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ABSTRACT.  For singularities f € K[[x1,...,Zn]] over an alge-
braically closed field K of arbitrary characteristic, we introduce the
finite S—determinacy under S—equivalence, where S = Rg, Ra, Kg,
K 4. It is proved that the finite Rg(Kg)—determinacy is equivalent
to the finiteness of the relative G—Milnor (G—Tjurina) number and
the finite R.4(K.a)—determinacy is equivalent to the finiteness of
the relative A—Milnor (A—Tjurina) number. Moreover, some esti-
mates are provided on the degree of the S—determinacy in positive
characteristic.
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1. Introduction

In this paper, we assume that K is an algebraically closed field of
arbitrary characteristic unless otherwise stated explicitly. Let

K(x)| = K[z1,....2a]] ={ > aex|aq € K
aeN™
be the formal power series ring over K. We use the usual multi-index
notation x* = z{*---z%" for & = (aq,...,0p) € N". We denote M =
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(1,...,2y) the unique maximal ideal of K[[x]], so that the set of units
in K[[x] is K[[x]]* = K[ \M,

Let S be a subgroup of Aut(K][[x]]). Then an equivalence relation
can be introduced on K][[x]] via S. For the given equivalence relation,
a fundamental question is: when is a function f € K[[x]] equivalent to
a finite number of terms of its power series. This question is concerned
with the finite determinacy theory and the classification theory for map-
germs.

If K is the field of complex numbers and K[[z]] is the ring of formal
power series defined by the convergent ones, this question is well studied
by John Mather and some authors (see, e.g. [1,2,4-6,11-15,17]). In the
complex case, let 0,10 be the local ring of analytic function germs on
analytic space (C"*1 0). Let {y1,...,yns1} be a coordinate system in
C"*! and M be the maximal ideal of On+1,0- Let R be the group of all
the holomorphic automorphisms of the germ (C"*1 0). Take L as the
y1—axis in (C"T1 0), then the defining ideal of L is G = (y2,...,Ynt1)-
Let

Rr={¢eR|¢(L) =L},

be the subgroup of the holomorphic automorphisms ¢ : (C"*1 0) —
(C"*1,0) such that ¢(L) = L for all ¢ € R. R can act on M -G
from right and this defines an equivalence relation on M -G. Two germs
f, g € M -G are called Ry —equivalent if there exists a ¢ € R such
that f = go¢. A germ f € M -G is called k — Rp—determined in M -G
if for each g € M -G such that f —g e MFING=M*.G, gis Ry —
equivalent to f.

Siersma studied the problem of finite R —determinacy in [16]. He
gave the list of R —simple singularities and studied the Milnor fiber of
a generic deformation of a certain class of such singularities.

Jiang and Siersma proved the following theorem (see Theorem 2.2.
of [9]):

IfMF.GC M-1g(f) + M. G, then f is k — Ry —determined,
where
. of of of

rolf) =M <8y1 Ay2" " OYnta
is the tangent space at f of the Rp—orbit Rp(f).

In [4], When (X,0) is the germ of an analytic subvariety of (C™,0),
let Rx be the group of all analytic automorphisms of (C",0) which
preserve X. Rx can act on O, o and induce an equivalence relation. If

) +G -«
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f is again a function germ on C" at 0, Bruce and Roberts generalized
the definition of Milnor number u(f) as follows. Let ©x ¢ denote the
On,0 module of germs of vector fields on C" at 0 which are tangent to
X, or equivalently, the submodule of germs of derivations of O,, o which
preserve the ideal defining X. For an f € O, define jx(f) the ideal in
On0 given by the image of the homomorphism

Ox0— Ono,0 —6f,

and define the Milnor number px (f) of f on X to be dimc Oy 0/5x(f)-
Bruce and Roberts stated Damon’s result as (see Theorem 2.2. of [4]):
A germ f in Oy is finitely determined with respect to the Rx action if
px (f) < oo.

In [3], Yousra Boubakri, Gert-Martin Greuel, and Thomas Markwig
studied the finite determinacy of singularities f € K[[x]] over an alge-
braically closed field K of arbitrary characteristic under the equivalence
relation on the power series ring K[[x]] induced by the action of either
R = Aut(K|[[x]]) or the semidirect product £ = K[[x]]* x R. For an
f € K[[x]], they established that the finiteness of the Milnor number
and the Tjurina number is equivalent to the finite R—determinacy of
f and the finite K—determinacy of f respectively. The Milnor number
w(f) is defined as dimg K[[x]]/7(f) where j(f) is the Jacobian ideal of
f, generated by the partial derivatives fy, of f, (i = 1,..., n). The
Tjurina number 7(f) is defined as dimg K|[[x]]/(f) + j(f) where (f) is
the ideal generated by f. Their results are as follows (see Theorem 5
of [3]):

Let 0 # f € M C K[[x]] be a power series.

1. u(f) < oo if and only if f is finitely R—determined.

2. 7(f) < 00 if and only if fis finitely K—determined.

Since the proofs of Jiang’s theorem and Damon’s result need to use
the solution of a differential equation, it seems that their methods do
not work in the case of positive characteristic. Motivated by Jiang’s
theorem and Damon’s result, following the ideas of [3], we discuss the

finite determinacy of singularities f € K[[z1,...,z,]|] under the equiv-
alence relation on the power series ring K|[[x]] induced by the action of
the subgroup of automorphisms preserving the line xy = --- =z, = 0 or

the subgroup of automorphisms preserving a given hypersurface. We try
to obtain some results which are similar to Jiang’s theorem, respectively
to Damon’s result in case of X is a smooth hypersurface.

In this paper, We have two main results :
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(1) For a singularity f € M? C K|[[x]] over an algebraically closed
field K of arbitrary characteristic, the finite Rg (or Kg—)determinacy
of [ is equivalent to the relative G—isolatedness of the singularity f (or
Ry), when Rg is the subgroup of automorphisms preserving the line
xog ==, =0 and Kg = K|[[x]|* X Rg. (see Theorem 3.7 )

(2) Let 0 # f € M? C K[[x]]. The finite R4 (or Ka—)determinacy
of [ is equivalent to the relative G—isolatedness of the singularity f (or
Ry), when R4 is the subgroup of automorphisms preserving a given
hypersurface and K4 = K|[[x]]* x R4. (see Theorem 4.7)

The above results also provide some estimates on the degree of deter-
minacy in positive characteristic (for details, see section 3 and 4).

Moreover, the results we obtain can be applied to classify the f €
K[[x]] which are finitely S—determined.

2. Preliminaries

Lemma 2.1. (see [7] p. 210) Let R be any ring and let fi,..., fn €
(X1y... @) - R[[z1,...,2,]] be power series. If v is the endomorphism
o Rl[x1,...,zp]] = R[[x1,...,x)], mi— fi,i=1,...,n
and the Jacobian matriz J(p) of ¢ is the matriz ((¢i)e;) , then ¢ is an

isomorphism if and only if DetJ(p)(0) is a unit in K.

Lemma 2.2. (see [3]) Let K be an algebraically closed field of arbitrary
characteristic and K[[x]] = K|[[z1,...,2s]]. Let Q@ > 1 be an integer
and let by € MOTP~L and b,; € MP*P fori =1,...,n and p > 1.
Consider the units v, = 1+ by o € K[[x]]* and the automorphisms ¢, €
Aut (K([[x]]) given by ¢p : xi — x; + by, fori=1,...,n. We denote by

pp=podp10---0¢1 € Aut (K[[x]])

the composition of the first p automorphisms, and we define inductively
Up = Up - Pp(Uup—1), where ug = 1. Then the following hold true:

(a) The sequences (¢p(xi)),~, converge in the M—adic topology of
K[[x]] to power series x; + b; with b; € M3t for i = 1,...,n. In
particular, the map

v: K[x]] = K|[[x]] : ;= z; +b;

is a local K-algebra automorphism of K[[x]].
(b) The sequence (up)p>1 converges in the M—adic topology to a unit
u=1+by € K[[x]]* with by € M?.
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(¢) For any power series fo € K[[x]] the sequence (¢p(fo)),>, con-
verges in the M—adic topology to ¢(fo).

(d) For any power series fo € K[[x]] the sequence (up - op(fo)),5,
converges in the M—adic topology to u - p(fo)-

3. Finite S—determinacy of singularities in positive
characteristic, S = Rg, Kg

Definition 3.1. Let G be the ideal (xa,...,z,) of K[[x]] and R =
Aut (K[[x]]) . Define Rg = {p € R| v(G) = G}. We say that two power
series f,g € K|[x]| are right line equivalent or Rg— equivalent if there is
an automorphism ¢ € Rg such that f = ¢(g). We denote this relation
by f ~rg g- A power series f € K[[x]] is called k—Rg—determined if for
each g € K|[x]] such that the same k—jet as f, g is right line equivalent
to f.

Let Kg = K[[x]]* x Rg. Two power series f,g € K|[[x]] are contact
line equivalent or Kg—equivalent if there is an automorphism ¢ € Rg
and a unit u € K[[x]|* such that f = u - ¢(g), we denote this relation
by f ~cg 9. A power series f € K[[x]] is k — Kg—determined if for each
g € K[[x]] such that the same k—jet as f, g is contact line equivalent to
I3
We say that f is finitely Rg(Kg)—determined if it is k — Rg(Kg)—
determined for some positive integer k.

For an f € K[[x]], we call the K-algebra Ry = K{[[x]]/(f) the induced
hypersurface singularities.

We denote by jg(f) = M - (fer) + G - (fear---, fz,) the relative
G—Jacobian ideal of of f, where f,, is the formal partial derivative of f

with respect to x;. We call the associated algebra Mg(f) = Z[E?})] the rel-

ative G—Milnor algebra and its dimension ug(f) = dimg (Mg(f)) the
relative G— Milnor number of f. We then call f a relative G—isolated
singularity if pug(f) < oo or, equivalently, if there is a positive integer
such that M* C jg(f).

The relative G— Tjurina ideal of f is defined by tjg(f) = (f) + jg(f).

The associated algebra Tg(f) = gg[(’;;]) is called the relative G— Tjurina

algebra of f. The dimension 7¢(f) = dimg (Tg(f)) of Tg(f) is called the
relative G— Tjurina number of f. We then call Ry a relative G—isolated
hypersurface singularity if 7g(f) < oo, which is equivalent to the exis-
tence of a positive integer k such that M* C tjg(f).
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Note that the ideal jg(f) is basically the tangent space to the orbit
of f under the action of Rg, and similarly that tjg(f) is basically the
tangent space to the orbit of f under the action of Kg. The precise
statement and its proof will be given in Proposition 3.6.

Let f € K|[[x]] be a non-zero power series, we denote by ord(f) the
largest integer k such that f € M*. We set ord(0) = oco.

Theorem 3.2. Let 0 # f € M? and k € N.
(a) If

MFFZC M2 (fo) + MG (fansevs fa)

then f is (2k — ord(f) + 2) — Rg—determined.
(b) If

M2 M)+ M2 (fa)) 4 MG (fayy o),
then f is (2k — ord(f) + 2) — Kg—determined.
Proof. We first prove (b). Let o =ord(f). It follows that
ord(fg;) >o—1forall (i=1,...,n)
and by assumption we have
MFZCM () + MP - (far) + MG fags o, ) © MO

This implies £ > o — 1.

Set N =2k —0+4+2 > k+1, and take g € K[[x]] such that ¢ — f €
MM+ je., f and g have the same N-jet. We shall show that f and
g are Kg—equivalent, i.e., there exists an automorphism ¢ € Rg and a
unit v € K[[x]]* such that

g=u-o(f).

We construct ¢ and u inductively, i.e., we construct inductively se-
quences of automorphisms (¢, ),>1 and units (u,),>1 such that u,- ¢, (f)
converges in the M—adic topology to u - ¢(f) for some automorphism
¢ € Rg and some unit u € K[[x]]* and at the same time

9= up- pp(f) € MNTIHE,

for all p > 1. The latter implies that w, - ¢,(f) converges to g as well,
and thus

g=u-o(f)
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By Lemma 2.2 and its terminology with @ = N — k > 1 it suffices
to construct certain series b,o € M@~ b, € MPHP and b,; €
METP=1.G c MP*P fori=2,...,nand p > 1.

In fact, note that by assumption

g—fe M= ML MFF2 € M@ - tig(f)

there exist byg € M?, by € Mt and by; € M?PG C M*! for
i =2,...,n such that

n
(3.1) g—F=biof +bi1fe, + D brife,
i=2
Let v1 = 1—|—b1’0 S K[[XH* and ¢1 : KHXH — K[[XH DX l’i—l—bLi, 1=
1,...,n, where by € MOt b, e MY .G C MP fori=2,... n.
Now We prove ¢1 € Rg.
In fact, by Lemma 2.1 ¢; is an automorphism. For any g in G =
(x9,...,xy), there exist power series go,...,gn, € K|[[x]] such that g =
g2 To+ -+ gn - Tn. We have

91(9) = é1(92) - (x2 + b12) + -+ G1(gn) (20 + 1)
= 61(9) - wi+ Y dr(gi)br-
=2 i=2

Since by, € M? -G C G, i =2,...,n, we have ¢1(g) € G.
Next, we want to show that

g—uv1o1(f) € MNT2,

If the above formula is true, we can replace f in the above argument by
v1 - ¢1(f) and go on inductively. Note first that

B1 B2

Bn
(.’L’l—i-zl)'gl'w(xn—f—zn)ﬁ" = Z . Z Z Cﬁ,’YXIS*V,Z’Y

71=0 ~2=0 V=0

where cg, = (51 )<f§ )<§: ) € Z. Forfzzwzok5~xﬁ,

consider
(3.2) flxr+21),.., (0 + 20))
= Z|,B|20rd(f) kg - Zfi:o Z%zo e Zg::O Cﬁ,vxﬁ_v -z

_ 1o
- ZaeN'ﬂ Wo 27,
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where
wa= Y, kgcpa-x"
[B]>ord(f),8>a

if we define 8 > a by 8; > «; for all i = 1,2,...,n. It follows that
ord(wa) = min {|8] —|a|| |8] > ord(f), 18] > |a|} > 0 — |al.
We notice that w, = %,(XOL, whenever «; <char(K) for all i =
1,2,...,n. In particular, the constant term is wy = f. For every unit
vector €; (1 <i<n) we, = fu,.
Applying ¢1 to f amounts to substituting z; by by 1 and z; by by
in (3.2) we thus find ¢1(f) = f+ for - b1+ Dis fa, - b1,i + w, where
w = Z\@IZQ Wy - b‘fll . bi’;L. Since

n
ord (g - b - 07% -+ b5 ) Zord(we) + ord(by,) - a1 + > ord(bi) -
i=2
So—|a| +H@+1) |
>04+2-Q=N+2,
we have w € MN*2, Multiplying ¢1(f) by vy =1+ b1 o and using (3.1)
we get

g—vi-¢1(f) =g = (L4+b10) - (f + for -br1+ > fo - bri+w)
=2

= —fay b1 b1o— Y fa, - bri-bro— (14 bg) - w.
i=2
Since
0rd<b1,0'bl,i'fa:i) > Q+(Q+1)+(0—1) =N+2 :=1,2,...,n,
we have
(3.3) g—v1-é1(f) € MNT2,

Thus we can proceed inductively to construct sequences {bp;}p>1 for
1=20,...,n with bp,o S MQ+p—1, bp71 € MQtP and bpﬁ' € MQtr-1. g C
MEO*P for i = 2,...,n. The generalization of (3.3) holds by induction.
Using Lemma 2.2 we have

g—Up- ‘Pp(f) e MNHIP,
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Again using Lemma 2.2, we obtain an automorphism (u, ) € Kg such
that g = u - o(f).

The proof for right equivalence can be done in the same lines. The
condition M*+2 C M- jg(f) € M°T! implies also that k > o — 1. For
any g with

g—fe MV = MO MEF2 € M@ g (f)

where N = 2k—0+4+2 > k+1and Q = N—k > 1, there exist by ; € MeT1
and by; € MQ -G C M@FL i =2 ... nwith

g_f:bl,l'fxl +b1,2‘fx2+"’+b1,n‘fxn-
We can then define ¢ as above. It is easy to show
g—o1(f) =h e MVF2

Going on by induction and applying Lemma 2.2, we get an automor-
phism ¢ € Rg such that g = ¢(f). O

Corollary 3.3. Let 0 # f € M? C K[[x]].

(a) If pg(f) < oo, then f is (2ug(f) — ord(f)) — Rg—determined.
(b) If 7(f) < oo, then f is (21g(f) — ord(f)) — Kg— determined.

The converse also holds in arbitrary characteristic.

Theorem 3.4. Let 0 # f € M C K[[x]].
(a) If f is Rg — k—determined, then M*+1 C jg(f).
(b) If f is Kg — k—determined, then M*TY C (f) + jg(f).

The proof of Theorem 3.4 is analogous to the result established in [3].
Before we begin the proof, we need some notations.

Denote J; = K[[x]]/ M the space of [—jets of power series in K[[x]].
Each K —algebra automorphism ¢ of K[[x]] is a tuple (¢1, ¢2,. ..,
vn) € K[[x]]" of power series such that ¢;(0) =0, for all: =1,2,...,n

and Det (gi? (0)) L is invertible. The [—jet of the automorphism
J i?j: k) 7"'7n

¢ is jet)(p) = (jet;(¢1), ..., jet;(¢¥n) ). The I—jet of the right line
equivalence group is Rg; = {jet;(¢)l¢ € Rg} and the [—jet of the
contact line equivalence group is Kg; = jet;(K|[[x]]*) x Rg;. Kg, acts
on J; via

G2 Kgg x Jiy— Jp = (jety(u), jety (), jet;(f)) = jety (u- o(f))-
Similarly, we define the action of the [—jet Rg; on J;.
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Remark 3.5. (a) From [3], we know that .J; is an affine space and K;
and R; are affine algebraic groups acting on .J; via a regular separable
algebraic action.

(b) Kg; and Rg, are affine algebraic groups acting on J; via a regular
separable algebraic action.

In fact, given ¢ = (¢1,92,...,0n) € Rg, we have ¢; = ¢(x;) €

G for i = 2,...,n. It implies that gf;’(ml,o,...,()) =0fori=2,...,n.
Let jet;(f) = > ja)=0 @7 25” -~ ap™, jety(wi) = 31521 bivﬁx'flxé@ el
and jet;(u) = tho cyx]tag? )

We can choose coordinate variables (aq, bi g, ¢y)a,i,8,, 00 Ky X J; with
co # 0 and Det(B) # 0 where B = (By;) with Bjj = §£:(0) = bj,¢; and
ej the j—th canonical basic vectors in Z".

We note that g ; x J; is a subvariety of K; x J;. This is because Kg ;< J;
is defined by a system of equations b; j., = 0,for allt =2,...,nand k =
1,...,1. Again by Remark 2 of [3], the extension K (K; x J;) of the field K
is a purely transcendental extension of K (J;) and it is thus a separably
generated extension. Since ICg; x J; C K x Jj, we have K(Kg,; x J;) is
a separably generated extension of K (.J;).

Now we can obtain the tangent space to the orbits also in positive
characteristic.

Proposition 3.6. Let f € K[[x]]. Then the tangent space to the orbit
of jeti(f) under the action of Rg; and Kg,; considered as a subspace of
J; are

Tjor(r) (R - jeti(1) = (Jg(f) + M) Jmi+!
Tjersp) (g - jeti (1) = (1) + g () + MUHT) Jaat

Proof. Let G be one of the two above groups, then the action of G on
J; induces a surjective separable morphism G — G - jet;(f) of smooth
varieties. As K(KgxJ;)is a separably generated extension of K (.J;), the
induced differential map on the tangent spaces is generically surjective
(see e.g. the proof of [8], Ch.3. Lemma 10.5.]).

Because each point in G can be translated to the identity element of
G and this translation is an isomorphism, it thus suffices to understand
the image of the tangent space to G at the identity element of G and its
image under the differential map. We restrict here to the case G = Kg
since the proof for Rg; is analogous to Kg ;.
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We now describe the tangent space to Kg; at (1, id), through the
local K —algebra homomorphisms from the local ring of Kg; to K[[t]]
with ¢2 = 0. In this sense, a tangent vector of Kg; at (1, id) can be
represented by the residue class modulo M!*! of a tuple (14-t-a, id-+t-¢)
in Kg; with a € K[[x]] and ¢ = (¢1,¢2....,¢r), where ¢, € M and
o €G,i=2,...,n.

The tangent space to Kg-jet;(f) at jet;(f) can be described as follows.
We apply the differential map by acting with the above tuple on f
modulo M!*!. Expanding the power series as in (3.2), we have

(I+t-a) - f((x)+tp)=f+t1- (a'f+fx1¢1+zfxi¢i> + 12h(x, t).

Hence, in K [[x])[[t]}/{t*),

(I+t-a)- f((x)+t-0)=f+1- (a‘f+fx1'¢1+2f:ci'¢i>-
=2

In J; this tangent vector is just the [—jet of
n
a-f+fu '¢1+foi‘¢z‘-

i=2
This implies that

Tiew,(p) (Kg. - jeti(£) = () + Jg(f) + M) /M1,

Now we prove Theorem 3.4.

Proof. We give only the proof of Kg;—determinacy since the proof of
the other case is analogous. If f is k — Kg;—determined and g € MFEHL
then for any t € K the (k+1)—jet jet, ;(f)+1t-jet,1(g) is in the orbit
of jetg41(f) under Kg j41. Hence

jetip1(9) € T (r) (Kg st -Jetisr (1) = ((F) +dglf) + M) fF42,
This implies that

g € (f) +ig(f) + M2,
and hence

MEFLC () + G (f) + MFT2
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By Nakayama’s Lemma we get M*T1 C (f) + jg(f). O

From the formulas in Proposition 3.6, the geometrical meaning of the
ideals jg(f) and tjg(f) are the tangent space to the orbit of f under the
action of Rg and Kg respectively.

Combining Corollary 3.3 and Theorem 3.4, we obtain:

Theorem 3.7. Let 0 # f € M? C K[[x]] be a power series.

1. f is a relative G—isolated singularity if and only if f is finitely Rg—
determined.

2. Ry is a relative G—isolated hypersurface singularity if and only if
fis finitely Kg—determined.

4. finite S—determinacy of singularities in positive
characteristic, S = Rg, Kg

Definition 4.1. Let h € K[[x]] with h(0) = 0 and %(0) # 0. For a
hypersurface ideal A = (h) of K[[x]], Ra={p € R| p(A) = A}.

Two power series f,g € K[[x]] are right hypersurface equivalent or
R.A— equivalent if there is an automorphism ¢ € R 4 such that f = ¢(g).
We denote this relation by f ~,, g.

A power series f € K|[[x]] is k—R 4—determined if for each g € K[[x]]
such that the same k—jet as f, g is right hypersurface equivalent to f.

We define K4 = KI[[x]]* X Ra. Two power series f,g € K[[x]] are
contact hypersurface equivalent or K 4— equivalent if there is an auto-
morphism ¢ € R4 and a unit u € K[[x]|* such that f = u - ¢(g), where
(u,p) € K. We denote this relation by f ~c, g.

A power series f € K|[[x]] is k— K 4—determined if for each g € K[[x]]
such that the same k—jet as f, g is contact hypersurface equivalent to
f.

We say that f is finitely R A(IC4)—determined if it is k — RA(K4)—
determined for some positive integer k.

For a power series f € K][[x]], Let

jA(f):M'<hmn'fmi_hZi'facn‘izla--->n—1>+¢4'<fa:n>

be the relative A—Jacobian ideal of of f.
The relative A—Milnor algebra Ma(f) of f is defined as My (f) =

%[(xf})]. We call its dimension pa(f) = dimg (MA(f)) the relative A—Milnor

number of f. We call f a relative A—isolated singularity if pa(f) < oo
or, equivalently, if there is a positive integer such that M* C j4(f).
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The relative A— Tjurina ideal of f is defined as tja(f) = (f) + ja(f)

and the associated relative A— Tjurina algebra of f is T4(f) = ti[‘[zcj]c])

The dimension 74(f) = dimg (T4(f)) of T4(f) is called the relative
A—Tjurina number of f. We then call Ry a relative A—isolated hyper-
surface singularity if T4(f) < oo, which is equivalent to the existence of
a positive integer k such that M* C tj4(f).

Note that the ideal j4(f) is basically the tangent space to the orbit
of f under the action of R 4, and similarly that ¢j4(f) is basically the
tangent space to the orbit of f under the action of K 4. The precise
statement and its proof will be given in Proposition 4.4.

Remark 4.2. In the complex case, when (X,0) is the germ of an an-
alytic subvariety of (C™,0) and f again a function germ on C" at 0,
J.W.Bruce defined the Milnor number of f on X by

px(f) = dimcOno/jx(f)

(see [4]). If X is a hypersurface defined by h : C™ — C in analytic space
(C™,0), where h(0) =0 and h,, (0) # 0, then

9 o 9

Ix(f) =(hey  fo, = o, fo, | i=1,...,n=1) +(h- fz,).
However, the number pux(f) does not coincide with the number pa(f).
The number ux (f) coincides with the usual Milnor number u(f) in the
case that X = (). On the other hand, it is not the codimension of the
orbit of f under the group action of Rx, while this is the case for the
number pa(f) under the group action of R 4.

Theorem 4.3. Let 0 # f € M C K[[x]].

(a) If f is R — k—determined, then M*1 C ja(f).

(b) If f is K4 — k—determined, then MFT1 C tja(f).

In order to prove Theorem 4.3, we need some facts and propositions.
Consider the map ¢ : K[[x]] = K[[x]], z; — z;, (1 <i <n—1),z, — h.
By Lemma 2.1, ¢ is an isomorphism. Let ¢ be an element of R 4.

Set =1 logpo. Then ¢ =1 oBor~t. We have

p (W) = (h) & 2 ({xn)) = (zn).

?0 7>€}A ={ v € R| p(A) = A} isisomorphic to R7 = { ¥ € R| D((zn)) =

and
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The I—jet of Rz is Rz, = { jet;(®)| ¥ € R4} and the I—jet of K is
’CZ’[ = jetl (K[[$1, <o 7$TL”*) X IR’Z,I'

Now we show that KZ,Z and Rﬁ,l are affine algebraic groups acting
on J; via a regular separable algebraic action.

For v € K[x]|*,f € K[[x]], let jet;(u) = ny\:o ceyxY, jet(f) =
Zfale aox®. If o € Ry, then © = (y,...,9,) and there exists a g €
K|[[x]] such that @(z,) = B,, = x, - ¢g. Let  jet;(;) = Zfﬁ\:l bi px5,
and jet;(g) = Zh:o gxx*. Then jet, (@) = jet;(z, - g). We can obtain a
system of equations by comparing the coefficients of the monomials z
on both sides of the equation jet;(®,,) = jet(x, - g). So the coordinates
by, are given by polynomial maps b, 3 = Ws(gy), where 0 < |A] <
-1, 1 <|B| <, and gg # 0. In fact, if go = 0, then the first term of @,
is bn,ga:fle ...xh" where || = 2, so that (3,,)4,(0) =0, i =1,...,n.
It is a contradiction to the fact that Det J(%)(0) is a unit in K.

So we can take coordinates

((Ia, bi,ﬂ7 axr, C’y)a, i, B, v, Ao 1 < 1< n,
0<|f[<l 1<laf, h[<, 0<A[<i-1

on Kz ;X Jj, it satisfies the following conditions: (1) co # 0; (2) Det(B) #
0 where B = (B;;) with By = (;)z;(0) = b;; where e; is the j—th
canonical basis vector in Z" and the coordinates b, ., = We,(gx), 0 <
Al <1—-1,1<j<mn;3) go#0. Using in the same manner the

coordinates a; " l on the target space, we define the action by
=0, ,
polynomial maps

as = F5 (aa7 bi,ﬁa (%) C'Y) .

It is important to note that the inverse of this action is given by the
rational maps

G5 (a;, bi,,B: (%) C’y)
H§ (a257 bi,ﬁa axr, C’y) .

Ao =

The reason for this is that we can solve the a, step by step starting
with Cramer’s rule. This property ensures the extension of the field of
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rational functions induced by the action of ®;. We have

K(Jl) = K((I;) C K(Icﬁ,[ X Jl) = K(aa7 bi,ﬁv gx, C’Y)
:K(a;a bi,ﬁa g, C’}’) :K(Jl)( bi,ﬁ) gx, C’Y)'

The b; g, g and ¢, are algebraically independent over K (a,). Comparing
transcendence degrees they must be also algebraically independent over
K(Ji). Thus K(KZ; x J;) is a purely transcendental extension of K (J),
and it is a separably generated extension in the sense of [8, p.27]. Hence
Kz, operates separably on Jj.

Let F : Ra — {9 $ € R and B((2,)) = (zn)}, ¢ = ¢~ oo
Then F from R4 to R is one-to-one and onto. So K(K4; x J;) is a
separably generated extension of K(.J;).

Now we can prove the following proposition.

Proposition 4.4. Let f € K][[x]]. The tangent space to the orbit of
jeti(f) under the actions of Ra; and K 4, considered as subspaces of J;
are, respectively,

Tiety(r) (Ray - jeti(f)) = (jA(f) + M’“) J M
and

Tiet,(5) (Kag - jeti(f)) = (tjA(f) + MHI) J ML

Proof. We note that the action of G = R 4; or G = K 4,; on J; induces a
surjective separable morphism G — G - jet;(f) of smooth varieties. The
proof is similar to the first part of the proof of Proposition 3.6.

We give only the proof in the case G' = K 4, since the proof of R 4,
is completely similar to the case of K 4.

Now we compute the tangent space Tje,(r) (K4, - jet;(f)) -

Let ¢ be the map ¢ : K[[x]] = K|[[x]], ;i — =i, (1 <i<n-—1),z, —
h. By Lemma 2.1, ¢ is an isomorphism. The tangent space to K 4, at
(1, id) can be described via the local K-algebra homomorphisms from
the local ring of K 4, at (1, id) to K[[t]]/(t?). A tangent vector of K 4, at
(1, id) can be represented by the residue class modulo ML of a tuple
(1+t-a, id+t-¢*) with a € K[[x]] and ¢* = (¢], ¢5.--- ,¢}) where
¢ € M, i=1,...,n. This means in particular that ¢ € K[[t]]/(t?), i.e.,
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If (14+t-a, id+1t-¢*) is a tangent vector of K4, at (1, id), then

i 0
6= x» 9
is a derivation that satisfies d(h) C (h). Thus there exists a power series
g € K|[x1,...,z,]] such that
", 0h
g-h=26(h) :Z%%-
i=1 ¢

This implies that

n—1
1
= 'h_E *hy |-

Plugging this into the definition of § we get

n—1
1 0 0 0
41) 6=—- By 2y - Y heg- .
Applying this to f we find that

o(f) € jalf),
since ¢f e M fori=1,...n—1and ¢g-h € A. Then we have

(1 +ta) - fx+t9") = f+1-(af +6(f))
and
af +6(f) € tjalf)-
Thus (4.1) implies that:

Tieo (1) (K -det (1) = (ta(F) + M) J i1,

Now we prove Theorem 4.3.

Proof. We only prove the K 4 j11—determinacy since the other case is
completely analogous. If f is k-K 4 ;41 —determined and g € MEFL
then for any t € K the (k+1)—jet jet, (f)+t-jet, 1(g) is in the orbit
of jety,1(f) under K 4x41. So

jetey1(9) € Tiet, () (Kagt1 - jetpr(f) = (tjA(f) + Mk+2) JMET2,
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This implies that g € tj4(f)+ M2, and hence MF+1 C tj4(f)+MF+2,
By Nakayama’s Lemma we get M*T1 C tj4(f). O

Theorem 4.5. Let 0 # f € M? and k € N
(a) If MF+2 C M-ja(f), then f is (2k—ord(f)+2)—R 4—determined.
(b) If MF+2 C M-tja(f), then fis (2k—ord(f)+2)—K 4—determined.

Proof. We first prove (b). Let o =ord(f). By assumption and the fact
that ord(f,,) > o—1fori =1,...,n, we have M¥*2 C M - tja(f) C
MOTL This implies that k > o — 1.

Set N =2k —o0+2>k+ 1, and take a g € K[[x]] such that g — f €
MNFL je., f and g have the same N-jet. The key point of the proof is
to show that f and g are contact hypersurface equivalent, i.e., there are
an automorphism ¢ € R 4 and a unit v € K[[x]]* such that g = u - p(f).

In order to construct ¢ and u, we must use Lemma 2.2 and consider
the following three cases:

(1): h € xpK|[[z1,. .., Tn-1]];

(2): h = Ty + hl(l’l, ceey :Iin_l);

(3): h=Hi(z1,...,2Zn) - Ty + hi(x1,...,2n_1), where Hy € K[[x]].

Case (1): Let h € x,K][[x1,...,2n—1]]. Then there exits H € K[[x]]
such that h = H(x) - zp,.

Set Q = N — k > 1, by assumption

g—feMNTL= MO MFF2 C MP(f) + M@ ja(f)
=M@ () + MO A (fr) +
+METL <{hwn fug = hay o feas 1< < n}>

Thus there exist a1 € M@, ay; € MPHtL 1 < j < n and ai, €
M@ . A c MPH such that

g — f = al,Of + Z ai.j (hxn : f:cj - ha;j : fxn) + al,nf:(;n

1<j<n
n—1 n—1

(4.2) = arof + Y _(a15ha,) fo, = Y (a1,5he;) fo, + a1 fe,.
=1 =1

Let bio = a1, b1j = a1 he,, j=1,...,n—1,b1 = — Z;:f (a1,5ha;)+
a1,n, then

n
g—F=bo-f+ D bij-fa

J=1
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Now define vy = 1+ b1 € K[[x]]* and ¢ : K[[x]] = K[x]] : z; —

Zj + bl,j = Zj + alyjhzn, (] = 1,...,n — 1),.Z‘n = Tp + bl,n = Ty —
Z?;ll (aLjhxj) + a1,,. We want to show that
(4.3) g—uv1-01(f) e MNF2,

If the formula (4.3) is true, we can replace f in the above argument by
v1 - ¢1(f) and go on inductively.

For [ = ZIﬁIZO kg - x%, we have (3.2). Applying ¢; to f amounts to
substituting z; by alyj%, j=1,...,n—1,and 2z, by (— E?:_ll al,jhxj>—|—
ain in (3.2). Thus we find that

n—1 n—1
oi(f)=[+ Z foi - (a1iha,) + fo, - | — Z a1 jhe; +a1n | +7
i=1 j=1
where
n—1
r=Y" wa-(a11he,)* (a12he,)* - (=D a1 jha; + a10)"
la[>2 j=1

Since hy, (0) # 0 we obtain

n—1
ord (r) >ord(wy) + Z ord(a ihg, ) - o
i=1
n—1

+ ord(— Z a1 jhe; +a1n) - an
j=1

zo—|a|+HQ+1) |

>04+2-Q=N+2, reMN+2
Multiplying ¢1(f) by v1 = 1 + a1 and using (4.2) we get g — v1 -
O1(F) = = (S0 o @he,) + fon - (= S5t @1 b, + 1)) 010 —
(1 + CLL())?".

Since ord [a10 - (a1,ihe,) - fz;] > Q@+ (Q+ 1)+ (0—1) = N +2 and
ord |:a170 : (— Z?:l alyjhxj + aLn) : fxn} > Q+ (Q+1) +(O— 1) = N+2,
we have g — vy - ¢1(f) € MYNF2. This proves (4.3).

Now, we prove ¢1((h)) = (h).

We take a map ¢ : K[x]] » K[x]], z — z;,(1 < i < n-—
1), 2y, — h. By Lemma 2.2, ¢ is an isomorphism and v is the identity
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on K[[ajlv R xnfl]]' Because K[[xlv i ]] - K[[xla s 7xn71]][[xn]]
and the elements of K[[x1,...,x,]| Wthh are not in (z,,) are those with
nonzero term in K|[x1,...,2,-1]], ¥ preserves this subset. Since v is
an isomorphism, it follows that ¢ ((xn)) = (z,). In particular, the image
Y(xy) = h of the generator z,, of (x,) is a generator of (z,). We have

(xn) = (h).

For any g = gn(z1,...,2Zn)Zn € (Tn),

n—1
¢1(g) = le(gn) ) (]51(5671) ¢l gn ’ Z al,] CCJ +ain
7j=1
= @1(971) Tn ¢1 gn : Zal,] z; +¢1 gn *Q1n-

From the fact that hy; = (H(x1,...,75) mn) = Hy;an, j=1,. —

Laiy, € M?- AC Aand A= (z,), we obtam o1(g) € A.
Therefore,

(4.4) P1((h)) = d1((zn)) = (zn) = (h).

Consequently, we can proceed inductively to construct sequences
{bp,o}p>1, and {bp;}p>1 for i =1,...,n with by € M@=l and bp,i €
M@HP for i = 1,...,n. By induction and Lemma 2.2, the generalizations
of (4.3) and (4.4) hold, i.e. g—up-p,(f) € MVNTIHP and ¢, ((h)) = (h).
Again from Lemma 2.2, we obtain an automorphisms (u, ¢) € K4 such
that g = u - o(f).

Case (2): Suppose h = x, + hi(z1,. .., Tn_1).

Because ¢ : K|[x]] = K[[x]], z;— z;,(1 <i<n-—1),z,— his
an isomorphism, there is an inverse map ¢! : K[[x]] — K[[x]],z; —
Tiy Ty > Ty, — R (T1, oy Tpe1).

Now let Q = N — k > 1, by assumption

g—fEeEMNT=MO(f) + MP- A (fo,) +
MO for hyy = fan ey 1< <n—1}).
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There exist aj o € M9, a; € M@t and ain € M. AcC M@t 1<
17 < n — 1 such that

g_f:al,()'f+ Z atq (hmzfxn_hznfa:l)"i‘al,nfxn

1<i<n—1
=aip- f+zalz' wn = foi) T a1 fon,

where hg, =1 and hg; = (h1)s,. One easily deduces that
w_l(g) 7 () =Y ar0) )+

+Z¢ all ((hl)zi)‘¢_1(fxn)—¢_1 (f:r}l)]
+¢ Harn) 7 (fen) =07 ar0) -7 () -

n—1
- Zw_l(a1,i> : [(_(hl)wz) : fivn(xlv cees Ip—1, Tp — hl)

—|—f;(x1,..., Tp-1, Tn— h1)]+
+7,/)_1(a1 n) fmn(xla"') Tpn—1, Tn — hl) = ¢_1(a1,0) 'w_l(f)_

- ZT/) (a1 z (fasl) = hg; - 1/’_1(fxn)) + ¢_1(a1,n) ’ @Z)_l(fa:n)a

ie.,

(4.5) Y Hg) — () = v Haw) - () —

_2?2_117/1 alz 7/] ! fac) h:c ”¢ 1 fmn) w aln) "¢ 1(facn)
Let big =9~ (a10), b1 =—¢ ' (a1s), bin =v¢ "' (a1,), then

N g) =) = bro- T (f) + Zbu (0 7H),,
i=1
+bin (wfl(f))w ;

where b1o = ¢! (a19) € M€ ;b = = (any) € MO (i =
L,..., n—1),and by, = ! (ay, )EMQ (@) .
Therefore, we have

V) = o) €T (M) = MmN
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and

¢ Hg) — () EMP (T + MO () - (0T F)en )
+ MQ+1 ' <w_l(f):v1a ctty w_l(f)xn71> .

Let 07 = 14+b1o =1+ (a10) € K[[x]]* and ¢; : K[[x]] = K[[x]] :
i @i+ by =x — ¢ (a), ((=1,...,n—1), & = Ty +b1p =
Ty + Y7L (a1,) , where a1 ; € MOt and ain € ME . A.

We want to show that

(4.6) W Hg) =1 (971(f)) € MNH
and
(4.7) Yl g) = 01 - o1 (TH(S)) € MO (pL(f)) +
MO () { (671 ) ) +
M@)o (D), )

1

In fact, for ¥~ 1(f) = 2ip>0l8 x?,

(4.8) ) (@14 21), s (@0 + 20))
= 2sz0ls- 251:0“ 25 Odﬁvxﬁ Tz =) N Ua 2

where ua =550, g>a 18" B0 xB= it follows that ord(us) > 0 —|al.

Applying &I to 1~ 1(f) amounts to substituting z; by —¢~(a1 ), j =
1,...,n—1,and z, by ¥ (a1,) in (4.8) so we get

é1 (v71(1)) +Z “Hfan) - (h)a] -
(v (a“))+w Yain) - ¥ (fan) + R,

where

R=> do- (=t "a1,0))" -+ (=0 Na1n-1)) """+ (¥ arn)) ™"

lor|>2
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Multiplying ¢1(f) by 71 = 1+ ¢ ~'(a1,0) and using (4.5) we get
v g) = G- o1 (¥7H(()
=y (9) - (1 +1/1_1(a1 0))-
)+ Z T fan) - hay) - (= Ha1y))
+¢ (aln)‘w Y(fen) + B
—Z “Hfen) - ()ay] - (=97 @) -9~ Hano)
+ w Havn) 7 (fa) 7 (ar0) + (L +¢7 (a10)) - R
Because ord(h1) > 1 and ord (v '(fs,)) 2 0—1,(i=1,--- ,n—1),

ord (v (fz,) - (= Ha1,)) - ¥ (ar0))
>0—14(Q+1)+Q=N+2, (i=1,...,n—1),

ord (¢ (fa,) - (ha) - (=07 Har,)) -~ Ha1p))
>0—-1+(Q+1)+Q=N+2,(i=1,...,n—1),

ord (¢ a1n) - Y (fa,) - Ha10)) = N +2

and

ord(R) = ord(dy) + Z ord al i)

>o— | a| +(Q+1)- |a|2N+2

so R € MN*2 and

b Yg) — 01 - o1 (WTH(S)) € MNF2,

Hence we have proved (4.6).

Moreover, we have

a(mn) = (aDn =Ty + w_l(al,n) € <xn>

Again by applying ¢ to (4.6), we get

v (07 9) = v(@) - (A1 (07H(F) ) € pMNTE) = MmN,
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i.e.
g—(01) - vod oyt (f) e MV

Moreover

o droy ™ (h) =¥ [d1(en)| =¥ |d1(wa)] € (2n)) = (h).

Consequently, let ¢ = 1) o ¢y 01p~1 and vy = 1 (47), then
g—vi-1(f) € MV

Since by assumption

MV =M (f) + M- A (fo)

+ MO fo hay = oy he | 1< i< —1}),

there exist d170 S MQ, dl,i € MQ+1, and d17n eEMP. AC MQ+1, ( 1<
i <n —1) such that

g—v1- (bl(f) = dl,O - f+ Z dl,j : (hxj : fzn - hzn : f:c]) +d1,n : f:cn

155%n
=dio- f+ ”221 dij- ((h)e; - fon = fo;) +din - fon-
The proof of the following ]formula is similar to that of (4.5):
07Hg) =¥ (- o) eMOT (TS + MO ) (7))
M), s (0T, )

Because

Hg) = (v o1 () =) — 01 o1 (BTH))

we have proved (4.7).
Now we can proceed inductively to construct sequences b, =

{lﬁfl(ap’o)}pzl, and bp,i = {wil(ap’i)}pZI fori=1,...,n, with bp70 <
MEFP=1 bpi € M@*tP fori=1,...,n—1, and bpn € MOFP=L (g )
By induction and Lemma 2.2, we can generalize (4.6) as:

VHg) Uy Gy (VTH(S)) € MATHE,
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In the same way we also generalize (4.7) as:
) =y o (WTH(S)) € MO (TS +
MO (@) (W), )+ METEWTHD) o 6T, )-

Meanwhile we have ¢, ((z,)) = (x,). Again by Lemma 2.2, we obtain
(u, ) € K such that

vH9) =a- @ (vH(S)), and @ ((wn)) = (zn)-
Therefore,
g=v@) - (@@ ) =v@ - Wegov (),
and
Yogoyp H(h) =9 (¢ (¥ 1(R)) = (B(an)) € ¥ ({za) = ().

Let u = ¢(u) and ¢ = 9o @ op~1. Then we get g = u - (f) with
(u7 ()0) € IC.A'

Case (3): Let h = Hi(x1,...,2p) - Tp + h1(T1,. .., Tn_1).

Combining the case (1) and the case (2), we get (u,) € K4 such

that g = u - ¢(f).
The proof for right equivalence goes along the same lines.
Let o =ord(f), the condition

Mk+2 g M JA(f) g MO+1
implies that k£ > 0 — 1 and that for any g with
g—fe MY = MO MM C M ju(f),

where N =2k—0+2>k+1and Q = N —k > 1, there are a; ; € M@t
with
n—1

g — f :Zal,i(hmi : fxn - hxn : fa:l) + al,nfxn

i=1
n—1 n—1

= Z(_al,ihxn) : facl + Z(al,ihzi) : fxn + Ain - facn
=1 i=1

We can then define ¢ as above and see that
g—i(f)=re MM

Going on by induction and applying Lemma 2.2, we get an automor-
phism ¢ € R 4 such that g = p(f). O
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Corollary 4.6. Let 0 # f € M? C K[[x]].

(1) If pa(f) < oo, then f is 2ua(f) — ord(f)) — Ra—determined.
(2) If TA(f) < o0, then f is (274(f) — ord(f)) — K a—determined.

Combining Theorem 4.3 and Corollary 4.6, we obtain:

Theorem 4.7. Let 0 # f € M C K|[[x]] be a power series.

(1) f is a relative A—isolated singularity if and only if f is finitely
R .4—determined.

(2) Ry is a relative A—isolated hypersurface singularity if and only if
f is finitely K 4— determined.
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