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ABSTRACT. We introduce a general implicit algorithm for finding
a common element of the set of solutions of systems of equilibrium
problems and the set of common fixed points of a sequence of nonex-
pansive mappings and a continuous representation of nonexpansive
mappings. Then we prove the strong convergence of the proposed
implicit scheme to the unique solution of the minimization problem
on the solution of systems of equilibrium problems and the common
fixed points of a sequence of nonexpansive mappings and a contin-
uous representation of nonexpansive mappings.
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1. Introduction

Throughout this paper, H will denote a real Hilbert space and C will
be a closed convex subset of H unless otherwise stated.
Let G: H x H — R be an equilibrium function, that is,

G(u,u) =0 for every u € H.
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The Equilibrium Problem is defined as follows:
(1.1) find & € H such that G(Z,y) >0 forally € H,

a solution of (1.1) is said to be an equilibrium point and the set of the
equilibrium points is denoted by SEP(G).

Let B : C — H be a nonlinear map. Let Po be the projection of
H onto C'. The classical variational inequality problem, denoted by
VI(C,B) is to find u € C such that

(1.2) (Bu,v —u) >0,

for all v € C. For a given z € H, u € C satisfies the inequality
(1.3) (u—z,v—u) >0, (vel),

if and only if uw = Poz. Therefore

(1.4) u e VI(C,B) <= u= Po(u— \Bu),

where A > 0 is a constant. This alternative equivalent formulation has
played a significant role in the studies of the variational inequalities and
related optimization problems. It is known that the projection operator
P is nonexpansive. It is also known that Po satisfies

(1.5) (x —y, Pox — Pey) > ||Pox — Poyl)?,

for z,y € H.
Recall the following definitions:

(1) a mapping T from C into itself is called nonexpansive if
[Tz — Ty[| < ||z —yl|, for all 2,y € C,

(2) a mapping T from C into itself is called Lipschitzian if there
exists a nonnegative number k such that
|Tx —Ty|| < k|lz —yl|,for all z,y € C,

(3) let 0 < o < 1, a mapping f from C into itself is said to be an
a-contraction if || f(z) — f(y)| < allx — y||,for all z,y € H,

(4) for a map T from H into itself, we denote by
Fix(T) := {x € H: x = Tx}, the fixed point set of T". Note that
if T' is a nonexpansive mapping, Fix(T) is closed and convex (see
[6]),

(5) a mapping A from H into itself is said to be strongly positive
operator with constant 7, if there exists 7 > 0 such that

(Az,z) > || (z € H),
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(6)

(7)
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a mapping B from C into H is said to be monotone, if
(Bx — By,x —y) >0 for all z,y € C,

a mapping B from C into H is said to be n-cocoercive, if there
exists a constant 77 > 0 such that

(Bx — By,z —y) > n||Bx — By||*> for all z,y € C.

Clearly, every n-cocoercive map B is %—Lipschitz continuous (see
21] and [22]),

a set-valued mapping T : H — 2 is called monotone if for all
x,y € Hf € Tx and g € Ty imply (x —y , f—g) > 0. A
monotone mapping T : H — 2/ is maximal if the graph G(T') of
T is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7' is maximal
if and only if for (z,f) € Hx H, (xt —y, f—g) > 0 for every
(y,9) € G(T) implies f € Txz. Let B be a monotone map of
C into H and let Nov be the normal cone to C at v € C, i.e.,
Nev={we H:(v—u,w) >0, (ue C)} and define

| Bv+ N¢w, v e C,
TU_{@, vé¢C.

Then T is maximal monotone and 0 € Tw if and only if v €
VI(C, B) (see [11]),

a semitopological semigroup is a semigroup S with a Hausdorff
topology such that for each a € S the mappings s — a.s and
s — s.a from S to S are continuous,

let S be a semitopological semigroup. A family & = {Ts : s €
S} of mappings from C into itself is said to be a continuous
representation of S as nonexpansive mapping on C' into itself if
S satisfies the following conditions:

(1) Tgx = TsTix for all s,t € S and z € C;

(2) for every x € C, the mapping s — Tz from S into C is
continuous;

(3) for every s € S the mapping T : C' — C' is nonexpansive.
We denote by Fix(S) the set of common fixed points of S, that
is Fix(S)={z € C: Tz ==z, (s€ )},

let C' be a nonempty convex subset of a Banach space, {7} }ien
a sequence of nonexpansive mappings of C' into itself and {\;}
a real sequence such that 0 < \; <1 for every ¢ € N. Following
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[16], for any n > 1, we define a mapping W,, of C into itself as

follows,
Un,n—i—l =1,
Un,n = )\nTnUn,n—i-l + (1 - )\n)Ia
(1.6) Un := MTrUp g1 + (1= M),

Unz2 = XoToUp 3+ (1 — Xo)I,
Wn = Up,1 = )\1T1Un,2 + (1 — )\1)[,

(12) let S be a semitopological semigroup. We denote by B(S) the
Banach space of all bounded real-valued functions defined on
S with supremum norm and let C(S) be the subspace of B(S)
which consists of all bounded, continuous real-valued functions
on S. For each s € S and f € B(S) we define I and 75 in B(S)
by

(lsf)(t) = f(St)> (Tsf)(t) = f(ts)7 (t € S)

Let X be a subspace of C(S) containing 1 and let X* be its
topological dual. An element u of X* is said to be a mean on
X if ||p]| = (1) = 1. We often write p:(f(¢)) instead of pu(f)
for p € X* and f € X. Let X be left invariant (resp. right
invariant), i.e, ls(X) C X (resp. r5(X) C X) for each s € S. A
mean g on X is said to be left invariant (resp. right invariant) if
w(lsf) = u(f) (vesp. u(rsf) = p(f)) for each s € S and f € X.
Let X be invariant i.e, X be both left and right invariant, a
mean g on X is said to be invariant if it is both left and right
invariant,

(13) let T : C — H be a mapping. Then T is said to be demiclosed
at v € H if for any sequence {x, } in C, the following implication
holds:
xn = u € C, Tx, — v imply Tu = v, where — (resp. —)
denotes strong (resp. weak) convergence,

(14) a vector space X is said to satisfy Opial’s condition, if for each
sequence {x,} in X which converges weakly to point x € X,

liminf ||z, —z| < liminf |[|z,—y| (v € X, y# ).
n—oo n—o0
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Note that every Hilbert space satisfies the Opial’s condition (see
[10] and [13]),

(15) let K be a nonempty subset of a Banach space X and {z,} be
a sequence in K. The set of the asymptotic center of {z,} with
respect to K, defined by

A{zn}) = {az € K :limsup ||z, — z|| = inf limsup ||z, — y”} .
n—00 yeK n—ooo
Let f be an a-contraction on H, and A be a bounded linear operator
on H. The following variational inequality problem with viscosity is of
great interest [3, 9]:
find 2* in C such that

(1.7) (A=qfla*,x—2") =20  (z€0),

which is the optimality condition for the minimization problem

min <;<Aa:,x) + h(@) ,

zeC

where ~ satisfies ||I — A|| <1 — ay and h is a potential function for ~f
(that is h/(z) = vf(x)).

Plubtieng and Punpaeng in [12] proved a strong convergence theorem
for an implicit sequence {x,,} obtained from the viscosity approximation
method for finding a common element in SEP(G)NFix(T) which satisfies
the variational inequality (1.7) (see also [19]):

Theorem 1.1. Let G be a bifunction from H x H into R satisfying
(A1) G(z,z) =0 for all x € C;

(A2) G is monotone, i.e., G(x,y) + G(y,z) <0 for all x,y € C;
(As) For all x,y,z € C,

limsup G(tz + (1 — t)z,y) < G(z,y);
t—0
(A4) For allx € C, y+— G(z,y) is conver and lower semicontinuous.
Forx € H andr > 0, set S, : H — C to be the resolvent of G, i.e.,
Sy(x) is the unique z € C' for which

1
G(z,y)—l—;(y—z,z—x}ZO, (yEC)

Let T be a nonexpansive mapping on H such that SEP(G)NFix(T) # 0.
Let f be a contraction of H into itself with o € (0,1) and let A be a
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strongly positive bounded linear operator on H with coefficient?y > 0 and
0 <~y <. Let{x,} be the sequence generated by

Tn = aan(xn) + (I - anA)TUna (n € N)7

T
where uy, = Sy, Ty, {rn} C (0,00) and a,, C [0, 1] satisfying ILm ap, =0
n—oo

and liminfr, > 0. Then {x,} and {u,} converge strongly to a point z
n—oo

in Fix(T) N SEP(G) which solves the variational inequality
(A=~f)z,z—x) <0, =€ Fix(T)NSEP(Q).

In this paper, motivated by Lau, Miyake and Takahashi [7], Atsushiba
and Takahashi [2], Shimizu and Takahashi [15] and Takahashi [20], we
introduce the following general implicit algorithm for finding a com-
mon element of the set of solutions of a system of equilibrium problems
SEP(G) for a family G = {Gk;k =1,2--- , K} of bifunctions and of the
set of fixed points of a family {7;};cn of nonexpansive mappings from
C into itself and a continuous representation S = {7} : t € S} of a semi-
topological semigroup S as nonexpansive mappings from C into itself,
with respect to W-mappings and a sequence {u,} of invariant means
defined on an appropriate subspace of bounded, continuous real-valued
functions of the semigroup:

Zn = enVf (2n) + (I — en AT, Wy Po(I — 1, B)S}, S7, -+ Sh. 20
(n eN),

Our goal is to prove a result of strong convergence for the above
implicit scheme to approach a unique solution
z* € ey Fix(Ty) N Fix(S) NSEP(G) N VI(C, B) of the problem (1.7).

2. Preliminaries

The projection operator Po assigns to each x € H, the unique point
Pox € C satisfying the condition

— P = mi -yl
= Pea| = min |« — |

The following Lemma characterizes the projection Pp:

Lemma 2.1. ([18]). Let x € H and y € C. Then Pcx =y if and only
if it satisfies the inequality

(x—y,y—2)>0 (z € C).
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Lemma 2.2. ([8]). Let A be a strongly positive linear bounded operator
on H with coefficienty and 0 < p < ||A||7 Then |[I — pA]| <1 - p7.

The following result generalizes Theorem 3.3.3 of [15].

Theorem 2.3. Let S be a semitopological semigroup such that C(S)
has an invariant mean p. Let S = {Ts : s € S} be a continuous repre-
sentation of S as nonexpansive mappings on C into itself and suppose
Fix(S) # 0. If we write Tz instead of [Tixdu(t), then the following
hold:

(i) T,Ts =TT, =T, foralls € S;

(ii) T}, is a nonexpansive retraction of C' onto Fix(S), i.e.,

Ty —Tuyl| < |z =yl for all z,y € C and Ti =T,

(ili) Tyx € co{Tsx : s € S} for each x € C;
(iv) Tyx = x for each x € Fix(S).

Proof. For proving (i)-(iii), see the proof of Theorem 3.3.3 of [18]. (iv)
is clear, since for every = € Fix(S), Tsx = « for all s € S. Thus
co{Tsz: s € S} = {x}. Hence by (iii), T,z = z for each = € Fix(S).

0

Theorem 2.4. ([5]). Let G: H x H — R satisfy,
(A1) G(z,z) =0 for all x € C,
(A2) G is monotone, i.e., G(z,y) + G(y,x) <0 for all x,y € C;
(A3) For all x,y,z € C,
limsup G(tz + (1 — t)z,y) < G(z,y);
t—0

(Ag) For allx € C, y— G(z,y) is convex and lower semicontinuous.
Forxe H andr >0, set S, : H— C to be

Sp(z)={z€C: G(z,y)—i—% (y—z,z—x) >0, (yel)},

then S, is well defined and the followings are valid:
(i) Sy is single-valued;
(ii) S, is firmly nonexpansive, i.e.,

Her_SryH2 < <er - Srya T — y) )

for all x,y € H;
(iii) Fix S, =SEP(G):
(iv) SEP(G) is closed and convex.
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Theorem 2.5. ([1]). Let {r,} C (0,00) be a sequence converging to
r > 0. For a bifunction G : H x H — R, satisfying conditions (A1)-
(Ay), define S, and S,, for n € N as in Theorem 2.4, then for every
x € H, we have

lim |Sy, — S, = 0.

Lemma 2.6. ([l]). Suppose that T : C — H is nonexpansive. Then,
the mapping I — T is demiclosed at zero.

Lemma 2.7. ([1]). Let X be a uniformly convex Banach space satisfying
the Opial’s condition and let K be a nonempty closed conver subset of
X. If a sequence {z,} C K converges weakly to a point zy, then {29} is
the asymptotic center of {z,} with respect to K.

Remark 2.8. FEvery Hilbert space is a uniformly convexr Banach space,
and therefore is a strictly convex Banach space (see pages 95, 98 of [18]).

The following results hold for the mappings W,,.

Theorem 2.9. ([10]). Let C' be a nonempty closed convex subset of a
strictly convex Banach space. Let {T;}ien be a sequence of nonexpansive
mappings of C into itself such that ;o Fix(Ti) # 0, and let {\;} be a
real sequence such that 0 < \; < b <1 for every i € N. Then
(1) W, is nonezpansive and Fix(Wy) = L, Fix(T;) for eachn > 1,
(2) for each x € C and for each positive integer j, the limit nl;rgo Unjz
exists.
(3) The mapping W : C — C' defined by

Wz = lim Wy = lim U,; (x¢€ C),

n—oo

n—0o0

is a nonexpansive mapping satisfying Fix(W) = (2, Fix(Ti). Such a
mapping is called the W-mapping generated by {T;}ien, and {\; }ien.

Theorem 2.10. ([11]). Let {T;}3°, be a sequence of nonexpansive map-
pings of C into itself such that (i, Fix(T;) # 0,{\i} a real sequence
such that 0 < \; <b< 1, (i >1). If D is any bounded subset of C, then
lim sup |[Wz — Wy,z| = 0.
n—oo zeD
Throughout the rest of this paper, the open ball of radius r centered
at 0 is denoted by B,. For ¢ > 0 and a mapping T : D — H, we let
F(T; D) be the set of e-approximate fixed points of T', i.e., F(T; D) =
{reD:|z—Tz| <e€}.
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3. Main results

In this section, we deal with the strong convergence approximation
scheme for finding a common element of the set of solutions of a system of
an equilibrium problem and the set of common fixed points of a sequence
of nonexpansive mappings and a continuous representation. This result
improves the main result of [1] and many others.

Theorem 3.1. Let S be a semitopological semigroup. Suppose that
S ={Ts : s € S} be a continuous representation of S as nonexpansive
mappings of C into itself. Let X be an amenable subspace of C(S) such
that 1 € X, and the function t — (Tyx,y) is an element of X for each
x€Candy € H. Let {u,} be a sequence of invariant means on X. Let
{T;}ien be a sequence of nonexpansive mappings from C' into itself such
that T;(Fix(S)) C Fix(S) for everyi € N, and G = {Gy : k=1,2,--- K}
be a finite family of bifunctions from H x H into R. Suppose that A is
a strongly positive bounded linear operator with coefficient 5 such that
|A]| <1 and let B be an n-cocoercive mapping from C into H, and f is
an a-contraction on H. Moreover, let {rg,}5 |, {rn}, {en} and {\,} be
real sequences such that vy, > 0,7, >0,0<¢e, <land0 <\, <c<1
for some ¢, and let v be a real number such that 0 < v < g Assume
that,

(i) for every k € {1,2,--- , K}, the function Gy, satisfies (A1) — (A4) of
Theorem 2.4,

(i) liTILn en, = 0 and,

(iii) for every k € {1,2,--- K}, liﬁnrkm exists and is a positive real
number,

(iv) {rn} C [a,b] for some positive real numbers a, b such that

b? < 2na < n? + b2,

(v) § := Npen Fix(Ty) NFix(S) N SEP(G) N VI(C,B) # 0.

For every n € N, let W, be the mapping generated by {7;} and {\,}
as in (1.6), for every k € {1,2,--- ,K} and n € N. Let SE  be the
resolvent generated by Gy, and 7y, as in Theorem 2.4. Let {zn} be the
sequence generated by

Zn = enVf (2n) + (I — en AT, Wy Po(I — 1, B)S}, 7, -+ Sh. zn
(3.1) (n €N),

then there exists a unique element u* € § such that {z,} strongly con-
verges to u* which is:
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(1) the unique solution of the variational inequality:
(32) (A= fu,z—u') >0 (2 ),
or equivalently,
ut = Py(I— (A— 2 f))ur,

(2) the unique solution of the minimization problem

1

where h is a potential function for v f.

Proof. Since ¢, — 0, we may assume that e, < ||A||~!. We show that
(I —€eyA)x, x) > 0, for all x € H. We may assume that ||z| = 1, so
we have

(I —€eA)x, ) =1 —¢€,(Ax, ) > 1 —¢,||A|| > 0.
By Lemma 2.2, we have
I —en Al <1—€,7.

We show that [—r, B is nonexpansive. Indeed, since B is n-cocoercive,
by condition (iv), we have

I(I = rpB)x — (I — Byl
=[l(z —y) — rn(Bx — By)|?
=|lz — y|I> = 2rn(z — y, Bx — By)
+ 7| Bz — Byl|®
<|lz — y||* = 2ran||Bx — By|* + | Bz — By||®
<z —ylI* + (r; — 2nrn) || Bz — By|?
<|lz — y|* + (b* — 2na)|| Bz — By||*
<z -y,

for each z,y € C, which implies that the mapping I — r, B is nonexpan-
sive.
We put SF:= 8! 52 S,’fm for every k € {1,2,--- K} and p,, =

Ti,n " T2n

Po(I — r,B)SEz,. Let p € §. Since Po(I — r,B)p = p, we have
lpn = pll = 1IPc(I = 0 B)Sy 20 — Po(I — o B)p|
< IS5 2z = pll < ll2n — 2]l
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Putting p1 = p, by [18,Lemma 3.4.3], we have T),, = T}, for all n € N.
Therefore, we have

Zp = en'yf(zn) + (I - EnA)TuWnPC(I - TTLB)STIL{Z’T'L (n € N)'
We divide the rest of the proof into eleven steps.
Step 1. The existence of z, which satisfies (3.1).
Proof. This follows immediately from the fact that for every n € N, the
mapping N,, given by
Noz = ey f(2) + (I — e AT, Wy, Po(I — 1, B)SE2x (v € H),

is a contraction. To see this, put 8, = 1 4+ e,ya — €,7, then
0 < B, <1(neN). Using Lemma 2.2, we have

[ Nnx — Npyll <exvl| f(x) — f(y)l]
+ (1 — €nY) HT;LWnPC(I - rnB)Sé(
— T, W, Po(I —r,B)SEy|
<enyallz —yl + (1 = eny)llz -yl
=1+ ey — )|z — yl
=Bullz —yl|-

X

Therefore, by Banach Contraction Principle ([18],p.4), there exists a
unique point z, such that Nz, = z,. O

Step 2. {z,} is bounded.
Proof. Let p € §. Since Po(I — r,B)p = p, we have
2 =PI =(eny (zn)
+ (I — e A) T, W, Po(I — rnB)Sffzn — P, Zn— p>
=6n'y<f(zn) —f(p);2n —p> + en<7f(p) —Ap, 2 — p>
+ <(I — € A) (T#WnPC(I —rB)SE 2,
- T ,WyPco(I — rnB)Sffp> , Zn —p>
<enyallzn —pl* + (1 = e¥)l|2n — 2l
+ 6n<7f(p) —Ap, Zn —p>-
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Thus,
(3-3) lzn —pl1? < 7 <7f( ) —Ap, z —p).
Hence,
1
lzn —pll < = v f(p) — Apll-
7 —ay
That is, the sequence {z,} is bounded. O

Step 3. For every fixed k € {1,2,--- , K}, we have

(3.4) 1171;11||zn Tan"H =0.

Proof. Let k € {1,2,--- , K}. Since by (ii) of Theorem 2.4, S is firmly
nonexpansive, we conclude that

k k
A e ]
<S’“ o — S!fk,np, 20— D)

k
= 2 (185,20 =Bl + llzn — 0l ~ 120 — S5, 2nll?)

IN

Therefore,

(3.5) 157, .20 = 2I* < 20 = pII* = 20 — SV

Tk, nzn||2‘

It follows that

[[2n —p||2 =llen(vf(zn) — Ap) + (I — €, A) (T Wapp — )||2
<(enll7f(20) = Apll + (1 = €7l pn — pll)*
<enl7f(2n) = Apl* + (1 = &)l on — plI?

+ 2en7vf(zn) — Apllllon — pll
<eénll7f(20) = Ap|® + (1 — &) 1S5, 20 — pII?
+ 2€n[|7f (2n) — Apllllon — p|
<en|vf(2n) — Ap”2 + |l2n _PH2
— (1 =e)llza — S5,

+ 2e, |17 f(2n) — Apllllpn — plI-

Zn||2
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That is,

(1 —en¥)llzn — S5, 2nll* <enllvf (z0) — Apl?
+ 2607 f (2n) — Ap|lllpn — pl|.

From (ii) and that { f(z,)} and {p, } are bounded sequences, we conclude

lim ||z, - Sk .zl =0.

Now by induction we assume that (3.4) holds for every k > k, and we
prove it for k.

If we put Ly, := 2(vf(2n) — AT, Wypn , 2n — p), then by using the in-
equality

(3.6) o+ ylI* < [l=]* + 2y, 2 + ),

we obtain

|2 — p||2 = [lenyf(2n) + (I — €nA)TuWnPn - p”2
= ||TuWnPn —p+en (7 f(2n) — ATuWnPn) H2
< ||TuWnPn —pH2 + €enln
< ||pn - PH2 + €nLn
K 2
<18y zn — ol + €n Ll
S ||S71'1,nS72'2,n e S"I‘j{,nzn B p||2 + EnLn

(3.7) <|SE o SE = pl*+ enLn.

TK,n
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Observe that

k k k k
H&%n“'&im%l_pH:H&?n“'&ﬁm%l_Sﬁmaf+sﬁmZ”_pH

<ISEEL ST = anll IS, 2 = pl
<ISEEL o 8P — Sl

FUSEL 2n = zall +1SF, 20—l
<ISE2 o Sfi = 2l

FISE =zl +UISE 20—l

k+1,n

K
<ISE za—pll+ D 1Sk 2 — 2l
k,n s

k=k+1
Inequality (3.7) gives,
K —
k k
lzn = pl2 < (D USE 20— zall + 20SE 20— pll)
k=k+1
K —
(32 18k 20— zall) + IS5 20— I + nLn
k=k+1

From this inequality and (3.5), we obtain

K
k k k
lon = SE a2 <( D0 1S5 20— zall +20SE 20— pl))
k=k+1
K

(> 1Sk 20— zall) + ealn.

k=k+1

Since by assumption,

K
ligbn Z HS,]fk’nzn — zn|| =0,
k=k+1
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then, from (ii) and that {L,} is a bounded sequence, we conclude
lim ||z, — SE, zn| =0,
n k,n
as required.

Step 4. lim [|SX 2, — 2, = 0.
n

Proof. Observe that

1S5 20 = zall =I5

<||S;

1,n

“-Sf;nzn — Zn|
K
o 'SrK,nZn - Sﬁl,nznll + HS%LnZn — zn|

K
§HS1?2,,L T SrK,nZn — znll + HS,}I’nZn — Zn|

1,n

K
< Z Hka’nzn — Zpl|-
k=1

Therefore by using (3.4), we have lim ||SX z, — z,|| = 0.
n
Step 5. lim || BSK 2, — Bp|| = 0.
n

Proof. Observe that for p € §, since B is n-cocoercive, we have

lpn = plI*> =l Po(I = rnB) Sy 20 — Po(I = rB)pl|?
<|(SKzn — p) — rn(BSE 2, — Bp)|?
=S5 20 = plI* = 2rn(Sp 20 — p, BSy zn — Bp)
+ 12 || BSK 2, — Bp||?
<llzn = plI* = 2ran||BSY 20 — Bpl® + 2| BS) 20 — Bpl|®
(3-8) <|lzn = plI* + (5 — 2run)|| BSK 2 — Bp|*.
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Observe that

l2n = plI* =llen(vf (zn) = Ap) + (I = en A) (T Wapn — p)|I?

2
<(enllrf(zn) = Al + 1T = ew AT, Whpa vl

2
< (enllvf(z0) = APl + (1 = ex?) 1o — 2l
<enl|l7f(20) = Ap|* + llpn — pII?
(3.9) + 2enl7f (2n) — Apllllon — pll-

Substituting (3.8) into (3.9), we have

120 — PII* <enllvf(zn) — Ap|* + 120 — pII?
+ (r2 = 2r,n)|| BSK 2, — Bp||?
+ 2en|7vf (zn) — Ap|lllpn — pl|.

It follows from the condition (iv) that

(2an — b*)||BSE 2, — Bp||? <eu|lvf(z) — Ap|?
+ 2en|7vf (zn) — Ap|lllpn — pl|.

;From condition (ii), we have

lim || BSX 2, — Bp|| = 0.

Step 6. lim ||p, — SEz,|| = 0.
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Proof. Observe that, by using (1.5), we have
lpn = plI* = Pe(I = 1aB)Sy 20 — Pe(I — raB)p|?
<((I =raB)Sy zn — (I = mB)p , pn—p)
=T~ 7B 20— (1= raBYpI + llpn — p?
— (I = raB)Sy 20 — (I = ruB)p — (pn — p)II*}
<2 IS5z~ I + llpn — oI
— (k20 = pn) = ru(BSy 20 — Bp)|*}

1

<5 llen =l + lon = pI* = 1155 20 — pull?
— 73| BS) 20 — Bp|)?
+ 21, <S£<zn — pn,BSffzn — Bp>},

which yields that
lpn = pI* <llzn = ol = 155 20 = pul®
(3.10) + 27, ||SE 2 — pull| BSE 2, — Bp).
Substituting (3.10) into (3.9) yields that
125 _pH2 <en|lvf(2n) — Ap||2 + ||z — p”2 - ”STIL{Zn - an2
+ 2Tn||S7[z(Zn - PnHHBsz(Zn — By||
+ 2en|vf(zn) = Apllllon — pll-
It follows that
Hszn - Pn||2 <en|7f(2n) — Ap”2
+ 2| S5 20 — pul| | BSy 20 — Bl
+ 26|17 (20) — Apllllpn — pl-
(From condition (ii) and Step 5, we have

lim o — SE 20| = 0.

Step 7. lim ||z, — T, Wy 2| = 0.
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Proof. To see this, put
My :=2(vf () = AT,WoPe(I = 1aB)SK 20, 20 — TuWnzn) -

It is obvious that {M, },ecn is a bounded sequence. By using (3.6), we
have

||Zn_Tuann||2
= llenyf(20) + (I = en AT, Wy Po(I = 1, B) S5 20 = T, Wz |12
< NT Wi Po(I — 1y B)SE 2y — T, Whzn||? + €, M,
< 1o = 2l + €y < (ln = SE 20l + 15 20 = 20)” + €M
Therefore, by Step 4, Step 6, and the fact that {M,},cn is a bounded
sequence, we can conclude that,
i 12— Ty Wz |2 < (tim [0, — S22 + lim 1S5z, — zu))’

+ lime, M, = 0.
n

Step 8. limy, 00 ||2n — Ti2n|| =0, for all ¢ € S.

Proof. Let p € § and put

_ |/ (p) — Apl

y-ay
Let D ={y € H : |ly —p|| < Mp}. It is clear that D is a bounded
closed convex set, and {z, : n € N} C D. It is also obvious that D is
invariant under {kan :k=1,2,...K,n € N}, W, for every n € N, S,
and Po(I —r,B) for every n € N.
Since S is a semitopological semigroup, by (i) of Theorem 2.3, we have

(3.11) TiT,y=T.,y (teS,yeD).

My

Let € > 0. By [3,Theorem 1.2], there exists § > 0 such that
(3.12) coFs(Ty; D)+ Bs C Fe(Ty; D) (t €9).

Take Lo = (1 + vya)Mo + ||vf(p) — Ap||. Now from (3.11) and condition
(ii) there exists a natural number Ny such that T,y € F5(T}; D) for all
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y €D and e, < ﬁ for all n > N;. We note that
enl|Vf (20)— AT W, Po(I — 1, B)SE 2,
<en(Inf(zn) = 2F @) + [7F () — Apl
+ | AT, W, Pe(I — 7, B)SEp
— AT, W, Po(I — r,B)SK an)
<en(vallzn = pll + 0/ () = Apl + 1 Alll1z0 — o))
<en (vallzn — pl| + |1V f(p) — Apl|| + ||z — plI)

(
<én (1 +ya)llzn —pll + |7 f(p) — Apll)
<én (L +~vya)My + [|vf(p) — Apl|)

=epLp < g,
for all n > Ny. Observe that
zn = enVf(2n) + (I — e A) T, W Po(I — 1, B)SK 2,
=T, W,Pc(I —r,B)SX 2,
+ e (7 f(zn) — AT, Wy Po(I — r,,B)SK zn)

€ I5(Ty; D) + Bs

2
C F5(Ty; D) + Bs
C F.(Ty; D).

for all n > Ny. This shows that
lzn — Tiznl] <€ (n> Nyp).
Since € > 0 is arbitrary, we get lim,, oo ||z — T32n || = 0. O

Step 9. The weak limit set of {z,} which is denoted by w,{z,} is a
subset of §.

Proof. Let z* € wy{z,} and let {z,,} be a subsequence of {z,} such
that Zn; — x*. We need to show that z* € §. In terms of Lemma 2.6
and Step 8, we conclude that z* € Fix(S).
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By Theorems 2.9, 2.10, the mapping W : C' — C, given by Wz :=
lim W,z satisfies
n

(3.13) limsup |[Wyz* — Wz*|| = 0.
n—oo
Putting limry,, = 7 for every k € {1,2,--- , K}, by Theorem 2.5, we
n
have
(3.14) Sk x = lim Sy (zeH)

Since z* € Fix(S), by our assumption, we have T;xz* € Fix(S) for all 7 €
N and then W,z* € Fix(S). Hence, by (iv) of Theorem 2.3, T,,Wy,z* =
Wx*.
Consider the set of the asymptotic center A(zy,) of {z,,;} with respect
to H. Since z,;, — z*, Lemma 2.7 implies that A(z,;) = {z*}. By the
definition of A(zy,), we have
limsup ||z, — 2| < limsup ||2n; — T2, || (tes).
Jj—o0 Jj—00
for all z € A(zy,). Since A(z,;) = {z*}, by Step 8, we have z,; — x*.
Using (3.13) and Step 7, we have
limsup [|z,; — Wa™|| <limsup ||z, — T, Wh, 20, ||
j—00 Jj—00
+limsup |7, W, 2n; — T, W, z*||
Jj—00
+ limsup || T, Wy, 2" — Wa™||
Jj—o0

<limsup ||z5; — T} Wi,; 20, || + limsup ||zn; — 27|

j—00 j—00
+ limsup | Wy, 2" — Waz™|| = 0.
Jj—00

This implies that W (z*) = z*.
Using Theorem 2.5 and (3.14) and Step 3, we have
k

limsup || z,; — S7, " <limsup || z,,; — ka,njznj I
Jj—o0 Jj—o0

: k k

+ hm sup HSrk,nj an - ST’k,njx*H
J]—00

+limsup |5y , 2" — Sk 2|
j—o00

<limsup ||z, — 2"[| = 0.

J]—00
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This implies that ka (x*) = x* for every k € {1,2,--- ,K}.
Therefore, we have z* € Fix(W)N( E:l Fix(S}fk)). In terms of Theorems
2.9 and 2.4, we have z* € (N2, Fix(Ti)) N SEP(G). Since z* € Fix(S),
we have 2* € (N2, Fix(T;)) N SEP(G) N Fix(S).

Now, let us show that 2* € VI(C, B). Let U : H — 2 be a set-valued
mapping defined by

| Bx+ N¢x, xz e C,
Ux_{@, x ¢ C.

JFrom condition (iv) and this fact that B is n-cocoercive, we have
(Bz — By, = —y) > n||Bx — By|* > 0,

which yields that B is monotone, thus U is maximal monotone. Let
(x1,22) € G(U). Since x9 — Bz € Nezp and p, € C, we have

(x1—pn , x2 — Bx1) > 0.
Moreover, since p, = Po(I — TnB)Sffzn, from (1.3) we have
(1 —pn s pn— I — T’nB)Si{zw >0,

and hence
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Therefore,

<CL']_ _pnj 9 Bw1>
<fL']_ _pnj 9 Bw1>

K
P — SptZn.
_<gcl_pnj7 W+Bsgznj>

P — SptZn.
:<$1—Pnj ’ Bwl—W—BSTIZZn]->

:<$1 - pnj ) Bx]. - BPn]>
+ (21 = pn; » Bpn,; — BS,{ész)

K
Pn; — Snj Znj
—\?1=Pn;, ———————
Tn;

Z<x1 _pn]‘ ) Bpn] - BS7[L§ZHJ>

K
Pnj - Snjzn]'
—\ 71— Pnj s />
Tnj

therefore, by Step 6 and that B is a %—Lipschitz mapping, we have

(r1 —2* , 22) > 0. Thus, by (8), we have x* € U~10 and hence, by (8),
z* € VI(C, B). Therefore, z* € §. O

<CL’1 —Pnj ) l'2> >
>

Step 10. There exists a unique element u* € § that satisfies in the
following inequality

(3.15) [ :=limsup ((vf — A)u*, z, — u™) <0.

Proof. From Lemma 2.2 we have

[1P5(I — (A=~f))z— Ps(I - (A=~f)yl
<IN = (A=vf))z =T = (A=)l
=[[((I = A)(z —y) + (vf(x) =7 f W)l
< =)z = yll +~allz -yl
=1 =7 +ya)llz =yl

since 1 =5 +~ya <1, P3(I — (A —~f)) is a contraction. So, by Banach
Contraction Principle, there exists a unique point u* € § such that
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Py (I — (A—~f))u* = u* or equivalently, u* is the unique solution of the
variational inequality:

(3.16) (A=~yflu*,z—u*) >0 (xz€73F),

The existence of I follows from the fact that {z,} is a bounded sequence.
So we can select a subsequence {z;j} of {z,} such that

lim; <(7f — A)u*, z;j - u*> = I'. There is a subsequence of {z;j} which

we denote it again by {z;j} that converges weakly to a point y*.
By Step 9, y* € § and from (3.16) we have

L =lim ((v/ = A)u", 2, = w') = (5] = A,y — ') <0,
J

Step 11. {z,} converges strongly to u* and u* = y*.

Proof. Indeed, from (3.3), (3.15), we conclude

1
limsup ||z, — u*||? < = limsup ((vf — A)u™, z, — u*) <O0.
n —ay n

. / .
That is z, — u*. Therefore, z, — u*. Hence Zp, = u*. Now as in the

proof of Step 10, z;lj — y*, so we conclude that u* = y*. O
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