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ABSTRACT. In this paper, a spectral Tau method for solving frac-
tional Riccati differential equations is considered. This technique
describes converting of a given fractional Riccati differential equa-
tion to a system of nonlinear algebraic equations by using some
simple matrices. We use fractional derivatives in the Caputo form.
Convergence analysis of the proposed method is given and rate of
convergence is established in the weighted L?—norm. Numerical
results are presented to confirm the high accuracy of the method.
Keywords: Fractional Riccati differential equations, Caputo de-
rivative, spectral Tau method.
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1. Introduction

Fractional differential equations are suitable to describe some physical
phenomena such as damping laws, rheology, diffusion processes, and so
on [3,13,18,22]. Recently, linear fractional differential equations with
variable coefficients have been solved by adapting various analytical and
numerical methods [4-6,8,9]. Nowadays, applications have included
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some classes of nonlinear fractional differential equations, and this re-
sults in considering numerical methods for solving these equations. Re-
cently, several numerical methods have been proposed for solving non-
linear fractional differential equations; see [2,7,11,12,14,17,23].

Spectral Tau method was proposed by Ortiz and it was applied to or-
dinary differential equations [19], eigenvalue problems [20], partial differ-
ential equations [21], integral equations [10], linear multi order fractional
differential equations [9], nonlinear fractional integro differential equa-
tions [16] etc. In this method approximations are defined by truncated
series expansions, such that residual which should be exactly equal to
zero, is forced to be zero only in an approximate sense. This approach
has two main advantages. First, it reduces the given problems to those of
solving a system of algebraic equations and approximate representation
of a smooth function converges exponentially; see [24].

In this paper, we use spectral Tau method for the numerical solution
of fractional Riccati differential equation

o —u w2
(1.1) { D(u(t)) = u(t) + A(t)u?(t) + B(t),

uD(0)=w;, i=0,1,...,m—1,

where « is fractional derivative order. m is an integer satisfying m —1 <
a < m. Coefficients A(t), B(t) are known real functions and u(t) is the
exact solution. u;, i = 0,1, ..., m — 1 are constants and D% is the Caputo
fractional derivative which is given by(see [3,13,18,22])

(1.2) DOu(t) = F(ml_q) / (t — 5)™ 0Ly (5)ds.
0

The organization of this paper is as follows: Section 2 is devoted to
solve (1.1) by adopting the spectral Tau method. In Section 3, we prove
convergence of the Tau solution of (1.1). In Section 4, we illustrate some
examples to demonstrate the efficiency of the proposed method.

2. Numerical approach

In this section, we present a numerical solution of (1.1) by using the
spectral Tau method based on shifted Jacobi basis functions on I = [0, 1].
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Define un(t) as an approximate solution of (1.1) as
(2.1)

N
’U,N(t) = Zai‘/ipﬁ—(t) =a Kp’a - QVP’U&v a = [a07a17 o AN, 07 ]7
=0

where VP = [V (t), V" (1), ..., VLT (1), ..]T = VP9 X, with param-
eters p,o € (—1,1) showing arbitrary shifted Jacobi polynomial bases.
VP9 is infinitely nonsingular lower triangular coefficient matrix. X; =
[1,¢,¢2,...,tN, ..]T is the standard basis and V/*(t), for i = 0,1, ... , are
arbitrary shifted Jacobi polynomials with degree at most ¢ which are
orthogonal with respect to the weight function w7 (t) = 2°7¢7(1 — t)?
on [.
Substituting (2.1) in (1.1) we get

(2.2) DY@ VP) =a V77 + A(t) (g wo)Q + B(1).

2
Now, we find suitable matrix forms for D%*(a V") and <g KP’U) .

First, we consider D%(a V7). To this end, we have
(2.3)

D%q V*°) = D* (QVP’U&> = VP D" (&) = aVPoDOL 8,82, Y LT

By using the relation(see [3,13,18,22])

Doy m%;_i_l)ti_a, ieNandi>mori¢Nandi>m,
0, 1 € Nand 1 <m,

we rewrite (2.3) as

(2.4)
! N!
a PN __ P,o m moa . N g
D (G,V ) QV [050’ a07 F(m_a+1) ’ ’ F(N—CZ—'—l) ’ ]
m—1
| [eS)
_ 0,0 m. p,o
CLV [0,0, ,07 F(m—a+1) JZO(;m]‘/] (t)7 )
m—1 a
N! = o
e DDA ONS

= aV?oQVPe
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where
i 0 0
0 0
m! 5 m! S
T(m—a+1) “m,0 T(m—a+1) m,N
= (m—+1)! (m+1)!
T'(m—a+2) 5m+1,0 T'(m—a+2) 5m+1,N
N! 5 N! 5
T(N—a+1) YN0 T(N—at1) 'N.N
with

o (ti—cx’ VijU)pJ i >m
YW V), j=0,...,N

)

The symbol (.,.), s stands for the weighted inner product defined by
(f:9)po = J; F(H)g(t)wP? (t)dt.

2
Now we obtain a matrix form for (g K”"’) . To this end, we have
2 2
(2'5) (Q KP,U) = <QVP’U&) = QVpﬂ <& X (va70&)>

oo o0
E E arvf”;’ts)

s=0 r=0

= QV""’[Z (Zarv”’ )tsﬂ} -

s=0 r=0
= aVPOYX,,

= QVP»U (& X

where
AT S T v
0 af/Op,a af/lp’a
T=1 9o o avp” ... |-
with V7 = {7}
putting (2.4) and (2.5) into (2.2) we get

(2.6) aVPIQX, = aVPo X, + A(t) (@vw’r&) + B(1).
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If we take c(t) = ¢X; where ¢ = [cp, c1,...,cn, ...] to be a polynomial
and
(2.7) Aty =A Xy, A=A, A1,..],

we can write
A(t)e(t) = cA(u) X,
where p is a nonsingular matrix with only nonzero elements p;11,; =
1, i=1,2,...; see [19].
Using (2.7) and assuming B(t) = BV??, B = [By, Bi,...] we can
rewrite (2.6) as

(2.8)  aVPIOX; = aVPI X, + aVPIYA(p) X, + BVPO X,

—1 —1
Since X; = (Vp’c’) VhrX, = <V”"’> VA2 from (2.8) we can
conclude that

(2.9) avee (Q —Id- T) (VW) Tlyee —pyre,

where Id is the infinite identity matrix.
To obtain algebraic form of the spectral Tau discretization for (1.1) it

is sufficient to obtain a matrix form for the initial conditions u%)(O) =
u;, 1 =0,1,...,m — 1. Using the relation
ul) (t) = aVP 7' X,,

we can obtain the following matrix form for initial conditions
m—1
(210) Q(D =U, u= [u07u17 "‘7um—1]T7 ¢ = |:q)7,:| i—0 )
i=
where ®; = V/p'e; is the ith column of ®. 7 is a nonsingular matrix
with only non zero elements n;11; = 1,7 = 1,2,...;(see [19]).
Following (2.9) and (2.10) we obtain the system of algebraic equations

(2.11) { aV?e(Q-1d- ) (V"’”)%K”"’ =B V",

a® = u.

-1
If we set II = VP2 (Q — Id — T) (Vp"’> , then, because of the or-

N
thogonality of [Vf’a(t)]éoo projecting (2.11) onto [Vf’g(t)} - we get
1=

QH]' = Bj, j = 0, 1,2,
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where II; is the jth column of II. By setting

]-:-[ = [(b(); q)l? sy (I)m—lv HOa Hla EE) HN]7 B = [an ULy eeey Um—1, B07 Bla sy BNL
we obtain aIl = B. We restrict this nonlinear system to its first

N 4+ 1 columns and solve resulted system to find the unknown vector

[ao, ai, ...CLN].

3. Convergence analysis

The purpose of this section is to analyze convergence of the proposed
method to the numerical solution of (1.1). From [3] we can see that
some derivatives of the solutions of fractional differential equations have
discontinuity at the origin. As discussed in [15] the solutions of fractional
differential equations belong to the space C™ (1), where

o™ (1) = {uyu e YD), ™) = tPa(t); p> -1, ae 0(1)}.

Previously, some authors provided convergence analysis for the nu-
merical solution of fractional differential equations using spectral meth-
ods but their convergence theorems are based on the restrictive assump-
tions on the exact solution. Ghoreishi and Mokhtary [8] proposed spec-
tral Collocation method based on the Jacobi polynomials for solving
linear fractional differential equations and error analysis of the proposed
method was discussed. To recover the spectral rate of convergence, au-
thors changed the main equation into a new equation which has smooth
solution and Collocation scheme with spectral rate of convergence for the
new equation was presented. Ghoreishi and Yazdani [9], provided a con-
vergence analysis for approximation of linear multi order fractional dif-
ferential equations with smooth solution using the Tau method. In [16],
Mokhtary and Ghoreishi proved that if solutions of nonlinear fractional
Integro differential equations were sufficiently smooth then their Tau
solutions have exponential rate of convergence.

Thus providing a suitable convergence analysis to the spectral solu-
tions of fractional differential equations with the exact solutions belong
to the space C™ ([) is important and a new problem in the literature.

In this section, we study convergence behaviour of the spectral Tau
method to the numerical solutions of (1.1) with the exact solutions be-
long to the space C™(I). In this section C' denotes a generic positive
constant that is independent of V.
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B’;J(I ) denotes the non-uniform Jacobi-Sobolev space of all functions
u(t) on I such that u(t) and its derivatives of order [ are in L,%+l,a+l(l)
for 0 <1 < k, where L2 ,(I) is the weighted L? space of all functions
u(t) : I = R with ||u(t)]|,,s < 0o, and

a2, = / W2(t) WP (£)dt.

I

We define the following norm for the space Bﬁ}a(f )

k 1

2

lullgs .y = (3 DB o)™
=0

We recall that the L°°-norm of a function u over I is defined as follows
[u]loo = sup [u(?)].
zel
The following estimates hold(see [24], [1])
(3.1) [u(t) —un(®)lp 1) < CN" u™ )y kot
for u € Bf,f’g(l) and 0 <[ <k <N +1, as well as
(3:2) Ju(t) = un®lloe < C(14 An ) N7 u]

for k > 0, [|[u®)||s < oo and

1
N { log(N), —1<p,0<-3,

3.3
(3.3) N7+%, ~v = max(p, o), otherwise.

An important fact is that the shifted Jacobi polynomials {Vf "’(t)} .

form a complete orthogonal system in L?W(A). Thus we define
PR = span{ V{7, V7, VG L

and consider the orthogonal projection PY” := L2 (A) — PX defined
by
(u — P]’i,’gu,vN> =0 Yoy € Py’.
p?g
To prove the error estimate in L?-norm, we need the generalized
Hardy’s inequality:
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Lemma 3.1. (generalized Hardy’s inequality [9])For all measurable func-
tion f > 0, the following generalized Hardy’s inequality

b b
( / (M) (1) [Ty (£)d) e < O / (&) Pws(t)de) VP,
holds if and only if

b 1/q t . 1/p' D
sup (/ wl(t)dt) (/ w;_p (t)> <oo, p=-—""—,
a<t<b \Jt a p—1

for 1 <p<q<oo. Here, A is an operator of the form

AN = [ ke F()s,

with k(t, s) a given kernel, w1, we weight functions, and —oo < a < b <
00.

Now we state and prove the main result of this section regarding
the error estimate of the proposed method for the numerical solution of
(1.1).

Theorem 3.2. Assume the approzimated solution upn(t) of the form
(2.2) is given by the proposed spectral Tau scheme in the previous section.
If A(t) is continuous and B(t) € L%yo(I), then there exist parameters
p,o € (—1,1) such that for sufficiently large N, we have

len 1B < CON = [u g (Folu) + Fi(w) + Fafuw).

where u(t) € B} ,(I) for s >m, en(t) = u(t) —un(t) and

Folw) = CoN7(3+ An) [AW® el tulloo |4+

Fl (’LL) = C4Nmis||u(s) ”p—‘,—s,o’-‘r&

Faw) = Cs((ID%ullpe + F1@) + (Nulloe + N~*llullpsss)

2
+ 1 Alloo (14 An)ulloe) + 1Bllps )
Proof. Consider the residual function

(84)  Ry(t) = Dun(t) — un(t) — AR} (t) — B(t).
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According to the proposed method we have
(Bx@.VP7(1) =0, 0<iz,
PO
which yields

N (B V)
(3.5) PRI(BN) =

=0
Subtracting (1.1) from (3.5), we get
(3.6) Du(t) — u(t) — A(t)u*(t) — B(t) — PR’ (Ry) = 0.

PO Y rP,0 _
N Jeoyrey —q,
(126 P

By some simple calculation we can rewrite (3.6) as

(3.7) lex()] = |D%ex = A(®) (w?(t) = udy (1) — epge ()]
< D%+ [A(H) (w3() = wh (D)) + lepge (R,

where eppo(Ry) = Ry (t) — PR (Ry) is the truncation error of a Jacobi
series.
Since PR7(Rn) = 0, we have

epro(Rn) = Rn(t) — Py (Ry) = R (1),
(3.8)
u?(t) — u%(t) = (u —un)(u +un) = 2uey — e%.

Putting (3.8) into (3.7) we get
(3.9) len(t)] < D] +|A@) (2uen — k)| + | Rul.

Now we multiply two sides of (3.9) by |en(t)|w”?(t) and integrate
over I. Thus

(lextilent) < (1D%ellen]) -+ (140 (2uex — ek )l lewl)

) ) P,
(3.10) +(1Bxl, len])
Using (len|, lenl)po = llen|%, and the weighted Cauchy-Schwartz
inequality we rewrite (3.10) as
(3.11)

lenllpe < (IDenllpoHIRNllpo )llen oo+ (1A (2uen—ek )| lenl)
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On the other hand we have
(3.12)

(\A(t)(2ueN—e§V)|,|eN|) :/I(|A(t)(2ueN—e%v)uem)ww(t)dt

< [1A@1(2uOllex  + len )
< AW oo (2luloo + lenlloo ) len

By inserting (3.12) in (3.11) and using (3.1) with { = 0 for [len||,,
and applying (3.2) with £ = 0 for |lex||cc We conclude

2
PO

(3.13) llew o < CON st (I Den o+ Folw) + |1 Bllpo )
where
Fow) = CoN =" (34 Aw JIIA@ oo lulloo [ | pts+-

Now, it is sufficient to derive suitable bounds for ||[D%n||,. and
|Rn|p,o. First, we consider ||[D%p||p,s. To this end, if p,o € (—1,1),
using Hardy inequality (Lemma 3.1) with wq (f) = 1, wa(t) = wP~%7 ()
and K(t,s) = (t — s)m_a_l(mera En !

22 (s)”

we may write

m+a mta

2 2 (s)ds

t
o 1 > m
B14) [D%exl0 = gy [ K (e
0

m+a mta
< Cal|w ™55 e ()]l p-aro—a

< Gllel” O)llptmosm < Collentlsg, .
Putting (3.1) in (3.14) we get
(3.15) ID%exllpo < Fi(w),  Fi(u) = CaN™ ([ s oss.
By inserting (3.15) in (3.13), we obtain
(316) llewZe < LN [0l prare (F1 () + Fow) + [ Blo)-
Next, we find a suitable bound for ||[Ry||,,». From (3.4) we have

| RN

po < ||DaUN||p,cf + HUNHKLU + HA(t)“%V”p,U + HB(t)H/w'
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Since un (t) = u(t) — en(t), we can rewrite the above equation as
00) + (o + llenllpe)
(3.17) 140 (1w ex) oo + 1B

Using the relation

2 2 2
1(w=en) llpo < Il (v =en) lloo < (llulloo + lenlloc)
in (3.17) we get

IBxllpe < (1Dl + [ D%en

IBxllpe < (ID%ulp0 + | D%en

po) + (Iullpo + lewllpo )

2
(3.18) + 1A lso (lulloo + llenlloe) + IBE) o

Finally, by applying (3.15) in ||D%n/||,,» and using (3.1) in [lex][,,o
with [ = 0 and adopting (3.2) in ||len|lcc With & = 0, we rewrite (3.18)
as

(3.19) RN po < Fa(u),
where

Fow) = C5((I10%l

po + Fi(w)) +

2
+ 1Alloo (1 + A ulloe)+ 1Bl ).
The desired result can be achieved by inserting (3.19) into (3.16). O

P, + N_SHU(S) Hp-‘,—s,(r—&-s)

Remark 3.3. It can be easily seen that if u(t) € C*,(I), s > m, there
exist parameters p,o € (—1,1), such that u(t) € B, ,(I). As a sequence,
the convergence of (1.1) with exact solutions u(t) € C*{(I), s > m can
be concluded from Theorem 3.2. It is trivial that for larger values of s
we can expect the higher rate of convergence.

4. Numerical results

In this section, we report numerical results of two examples, selected
through (1.1), solved by the proposed method using Chebyshev(p, o =
—3) and Legendre (p,0 = 0) polynomials. the numerical results ob-
tained, confirm the theoretical prediction of Theorem 3.2. All calcula-

tions were performed on a PC running Mathematica software. In tables
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?Numerical Error” always refers to the weighted L?-norm of the ob-
tained error function. In all cases, any non-polynomial coefficient was
replaced by its orthogonal expansion.

Example 4.1. Consider fractional Riccati differential equation
D3u(t) = cot (Hu(t) + B(t), u(0)=0,u/(0) =1

4t%F1,2(1;{§,£ ;—%)

in which B(t) = — NG — Lsin(2t). Fpq({al,...,ap}; {b1,

..., bq}; z) is the generalized Hypergeometric function. The exact solution
is u(t) = sint.

The numerical results obtained are given in Table 1 and Figure 1.
The results confirm the exponential rate of convergence, as it has been
proved in Theorem 3.2.

Table 1: The Tau approximation errors of example 4.1.

Numerical Error

N Chebyshev bases Legendre bases
5 1.76 x 1076 2.24 x 1076

7 1.37 x 1079 2.49 x 1079

9 0.48 x 10713 1.47 x 10712
11 2.44 x 10715 3.77 x 10715
13 1.33 x 1071° 2.33 x 10715
15 2.99 x 10716 3.22 x 1016

Example 4.2. Consider fractional Riccati differential equation
Dru(t) = u(t) + Vau2(t) + B(t), u(0) =0,

1
, : R a+3y) 4 gt 2T(q)
in which B(t) = —t9(14+t9"2) + T(g+3)

t,q > 0.

. The ezxact solution is u(t) =

Numerical results obtained for example 4.2 with the Chebyshev and
the Legendre polynomials are presented in Table 2 and Figure 2. Figure
2, shows the rate of convergence for various values of ¢q. Each part of the
figure contains numerical errors for several values of N, which are plot-
ted for a special value of ¢ = 1.2,1.4,1.6,1.8 in the weighted L? norm.
Similar prediction in Theorem 3.2, numerical results obtained by apply-
ing the proposed method show that when ¢ tends to the ¢ = 2 (smooth
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Log,,( Error)

Log,,( Error)

FIGURE 1. We display the errors of the example 4.1 for
various values of N. The left and right hand side figures
show numerical errors concerning the shifted Chebyshev
and Legendre Tau method on I respectively.

solution) the rate of convergence increases. For ¢ = 2, numerical results
have not been presented, since the exact solution is obtained. As we see
from Table 2, we have accurate numerical solutions, when ¢ tends to 2.

Table 2: The Tau approximation errors for example 4.2 using two classical bases

and different values of ¢ and N.

Chebyshev bases

N qgq=12 q=14 q=1.6 q=138

5 5.28x1072 353x1072 157x107Z 4.68x 10~ °
8 8.06x107% 446 x107% 1.66x 1073 4.07 x 107*
11 2.68x107% 1.29x 1072 4.21x107* 9.01x 107°
14 1.17x1072 511x107* 1.49x107* 291 x107°
17 6.01 x107* 243 x107* 6.57x107°% 1.17x107°
20 344 x107* 131 x107* 329x107° 5.51x107°

Legendre bases

N qgq=12 qg=14 q=1.6 q=138

5 7.05x1072 419x1072 2.81x1072 1.59 x 102
8 1.53x1072 932x107% 3.81x107% 1.03x 1073
11 5.52x107°% 296x 1072 1.06 x 1072 2.55 x 1074
14 251 x107% 1.22x1072% 3.98x107% 8.65x107°
17 1.32x107% 594x107* 1.79x107* 3.62x 107°
20 7.68x107* 325 x107* 923x107° 1.74x107°
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Log,q( Error)

FIGURE 2. An illustration of the rate of convergence for
the Tau method with various q. We display the errors of
example 4.2 using Chebyshev (left) and Legendre bases
(right).

5. Conclusion

The spectral Tau approximation was introduced to discuss the nu-
merical solution of the fractional Riccati differential equation (1.1). We
proved the convergence of the proposed method and obtained the error
estimates in the weighted L?-norm. These results were confirmed by two
numerical examples. Results show that, this methodology is powerful
in finding the numerical solutions of the fractional Riccati differential
equations (1.1).
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