llyn — pII?
< Bullzn = plI* + (1 = Ba)len(Tzn — p)
+ (1 = an) (I, (xn — AnAzn) — p)H2
< Bullzn — pl* + an(l = Bu) | Tz, — pl®
+ (1= an) (1 = Bu) | Ia, (20 — AnAzy) — pl|?
< an = pl* + | Ty — plf?
— A (26 = X)) (1 = Bp) || Az, — Apl|*.

(3.13)
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Notice that
A28 = An) (1 = Bn) || Az, — Ap”2
< lan = plI? + anl|Tzn — plI* = [|2ns1 — pl1?
< (llen = pll + 201 — D@01 — zall + || Tzn — pl|>.

In view of the restrictions (a), (c), and (d), we obtain from (3.12) that

| Az, — Ap]| = 0. (3.14)

lim
n—oo
Notice that
[E _pH2
= ||Ixn, (Tn — AnAzy) — Iy, (p — /\nAp)HQ
< <(xn - )‘nAxn) - (p - )\nAp), Zn — p)
1
= §(||(xn — M Azy) — (p - AnAp)”Q + [lzn — pH2
= [(zn — AnAzn) — (p — AnAp) — (2 — p)H2
1
g(llﬂ?n —pl? + 20 = pI” = 120 — 20 — An(Azy — Ap)|1?)
1
< 5(\!% —pl? + 20 — pII* = Iz — 2l — A2 || Az, — Ap||?
+ 220l 2n — za| | Az — Ap))

<

1
< §(||$n — ol + [1z0 — plI* = 20 — 2n|?
+ 2|20 — ynll | Azn — ApH).

It follows that
120 = pII* < ll2n = pII* = 2 = 20l|* + 2Xnll2n — yn| | Azn — Ap]. (3.15)
This implies that

Y — PII* < an|[Tan — plI> + (1 = an) |20 — pl?
< || Ton = pl* + [Jzn = plI*> — (1 = an)[|#n — 2n|?
+ 2|20 — yull[[Azn — Ap||.
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Therefore, we have

|Znt1 — pl®
< Bullzn = plI* + (1 = Ba)|Gryn — plI?
< Ballen = pl* + (1 = Ba) lyn — pII?
< llzn _pH2 + o[ Tzy, _PH2
— (1= an)(1 = Bn)llzn — ZnH2
+ 22 (1 = Bo)l|n — ynll||Azn — Ap]|.
It follows that
(1 —an)(1 = Bn)llzn — Zn||2
< llan = pl* + anl|Tan — pl* = 2t — p|*
+ 22 (1 = Bo)llzn — ynll|[Azn — Apl|
< (llen = pll + 2041 = pID 20 = Zpsrl| + @l Tzn — p?
+ 22 (1 = Bo)llzn — yulll|Azn — Ap||.

By virtue of the restrictions (a), (b), and (d), we find from (3.12) and
(3.14) that
lim ||z, — 2,/ = 0. (3.16)

n—o0

Notice that y, — z, = an(Tz, — z,). It follows that
Tim |2 — gl = 0. (3.17)
Put
Gz = Projo(vyx + (1 —v)Sz), VzeC,

where v = limy,_,o0 7. It is no hard to see that G : C — C' is nonex-
pansive with Fiz(G) = Fiz(S). Notice that

1Gyn — yall

<Gy — Gutull + |Gy — 2all + |20 — 20| + |20 — yull

< [[(yyn + (1 =7)Syn) — (nyn + (1 =) Syn) |l

+ Gryn — @all + llzn — 20l + [l2n — ynl|

<Y = Wlllyn = Synll + 1Gryn — zoll + |70 — 20l + |20 — yall-
From (3.11), (3.16), and (3.17), we find that
|Gyn — ynll = 0. (3.18)

lim
n—oo
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Notice that
Gz = zull < |G2n — Gynll + |Gyn — ynll + lyn — 2nll
<|Gyn = ynll + 2[lyn — znll-
It follows from (3.17) and (3.18) that
nlggo |Gzp — zn|| = 0. (3.19)

Since ProjrT is contractive, we see that there exists a unique fixed
point, say z. Next, we show that limsup,,_,..(Tx — x,z, — z) < 0. To
show this, we can choose a subsequence {zy,,} of {z,} such that
limsup(Tx — x, 2, — z) = lim (T'v — z, 2z, — ).
n—oo 1—00
Since zp, is bounded, we can choose a subsequence {Zm-j} of {zp,} which

converges weakly to some point h. We may assume, without loss of
generality, that z,, converges weakly to h. Now, we are in a position
to show h € Fiz(G). Assume that h ¢ Fiz(G). In view of Opial’s
condition, we find from (3.19) that

liminf ||z,, — k|| < liminf||z,, — Gh||
1— 00 1—00
= liminf ||z, — Gzn, + Gz, — Gh|
1—00

< liminf ||z,, — h|.
1—00

This is a contradiction. That is, h = Gh. This shows that h € Fiz(S).
Since z, = Jy, (zn, — Ay Azy,), we find that

T — MAxy, € (I + N\yB)zp.

That is,
Ty — 2
n " _ Az, € Bz,.
An
Since B is monotone, we get, for any (u,v) € B, that
<zn—u,mn_zn — Az, —v) > 0.
An

Replacing n by n; and letting i — oo, we obtain from (3.16) that
(h—pu,—Ah —v) > 0.

This means —Ah € Bh, that is, 0 € (A + B)(h). Hence we get h €
(A + B)~1(0). This completes the proof that h € F. It follows that

limsup(Tx — x, 2z, —z) = (Tx —x,h — z) < 0.

n—oo
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Notice that
|zn+1 _QUH2
< Bullzn — 2] + (1 = Ba) |Gy — 2|
< Bullwn — xHZ + (1= Bn)llyn — xH2
< Bllen —|* + (1 = Bo)llon(Tan — 2) + (1 — o) (20 — @)
< Bullwn — ) + (1 = Ba)((1 = an)?[|2n — 2|
+ 20, (Txy, — x, 2, — 7))
< (1—an(l = B)|2n — 2||* + 200 (1 — B ) (T, — T, 2, — 7).

In view of Lemma 2.4, we find that lim,, . ||z, —z|| = 0. This completes
the proof. O

If both the mapping 7" and S are self mappings, then we have from
Theorem 3.1 the following result.

Corollary 3.2. Let C' be a nonempty closed convex subset of a real
Hilbert space H, A : C — H a &-inverse-strongly monotone mapping,
S : C — C a k-strictly pseudocontractive mapping, T : C — C an «-
contractive mapping and B a maximal monotone operator on H such
that the domain of B is included in C. Assume that F = Fixz(S) N
(A+ B)710) # 0. Let {an}, {Bn} and {y.} be real number sequences
in (0,1). Let {\,} be a positive real number sequence. Let {x,} be a
sequence in C' generated in the following iterative process

x1 € C,

Yn = anTxy + (1 — )y, (Tn — ApAxy),

Tnt1 = BnTn + (1= Bn)(yn + (1 — ) Syn), Yn > 1,
where Jy, = (I + A\, B)~L. Assume that the sequences {an}, {Bn}, {n}
and { A} satisfy the following restrictions:

) limy, oo ap =0, Y 00 | oy = 00;
)0<a<pB,<b<l;
) K<y <c< ]-7 11mn—>oo ‘771—&-1 - /Vn| = O;
(d) 0<d< A\, <e< 2 limy o0 [Ant1 — An| =0,
where a,b,c,d and e are some real numbers. Then the sequence {x,}
converges strongly to x = ProjrTx.

(a
(b
(c

If Ty = x, for all y € C, where z is a fixed element in C' and =, =
k =0, then we find from Corollary 3.2 the following result.
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Corollary 3.3. Let C be a monempty closed convexr subset of a real
Hilbert space H, A : C' — H a &-inverse-strongly monotone mapping, S :
C — H a nonexpansive mapping, and B a mazximal monotone operator
on H such that the domain of B is included in C. Assume that F =
Fiz(S) N (A + B)7Y0) # 0. Let {ay}, {Ba} and {7} be real number
sequences in (0,1). Let {\,} be a positive real number sequence. Let
{zn} be a sequence in C' generated in the following iterative process

x1 € C,
Yn = Qpx1 + (]— - an)J)\n (-Tn - )\nAxn)a
Tyt1 = Bnn + (1 = Bn)Syn, Vn >1,
where Jy, = (I + A\, B)~L. Assume that the sequences {an}, {Bn}, {n}
and { A} satisfy the following restrictions:
(a) limy oo otp =0, D071 oty = 00;
(b) 0<a<fBn<b<l;
() 0<d< A\, <e< 2 limy o0 [Ant1 — An| =0,
where a,b,d and e are some real numbers. Then the sequence {x,}
converges strongly to x = Projrx.

4. Applications

Let H be a Hilbert space and f : H — (—o00,+00] a proper con-
vex lower semicontinuous function. Then the subdifferential 0f of f is
defined as follows:

of(x)={ye H: f(2)> f(z)+(z2—2x,y), z€H}, VreH.

From Rockafellar [16,17], we know that 0f is maximal monotone. It is
easy to verify that 0 € 0f(x) if and only if f(z) = mingen f(y). Let Ic
be the indicator function of C, i.e.,

0 xel

Io(z) =4 ' (4.1)
+oo, z¢C.

Since I¢ is a proper lower semicontinuous convex function on H, we see

that the subdifferential dI¢ of I is a maximal monotone operator.

Lemma 4.1 [20] Let C' be a nonempty closed convex subset of a real
Hilbert space H, Projo the metric projection from H onto C, Ol¢ the
subdifferential of Ic, where Ic is as defined in (4.1) and Jy = (I +
NOIc)~L. Then

y=Jyx < y= Projox, z€ HyeC.
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Now, we consider a variation inequality problem.

Theorem 4.1. Let C be a nonempty closed conver subset of a real
Hilbert space H, A : C — H a &-inverse-strongly monotone mapping,
S :C — H a k-strictly pseudocontractive mapping, and T : C — H an
a-contractive mapping. Assume that F = Fiz(S) N VI(C,A) # 0. Let
{an}, {Bn} and {y,} be real number sequences in (0,1). Let {\,} be a
positive real number sequence. Let {x,} be a sequence in C' generated in
the following iterative process

x1 € C,

Yn = Projo(anTx, + (1 — an) Projo(zn, — AnAxy)),

Tpt1 = Bnn + (1 - Bn)ProjC('Ynyn + (1 - 'Yn)syn)a Vn > 1.
Assume that the sequences {an}, {Bn}, {} and {\,} satisfy the fol-
lowing restrictions:

(a) limy oo atp =0, Y 00 |ty = 00;

(b)y 0<a<p,<b<1;

(C) K<Y <c< 1, limy 0 h/n—‘rl - ’Yn’ =0;

(d) 0<d <\, <e<2 limy o0 [At1 — An| =0,

where a,b,c,d and e are some real numbers. Then the sequence {x,}
converges strongly to x = ProjrTx.
Proof. Put Bz = 0I¢. Next, we show that VI(C, A) = (A+ d1c)~1(0).
Notice that
x € (A+ afc)_l(()) <= 0¢€ Az + 0lcx
< —Ax € 0lcx
— (Az,y—x) >0
— e VI(C,A).

From Lemma 4.1, we can conclude the desired conclusion immediately.
O

Let F' be a bifunction of C' x C into R, where R denotes the set of
real numbers. Recall the following equilibrium problem.

Find z € C such that F(z,y) >0, VYyeC. (4.2)

In this work, we use EP(F) to denote the solution set of the equilibrium
problem (4.2).
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To study the equilibrium problems (4.2), we may assume that F' sat-
isfies the following conditions:
(Al) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;
(A3) for each x,y,z € C,
limsup F(tz + (1 — t)z,y) < F(z,y);
tl0
(A4) for each x € C, y — F(x,y) is convex and weakly lower semi-
continuous.

Putting F(x,y) = (Az,y — z) for every z,y € C, we see that the
equilibrium problem (4.2) is reduced to the variational inequality (2.1).
The following lemma can be found in [4] and [5].

Lemma 4.2. Let C be a nonempty closed convexr subset of H and let
F : C xC — R be a bifunction satisfying (A1)-(A4). Then, for any
r >0 and x € H, there exists z € C such that

1
F(z,y)%—;(y—z,z—x)ZO, vyec

Further, define
1
Trx:{zeC:F(z,y)—i—;(y—z,z—@20, Yy € C'} (4.3)
for all >0 and x € H. Then, the following hold:

(a) T, is single-valued;

(b) T, is firmly nonexpansive, i.e., for any xz,y € H,
| Tz — TryH2 < (Trx - Try,z —y);

(c) F(T;) = EP(F);

(d) EP(F) is closed and convez.

Lemma 4.3 [20] Let C' be a nonempty closed convex subset of a real
Hilbert space H, F a bifunction from C x C to R which satisfies (A1l)-
(A4) and Ar a multivalued mapping of H into itself defined by

{zeH:F(z,y) >(y—=x,z), YyelC}, zeC,
AF$:
(2)7 $¢C

Then Af is a mazimal monotone operator with the domain D(Ar) C C,
EP(F) = Az'(0) and

Trx=(I+ TAF)*lx, Ve e Hr >0,

(4.4)
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where T, is defined as in (4.3).

The following result is now derived based on Theorem 3.1 and Lemma
4.3.

Theorem 4.4. Let C be a nonempty closed conver subset of a real
Hilbert space H, S : C — H a k-strictly pseudocontractive mapping,
T :C — H an a-contractive mapping and Fg a bifunction from C x C
to R which satisfies (A1)-(A4). Assume that F = Fiz(S)NEP(Fg) # 0.
Let {a,}, {Bn} and {7y} be real number sequences in (0,1). Let {\,} be
a positive real number sequence. Let {x,} be a sequence in C' generated
in the following iterative process

x1 € C,
yn = Projo(anTz, + (1 — ap)zy),
Tn+l = Brnxn + (1 - /Bn)PTOjC(’Vnyn + (1 - ’Yn)Syn)a Vn > 1,
where z, € C such that
1
Fp(zn,u) + )\—(u — ZpyZn — Xp) >0, YueC.

n

Assume that the sequences {an}, {Bn}, { "} and {\,} satisfy the fol-
lowing restrictions:
(a) limyyoo atp =0, Y 00 | oy = 00;
(b) 0<a<p,<b<1;
() & <yn < e <1, limpoo [Yng1 — | = 0;
(d) 0<d <\, <e<oo, limy oo | Ant1 — An| =0,

where a,b,c,d and e are some real numbers. Then the sequence {x,}
converges strongly to x = ProjrTx.
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