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1. Introduction

Let (X,d) be a metric space and let C' be a nonempty subset of X.
A mapping T : C' — C is said to be nonezpansive if

d(Tx,Ty) < d(x,y), Vx,yeC.
A point x € C is called a fixed point of T if x = T'x. The set of all fixed
points of T" is denoted by F(T'), that is, F(T) ={z € C : x = Tx}.
In 1967, Halpern [6] introduced the following iterative scheme in

Hilbert spaces which was referred to as Halpern iteration for approx-
imating a fixed point of 1"

(1.1) Tyl = apu+ (1 — ap)Tz,, VYneN,

where z1,u € C are arbitrarily chosen, and {«,} is a sequence in [0,1].
Wittmann [14] studied the iterative scheme (1.1) in a Hilbert space and
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obtained a strong convergence of the iteration. Reich [10] and Shioji
and Takahashi [12] extended Wittmann’s result to a real Banach space.

The modified version of Halpern iteration was investigated widely
by many mathematicians. For instance, Kim and Xu [7] studied the
sequence {z,} generated as follows:

(1.2> {yn = /Bna;n + (1 - ﬁn)Txm

Tnty1 =opu+ (1 —ap)yn, Yn €N,

where z1,u € C are arbitrarily chosen and {a,}, {5,} are two sequences
in [0,1]. They proved the strong convergence of iterative scheme (1.2) in
the framework of a uniformly smooth Banach space.

In 2006, Su and Qin [13] introduced the composite iteration scheme
as follows:

Wy, = 0pZn + (1 = )Ty,
(1 3) Zn = YnTp + (1 - 'Yn)Twny
Yn = Bpy + (1 - Bn)TZna

Tnt1 =apu+ (1 —ap)yn, VneN,

where x1,u € C are arbitrarily chosen and {«a,},{5,} are sequences in
(0,1) and {vn},{6n} in [0,1]. They proved the strong convergence of
iterative scheme (1.3) in the framework of a uniformly smooth Banach
space.

In 2008, Qin, Su and Shang [9] further modified the iterative process
(1.2) and obtained a strong convergence theorem in a uniformly smooth
Banach space as follows:

Zn = YnTn + (1 - ’Yn)Twna
Yn = Bpy + (1 - Bn)TZna
Tnt1 =apu+ (1 —ap)yn, VneN,

Recently, Saejung [11] extended the results of Halpern [6], Reich [10],
Shioji and Takahashi [12] and Wittmann [14], to the case of a CAT(0)
space.

The purpose of this paper is to extend Su-Qin’s result (1.3) to a special
kind of metric spaces, namely, CAT(0) spaces.
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2. Preliminaries

Let (X, d) be a metric space. A geodesic path joining x € X toy € X
(or, more briefly, a geodesic from x to y) is a map ¢ from a closed interval
[0,{] C R to X such that ¢(0) = z, ¢(l) = y, and d(c(t),c(t")) = |t — t|
for all t,t' € [0,1]. In particular, ¢ is an isometry and d(x,y) = I. The
image « of ¢ is called a geodesic (or metric) segment joining x and y.
The space (X, d) is said to be a geodesic space if every two points of X
are joined by a geodesic, and X is said to be uniquely geodesic if there is
exactly one geodesic joining x and y for each z,y € X. A subset Y C X
is said to be convez if Y includes every geodesic segment joining any two
of its points.

A geodesic triangle /\(x1,z2,23) in a geodesic metric space (X,d)
consists of three points z1,z2,z3 in X and three geodesic segment join-
ing each pair of vertices. A comparison triangle of a geodesic triangle
A(z1,29,73) is the triangle A(xq,z2,23) := A(T1,73,73) in the Eu-
clidean space E? such that d(z;, ;) = dg2(Z;, ;) for all 4,5 = 1,2, 3.

A geodesic space is said to be a CAT(0) space if all geodesic triangles
satisfy the following comparison axiom.

CAT(0): let A be a geodesic triangle in X, and let A be a comparison
triangle for A. Then, A is said to satisfy the CAT(0) inequality if for
all z,7 € A and all comparison points 7,7 € A, d(z,y) < dg2(Z, 7).

It is well known that any complete, simply connected Riemannian
manifold having nonpositive sectional curvature is a CAT(0) space.Other
examples are pre-Hilbert spaces, R-trees (see [1]), the complex Hilbert
ball with a hyperbolic metric (see [5]), and many others. A thorough
discussion of these spaces and their important role in various branches
of mathematics are given in [1, 2].

The following definitions and lemmas are also required in the main
results. In this paper, we write (1 — ¢)z @ ty for the unique point z in
the geodesic segment joining from x to y such that

d(x? Z) = td($7 y)? d(ya Z) = (1 - t)d(xa y)
We also denote by [z,y] the geodesic segment joining z to y, that is,
2oyl = {(1— Dty ¢ € 0, 1]},
Let © be a continuous linear functional on ¢*°, the Banach space of
bounded real sequences, satisfying ||u|| =1 = p(1). Then we know that
w is a mean on N if and only if

inf{a,;n € N} < u(a) < sup{an;n € N}
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for every a = (a1, az,...) € £*°. According to time and circumstances,
we used p,(ay,) instead of u(a). A mean p on N is called a Banach limit
if

fin(an) = fin(an41)
for every a = (a1, as,...) € £*.

Lemma 2.1. ( [12], Proposition 2 ). Let a be a real number and let
(a1,az,...) € £ be such that pun(an) < a for all Banach limits u and
limsup,,(@nt+1 — an) < 0. Then limsup,, a, < a.

The following lemmas are observed by S. Saejung.

Lemma 2.2. ( [11], Lemma 2.1). Let C be a closed convex subset of a
complete CAT(0) space X and let T : C — C' be a nonexpansive mapping.
Let u € C be fized. For each t € (0,1), the mapping S; : C — C' defined

by

Six=tu® (1 —t)Tx forx e
has a unique fixed point z; € C, that is,
(21) 2zt = Sz =tu @ (1 — t)TZt.

Lemma 2.3. ( [11], Lemma 2.2). Let C, T be as the preceding lemma.
Then F(T) # 0 if and only if {2} given by the formula (2.1) remains
bounded as t — 0. In this case, the following statements hold:
(i) {2t} converges to the unique fized point z of T which is nearest
to u;
(ii) d(u, 2)? < pnd(u,x,)? for all Banach limits p and all bounded
sequences {xy} with lim, o d(zy, Tx,) = 0.

The important property of the CAT(0) space that we use is the fol-
lowing lemma.

Lemma 2.4. ([3, 4, 8]). Let X be a CAT(0) space. Then, for each
z,y,z € X and t,s € [0, 1], we have
(i) d((1 —t)z D ty,z) < (1 —t)d(z,2) + td(y, z).
(i) d((1 —t)z @ tz, (1 — t)z D ty) < td(z,y).
(iii) d((1—t)z Dy, 2)2 < (1—t)d(z,2)? +td(y, 2)? —t(1 —t)d(x,y)>.
(iv) d((1 —t)z @ ty, (1 — s)z ® sy) = |t — s|d(z,y).
Consequently, we also need the following lemma that is extracted from
H.K. Xu.
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Lemma 2.5. ( [15], Lemma 2.1). Let {a,}°2, be a sequence of non-
negative real numbers satisfying the condition

Ap41 S (1 - Vn)an + YnOn, T 2 07
where {p}o2y C (0,1) and {0y}, such that

(1) imp—yoo v =0 and 307 o n = 00,
(ii) either limsup,, ., 0y <0 or Y 07 [ynon| < 00.

Then {on}22, converges to zero.

3. Main results

From now on, we let C' be a nonempty closed and convex subset of
a complete CAT(0) space X and let T : C' — C be a nonexpansive
mapping such that F(T) # (.

Lemma 3.1. Given a point u € C, the initial guess xg € C' is chosen
arbitrarily and given sequences {an}, {Bn} in (0,1) and {y,}, {0n} in
[0,1], the sequence {xy} is defined iteratively by

W, = 0py @ (1 — 0p) Ty,
n = Tndn 1- n T ")

(3.1) 2z Yy ® (1 — yp)Tw
Yn = ann @ (1 - /Bn)TZna

Tny1 =apu® (1 —ap)yn, Vn>0.
Then {z,}, {yn}, {zn} and {w,} are bounded sequences.

Proof. 1If we take a fixed point p of T', then from (3.1) we estimate as
follows:

d(wy, p) = d(0pxn ® (1 — )Ty, p)
< Ond(xp,p) + (1 = 0p)d(Txzy, p)
< Ond(zp,p) + (1 — 6p)d(xn, p)
(3.2) d(wy, p) < d(zn,p).
It follows from (3.1) and (3.2) that
d(2n,p) = d(VnTn @ (1 — ) Twy, p)
< Ynd(xn, p) + (1 = vn)d(Twy, p)
< Ynd(xp, p) + (1 = Yn)d(2n, p)
< d(wn,p).
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d(Yn,p) = d(Bnzn & (1 — Bn)Tzn, p)
< Bnd(zn,p) + (1 — Bn)d(Tzn, p)
< Bnd(zn, p) + (1 = Bn)d(zn, p)
< Bnd(xp,p) + (1 — Bn)d(zn, p)
< d(zn, p).

Therefore,

d(zn41,p) = d(anu @ (1 — an)yn, p)
< and(u,p) + (1 — an)d(yn, p)
< and(u,p) + (1 — an)d(zn, p)
< max{d(u,p),d(xn,p)}.

By induction we have
d(xn,p) < max{d(u,p), d(ib‘o,p)}, n > 0.

This proves the boundedness of the sequence {z,}, which implies that
the sequences {yn}, {2} and {w,} are also bounded. O

Lemma 3.2. If C} T; {I‘n}, {yn},{zn} z{wn}> {an}’ {Bn}? {'Yn} and
{0n} satisfy the following conditions:

(C1) Yool gan =00, an—0;
(C2) >0l lans1 —anl <00, D700 |But1 — Bn| < oo,

ZZO:O |7n+1 - 'Yn’ < 00, and ZZO:O ‘5n+1 - 5n| < 00,

then limy, o0 d(zp41,2n) = 0.

Proof. By (3.1), we have

Tpt1 = aptt @ (1 — o) yn, Tp = 0p_1u® (1 — apn_1)yn—1
Yn = /ann ® (1 - 6n)Tzna Yn—1 = Bn—lxn—l ® (1 - /Bn—l)Tzn—l-
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It follows from Lemma 2.4 that
d(Tny1,Tn)
=d(apu ® (1 — an)yn, ap—1u ® (1 — @p—1)Yn—1)
< d(apu ® (1 — apn)yYn, anu ® (1 — ap)yn—1)
+ d(anu @ (1 — an)yn—1,0n-1u & (1 — an—1)yn—1)

< (1= an)d(¥ns Yn—1) + o — 1 |d(u, yp—1)
= (1 - an)d(ﬁnxn S (1 - 6n)Tzn7 Bn-1Tn-1® (1 - Bn—l)Tzn—l)
+ ‘an - an—l’d(u7 6n—1xn—1 S¥ (1 - 5n—1)TZn—1)

<(1—an) [d(,@n:nn ® (1= )T 20, Butin-1 ® (1 — Bn)Tz)
+ d(ﬂnxn—l S (1 - ﬂn)TZm BnTn—1 @ (1 - Bn)Tzn—l)
+ d(ann—l S (1 - Bn)TZn—la Bn—lxn—l S (1 - 5n—1)TZn—1):|

+ |an - O‘nfll [ﬁnfld(ua l‘nfl) + (1 - /anl)d(uv Tznfl):|

< (1 - an) [ﬁnd(xn, xn—l) + (1 - Bn)d(TZna TZn—l)
+ ‘Bn - Bn—l’d(xn—la Tzn—l)]

o+l = @] [Bu-1d(t @0 1) + (1= Buo1)d(w, Tzn-1)|

= (1 - an)ﬁnd('xna xn—l) + (1 - an)(l - Bn)d(Tznv Tzn—l)
+ (1 - an)‘ﬁn - 5n—1|d(xn—l7TZn—1)
+ ‘an - an—l’ﬁn—ld(%%mn—l) + |04n - O‘n—l‘(l - 5n—1)d(uszn—1)

< (1 — ap)Bnd(xn, xn-1) + (1 —ap)(1 — Bn)d(Tzp, Tzp—1)
+ (1 = an)|Bn — Bn-1ld(@n—1,T2p—1)

+ |ay — ap—1|Bn-1d(u, xp—1) — |an — an—1|Bn-1d(u, Tzp—1)
+ |ay — ap—1ld(u, Tzp—1)

S (1 - O‘n)/@nd(mna xn—l) + (1 - an)<1 - 5n)d(Tva Tzn—l)
+ (1 - O‘n)‘ﬁn - 5n—1‘d($n—17Tzn—l) + ’an - CV7’L—1|d(uajjzn—l)

+ ‘an —Op—1 ’/Bn—l [d(ua Tzn—l) + d(TZn—la xn—l)]

- |an - anflyﬁnfld(uv Tznfl)
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d(Tp41,Tn)

< (1 = an)Bnd(zn, tn-1) + (1 — an)(1 — Bp)d(Tzyn, T2zp—1)
+ (1 —ap)|Bn — Bn-1ld(@n-1,Tzpn-1) + |on, — ap—1|d(u, Tzp—1)
+ |ap — an—1|Bn-1d(xn—-1,Tzp—1)

< (1= an)(1=Bp)d(Tzn, Tzp—1) + (1 — o) Bnd(zpn, Tp_1)
+(Bn = Bn—1)(1 — an) + (an — an—1)Bn-1]d(zn—1,T2n-1)
+ o — ap—1|d(u, Tzp—1).
This implies that
d(Tpt1,Tn) < (1 —apn)(1 = Bp)d(zn, 2n—1) + (1 — an) Bnd(xn, Tp—1)
+1(Bn = Bn-1)(1 — o) + (an — an—1)Bn-1ld(xn—1,T2n-1)
(3.3) + |an — an—1|d(u, Tzp—1).
Again, from (3.1), we have
Wy, = Onn @ (1 — 0p) Ty,
Wp—1 = Op—1Tp—1 B (1 — O0p—1)TTp_1.
Therefore,
d(wp, wp—1) = d (0nxn ® (1 — 6p)Txn, 0p—12n—1 D (1 — 6p—1)Txp—1)
< d(0nxn ® (1 —=0p)Txn, 0pxn ® (1 — 0n)Txp—1)
+d(0pxn ® (1 —6p)Txn—1,0p2n—1® (1 —6p)Txp_1)
+d(0nxn-1® (1 =00)Txn-1,0n-1Tn-1 D (1 —dp—1)TTp_1)
< (1 =0p)d(Txy, Taxn—1)+ |0n — On-1ld(zp—1,Txpn_1)
+ Ond(Tp, Tp—1)
< (1= 0p)d(zpn, Xn-1) + |0n — On-1ld(zn—1,TTpn—1)
+ Ond(Tp, Tp—1).
That is,
(3.4) d(wp, wp—1) < d(xn, Tn—1) + |0n — In—1]d(Tn—1,TTpn_1).
Similarly, we have
Zn = Ynn ® (1 — vp)Twp,
Zn—1 = Yn-1Zn—1 ® (1 — yn—1)Twy_1.
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Thus,
d(zn, 2n—1) < (1 = y)d(Twy, Twp—1) + Ynd(Tpn, Tn-1)
+ ‘771 - 7n—1|d($n—17 Twn—l)

d(zn, 2n-1) < (1 = ) d(wn, wp—1) + Ynd(Tpn, Tn-1)
(3.5) + [ = Mm-1ld(@n—1, Twn—1).
By substituting (3.4) into (3.5), we have
d(zn, 2n—1) < (1 =) [d(pn, Xp—1) + |0n — On—1|d(zp—1,TTp_1)]
+ Ynd(Tn, Tn-1) + [0 — Yn-1|d(@n—1, Twy—1)

< d(zp, Tn-1) + |0n — Opn—1|d(xn—1,TTp_1)
+ [ = m-1ld(@n—1, Twn—1).
It follows that
(3.6) d(2n, 2n—1) < d(Tn; Tn—1) + ([0 — On—1] + [¥0 — Yn-1]) M1
where M; is an appropriate constant such that
M > max {d(xp—1,Txn—1),d(xn-1,Twnp—1)}.
By substituting (3.6) into (3.3), we get that
d(xpi1,2n) < (1 — ap)d(xn, Tp—1)
+ (1= an)(1 = Bn) (|0n—1 — 6n| + [yn—1 — W) M1
+(Bn = Bn—1)(1 — an) + (an — an—1)Bn-1]| d(@n—1,T2n-1)
+ |an — ap—1|d(u, Tzp—1).

Therefore,
d(xn—i-h xn) < (1 - an)d(xn) xn—l)
(3-7) + M("Yn - 7n71|+‘5n - ﬁn71| + 2|an - anfl‘ + ’(Sn - (5n71|)7

where M is an appropriate constat such that
M > max {d(u,Tzp—1),d(xn—1,T2n-1), M1}
for all n. By assumptions (C1) - (C2), we have
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oo
S (1 = Va1l + 1Bn = Batl + 2lam — ano1| + |65 — Ga-1]) < o0
n=1

Now, applying Lemma 2.5 to (3.7), we obtain

nlggo d(xpy1,2n) = 0.

g

Lemma 3.3. If C, T, {xn}, {yn}, {20} Awn}, {an}, {Bn}, {7} and
{6n} satisfy conditions (C1), (C2) and

0(3) : ﬁn + (1 + Bn)(l - fYn)(Q - 571) € [O,CL)
for some a € (0,1), then lim,,_,o d(zp, Txy) = 0.

Proof. First, by using condition (C1), we get that

d(anrl, yn) = d(anu @ (1 - an)yna yn)
(3'8) d(anrl,yn) < Oénd(uvyn) —0, as n —oo.

We estimate as follows:

d(xp, Tryn) < d(Tn, Tnt1) + d(@nt1,Yn) + d(Yn, Tzpn) + d(T 2y, Txy)
< d(zp, Tp+1) + d(@nt1,Yn) + d(yn, Tzn) + d(2zn, Tn)
< d(xp, Tp+1) + d(@nt1,Yn) + Brd(xn, Tzn) + d(2zn, Tn)
< d(zn, Tp+1) + d(@nt1,Yn) + Brd(zpn, Txy)
+ Bnd(Txy, Tzy) + d(zn, xy)
< d(zn, Tp+1) + d(@nt1,Yn) + Brd(zpn, Txy)
+ Bnd(zn, zn) + d(zn, )

= d(@n, Tny1) + d(Tpy1,Yn) + Bnd(xn, Tay)
+ (1 + Bn)d(xn, zn)

< d(wp, Tng1) + d(Tng1, Yn) + Brd(zn, Try)
+ (1 + Bn)(1 — m)d(zn, Twy)

< d(wp, nt1) + d(Tnt1, Yn) + Brd(zn, Try)
+ (14 Bn)(1 = ) [d(zn, Tay) + d(Tan, Twy)]
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d(wp, Tzn) < d(Tn, Tny1) + d(Tnt1,Yn) + Bud(wn, Tan)
+ (1 + ﬁn)(l - '7n)d(l'n7 Tl‘n) + (1 + ﬁn)(l - 'YH)d(:Um wn)

< d(xp, Tpt1) + A Xpp1,Yn) + Bud(xn, Txy)
+ (14 80) (A — )d(zn, Tp)
+ (14 Bp) (1 = W) (1 = 8p)d(wn, Tzn).

It follows that

{1 - [/Bn + (1 + /Bn)(l - Vn) + (1 + /Bn)(l - 'Vn)(l - (571)] } d(‘rmen)

< d(xn, l'nJrl) + d($n+17 yn)
That is,

{1_ [Bn+(1+/8n)(l_7n)(2_5n)] }d(ﬂ?n, Txn) < d(l'na xn-i—l)—'_d(xn-i-lv yn)
Hence, from condition (C3), (3.8) and Lemma 3.2 we obtain
lim d(z,,Tz,) =0.
n—oo
O

By combining the ideas and the techniques in [11] and [13], we obtain
the strong convergence theorem of the modified Noor iterative scheme
(3.1) in the CAT(0) space.

Theorem 3.4. Let C be a nonempty closed and convex subset of a com-
plete CAT(0) space X and let T : C — C' be a nonexpansive mapping
such that F(T) # 0. Given a point u,xg € C is arbitrarily chosen,
and given sequences {an}, {Bn} in (0,1) and {y.}, {0n} in [0,1], the
following conditions are satisfied:

(C1) Yool gan =00, oan—0;

(02) ZZO:O ‘an-f-l - an| < 00, Z?LO:O |Bn+1 - ﬁn’ < 00,

[e.9]

Z;L.O:O ‘771-&-1 - ’Yn’ < 00, and Zn:(] ’fsn—&-l - 671‘ < 00y

(C3) B+ (14 8n)(1 —vm)(2—=6,) €]0,a) for some ac (0,1).

The sequence {x,} is defined iteratively by (3.1). Then {x,} converges
to a fized point z € F(T) which is nearest to u.
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Proof. By Lemma 3.1, {z,}, {yn}, {2z} and {w, } are bounded sequences,
and it follows from Lemma 3.3 that lim,, o d(zy, Tx,) = 0. Next, we
prove {z,} converges to a fixed point z € F(T) which is nearest to u.
From Lemma 2.2, let z = limy_,q z; where z; is given by (2.1). Then, z
is the point of F'(T") which is nearest to u. We observe that
d*(xny1,2) = d*(anu ® (1 — ap)yn, 2)
< and*(u,2) + (1 — a)d*(Yn, 2) — an(l — an)d*(u, yy)

< and*(u, 2) + (1 — an)d? (20, 2) — an(1 — o) d? (u, y)
= (1 — ap)d(2n, 2) + an (d2(u, 2) = (1 — an)d?(u, yn)).
That is,
(3.9) @ (2ni1,2) < (1—an)d?(zn, 2)+an (d2(u,z)—(1—an)d2(u,yn)).

By Lemma 2.3, we have i, (d*(u, 2) — d?(u, z,,)) < 0 for all Banach limit
w. Moreover, since d(xp41,2,) — 0, we have
lim sup <d2(u, 2) 4 d*(u, xpy1) — d*(u, 2) — d*(u, xn)> =0.
n—oo

It follows from d(xy,yn) — 0 and Lemma 2.1 that
lim sup (d2(u, 2)—(1—ap,)d*(u, yn)> = limsup (d2(u, z)—d2(u,xn)) <0.

n—oo n—oo
Applying Lemma 2.5 to (3.9) we get that lim,,_,oc d(xy,, 2) = 0.

g

The following results are immediate consequences of Theorem 3.4 by
taking 6, = 1 in Theorem 3.4.

Corollary 3.5. Let C' be a nonempty closed and convexr subset of a
complete CAT(0) space X and letT : C — C be a nonexpansive mapping
such that F(T) # 0. Given a point u, xo € C is arbitrarily chosen, and
given sequences {an}, {Bn} in (0,1) and {v,} in [0,1], the following
conditions are satisfied:

(C1) Yool pan =00, an—0;

(02) ZZO:O |an+1 - an’ < 00, Zzo:o ’/Bn—i-l - Bn| < 00,
ZSLO:O |’Yn+1 - 'Vn’ < 005

(C3) Bn+ (14 Bn)(1 —,) € [0,a)  for some a€(0,1).
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The sequence {x,} is defined iteratively by

Zn = YnZTn D (]- - ’Vn)T-Tna
Yn = BnZn ® (1 — Bn)T 2,
Tpt1 = opu® (1 —an)yn, VYn>0.
Then {xy,} converges to a fixed point z € F(T') which is nearest to u.

As a consequence of Corollary 3.5, we obtain the following result.

Corollary 3.6. Let C be a nonempty closed and convex subset of a
complete CAT(0) space X and letT : C — C be a nonexpansive mapping
such that F(T) # 0. Given a point u, xo € C are arbitrarily chosen and
given sequences {a,} and {B,} in (0,1), the following conditions are
satisfied:

(C1) Zzozo ap =00, ap — 0;
(C2) > niolomer — am| <00, 3707 o [Bnt1 — Bn| < 00;

(C3) Bn €[0,a) for some a€(0,1).
The sequence {x,} is defined iteratively by
Yn = Bpry @ (1 - Bn)T:Un,
Tnt1 = oapu® (1 —ap)yn, Vn>0.
Then {x,} converges to a fized point z € F(T') which is nearest to u.

Proof. By taking 7, = 1, in Corollary 3.5, {z,} converges strongly to a
fixed point z € F(T) which is nearest to u. O
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