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ABSTRACT. Universally prestarlike functions of order o < 1 in the
slit domain A = C \ [1,00) have been recently introduced by S.
Ruscheweyh.This notion generalizes the corresponding one for func-
tions in the unit disk A (and other circular domains in C). In this
paper, we obtain the Fekete-Szeg6 coefficient functional for trans-
forms of such functions.
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1. Introduction

Let H(2) denote the set of all analytic functions defined in a domain
Q. For a domain €2 containing the origin, Hy(Q2) stands for the set of all
function f € H(Q) with f(0) = 1. We also use the notation H;(Q2) =
{zf : f € Hy(Q)} . In the special case when € is the open unit disk A =
{z € C:|z| < 1}, we use the abbreviations H, Hy and H; respectively
for H(S2), Ho(€2) and H1(2). A function f € H is called starlike of order
a with (0 < a < 1) if f satisfies the inequality
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(1.1) %{Zﬁz)} >a  (z€A),

the set of all such functions is denoted by Su. The convolution or Hadamard

Product of two functions f(z Z anz" and g(z Z by 2" is defined

n=0
as

(f*g)( Z anbp 2"
A function f € H; is called prestarhke of order « if

z

(1.2) (O

* f(z) € Sq.

The set of all such functions is denoted by R,. The notion of prestarlike
functions has been extended from the unit disk to other disks and half
planes containing the origin by Ruscheweyh and Salinas [6]. Let © be
one such disk or half plane. Then there are two unique parameters
v € C\ {0} and p € [0,1] such that

(1.3) Qyp ={wyp(2) : 2 € A}
=
1—pz

where, w, ,(2) = . Note that 1 ¢ €, , if and only if |y + p| < 1.

Definition 1.1. [5, 6, 7] Let o < 1, and Q = €2, for some admissible
pair (v, p). A function f € Hi(§),) is called prestarlike of order o in

0, if
(1.4) Frole) = = 2)) € R

The set of all such functions f is denoted by Rq(2).

Let A be the slit domain C \ [1, co)(the slit being along the positive real
axis).

Definition 1.2. [5, 6, 7] Let o < 1. A function f € Hyi(A) is called
universally prestarlike of order o if and only if f is prestarlike of order o
in all sets Q0 , with |y + p| < 1. The set of all such functions is denoted
by Re.
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For a univalent function f(z) of the form
(1.5) f(z) = z—I—ianZ",
n=2
the k** root transform is defined as
(1.6) F(z) = [f(})]F =2+ Z SIPPLS

ke N={1,2,...}.

Definition 1.3. [7, 9] Let ¢(z) be an analytic function with positive
real part on A, which satisfies ¢(0) = 1, ¢'(0) > 0 and which maps the
unit disc A onto a region starlike with respect to 1 and symmetric with
respect to the real axis. Then the class RE(¢p) consists of all analytic
functions f € Hi(A) satisfying

D=2 (2)

(1.7) 7D2—2“f(z)

=< ¢(2).

where < denotes the subordination, and where (Dﬁf)( ) = ﬁ * f,
for B> 0. In particular, for B =n € N, we have D" f = % =1CA L.

1+ A
We let RE(A, B) denote the class RY(¢) where ¢(z) = i BZ

B < A < 1). For suitable choices of A,B,a the class R“( B
to several well known classes of functions. For instance, 1{

(-1<

) reduces
(1, -1) is
the class S* = S of starlike univalent functions.

In this section, sharp bounds for the Fekete-Szego coefficient functional
|dok+1 — pudz | associated with the & root transform of the functions
belonging to the class RY(¢) are found. In particular cases, these bounds
reduce to results of [1, 8].

b dp(t) ok
Remark 1.4. [7] Let F(z Za z —/0 mwhere ak:/o todu(t),

and p(t) is a probability measure on [0,1]. Let T denote the set of all
such functions F'. They are analytic in the slit domain A.

To prove our result we need the following theorems.
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Theorem 1.5. [7] Let 0 < a <1 and f € Hi(A). Then f € RY if and
only if

D3—2af

(1.8) DTMf €

T.

This admits an explicit representation of the functions in R2. If f € Hy
has all its Taylor coefficients at the origin different from zero we write
1 for the (possibly formal but) unique solution of f % f(-1 = 1

1—z°

Theorem 1.6. [8] Let f be a universally prestarlike function of order
a < 1, then the function f(z) has a representation of the form

f(z)=2z+ Zanz"
n=2

formn =23,... where,
n—1
Z Cla, k)agb,—k
_ ) k=1
(1.9) fn = C'(ayn) — C(a,n)
n k
H(k —2a) (m — 2a)
k=2 m=2
C(a,n) = CES Cla, k) = =] ,Cla,1)ay =1
[[¢k+1-20) X
C(a,n) = £=2 o= [ dute)
(n—1)! 0

and p(t) is a probability measure on [0, 1].

Let €1 be the class of analytic functions w, normalized by wi(0) = 0,
satisfying the condition |wy(z)| < 1. The following two lemmas regarding
the coefficients of functions in €27 are needed to prove our main results.
The following lemma is a reformulation of the corresponding result for
functions with positive real part due to Ma and Minda [4].

Lemma 1.7. 2] Ifw € Oy and

(1.10) w(z) =wiz+wez? +---,(z € A)
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then,
—t, t<-1
|we — twi| < 1, -1<t<1
t, t>1.

Fort < —1, ort > 1, the equality holds if and only if w(z) = z or
one of its rotations. For —1 < t < 1, the equality holds if and only if
w(z) = 2% or one of its rotations. Equality holds for t = —1 if and only

. A+ z
if w(z) = Z1+)\z

equality holds if and only if w(z) = —z

(0 < XA < 1) or one of its rotations, while for t = 1,

Atz
1+ Az

(0 <A <1) or one of its
rotations.

Lemma 1.8. [3] If w € Q, then |we — tw?| < maz{l,|t|}, for any
complex number t. The result is sharp for the function w(z) = 2 or 2.

We now estimate the sharp bound for the coefficient functional |dog11 —
pdy 41| corresponding to the k' root transformation of universally prestar-
like functions of order « with respect to ¢.

2. Coefficient bounds for the k" root transformation

Theorem 2.1. Let ¢(2) =1+ Byz+ Baz? + -+, and

ook kB k2-20) k1
'T(3-20)B, ' (3-20)B2 ' (3—2a) 2 2
B E . kB k2-20) k1
2T B220)B | (3-20)B2 ' (3—-20) 22
—BQ 1 1 1%
=2 _(2-20)B —20)By |- — — + L
t B ( a)Bi + (3 —2a)B; [2 o5 T k]

If f € RY(p) and F is the k" root transformation of f given by (1.5),
then,

Br <
- o
(- 2a)k A=
2 1
|dott1 — pdjyyq] < my 01 < pu< o2
B
t, w = o,
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and when p is a complexr number

B
2 1
|dak 1 — pdi 4| < mmaﬂ?{L 2]}

Proof. If f € RY(¢), then there is an analytic function w € 2 of the
required form such that

D3_2af(2’)

D2—2af(z)
D3—2af(z) e 1
m =1+ ;bnz” where bn = /0 tndu(t) and
u(t) is a probability measure on [0, 1], and

P(w(2)) =1+ Biwiz + (Biws + Bow?)2? + - -

(2.1) = p(w(2)).

We know that,

Therefore,

14 b1z +by2? + - =1+ Biwiz + (Biwa + Baw?)2? + - -
Now, equating the coefficients of z and z? we get
(2.2) by = Biwy, by = Biwy + Bow?

D372af .
) =1+ [ 2 - o 2)ar] 2 +

[C'(a,3)az — C(a, 2)C' (v, 2)a3 — C(e, 3)az + (C(a, 2)az)?] 2* + - --
:1+blz+bgz2+--'

Now

n

[Tk —20) [[k+1-20)
k=2 / k=2
C =
o1 Clen
1
by, = / t"du(t) for n = 2,3,... and u(t) is a probability measure on
0

[0,1].
Equating the coefficients of z and z? respectively and simplifying we get,

b + (2 — 2a)b?
2. = ; =
(2.3) az = by ;a3 (3= 20)

where, C(a,n) = ( ol ,
n—1)!

Now, using (2.2) in (2.3) we get,

Biwsy + (B2 + (2 — 20()B%) w%
2.4 =B ; =
(2.4) a2 1w1 ) as 3 2a)
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Now, for a function f, a computation shows that
1

(2.5) [f(zk)]E =2+ %Zkﬂ + (‘;3 _ (k;le)“%) e S

Now , by using (2.5) in (1.6) and equating the coefficients of z and z?
we get,

as as  (k—1)a3
2.6 P S S
(2.6) kL= ; 2k+1 = 572
Now, using (2.4) in (2.6) we get,

Blwl
d p—
k41 2
and
g LBt (B2 +(2—2a)B})w? Biw? Biw?
AT (3= 2a) 2 2k

Now,

Biws + (Bo+ (2 —2a)B})w? Biw? Biw?
(3 —2a) 2 2k

1
dop1 — pdpy g = %

2 9
Biwy
k2

B
2 1 2
dog+1 — pljyy = (3—2a)k [wa — wit]

and hence

The first result is established by an application of Lemma (1.7)
If t < —1, then,

< —k n kBs +k(2—2a)_ﬁ+1 (4 < o)
~(3-20)B1 (3—2a)B  (3—2a) 2 2 -
and Lemma (1.7) gives:
dais = | < — .
For —1 <t <1, we have 01 < pu < 09, where
—k kBs E(2—-2a) k 1
T B 2a)B  B-2)B " 3-2a) 22
k kBs E(2—-2a) k 1
2T B 2B, B-2)B2 3-20) 22
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and Lemma (1.7) yields:

B
d —pd? | < ——.
|dak1 — pdig | < (3 - 2a)k
For t > 1, we have,
k kBa E(2—-2a) k 1

>
2B 2a)B T B-20)B2  3-2a) 2 2

and it follows from Lemma (1.7) that
By
d —ud? | < —————t.

For the sharpness of the results in the above theorem we have the fol-
lowing:

(1) If p = o1, then the equality holds in the Lemma (1.7) if and only
if

A
w(z) = 2 :/\Zz 0<A<1) or)\one of its rotations.
(2) If 4 = o9, then w(z) = _Zl—:_)\zz(o < A < 1) or one of its
rotations.

(3) If o1 < p < 09, then w(z) = 22.
The second result follows by an application of Lemma (1.8) O

Remark 2.2. For k = 1, the k' root transformation of f reduces to the
given function f itself. Thus the estimate given in the above theorem is
an extension of the corresponding result for the Fekete-Szegd functional
corresponding to universally prestarlike functions of order o with respect
to ¢ which was already proved in [8].

1
Remark 2.3. Taking o = 3 the class RY(¢p) becomes the class of star-

like univalent functions with respect to ¢ and Theorem (2.1) reduces to
Theorem (2.1) of Ali, Lee, V. Ravichandran, S. Supramaniam [1].

Remark 2.4. In view of the Alexander result that f is a convex func-
tions with respect to ¢ if and only if zf' is a starlike function with respect
to ¢, the estimate for |d2k+1—,ud%+1\ for a convex function with respect to
¢ can be obtained from the corresponding estimate for starlike function
with respect to ¢.
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1
Remark 2.5. If a = 3 and k =1 in Theorem (2.1) we get the Fekete-

Szego coefficient functional corresponding to starlike function with re-
spect to [1].
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