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ABSTRACT. Let f be a proper k-coloring of a connected graph G
and IT = (Vi, Va,..., V%) be an ordered partition of V(G) into the
resulting color classes. For a vertex v of G, the color code of v
with respect to II is defined to be the ordered k-tuple c,(v) =
(d(v, V1),d(v, Va),...,d(v, Vk)), where d(v,V;) = min{d(v,z) : x €
Vi}, 1 <4 < k. If distinct vertices have distinct color codes, then
f is called a locating coloring. The minimum number of colors
needed in a locating coloring of G is the locating chromatic number
of G, denoted by X, (G). In this paper, we study the locating
chromatic number of the join of graphs. We show that when G1
and G4 are two connected graphs with diameter at most two, then
XL (Gl Vv GQ) = XL(G1) =+ XL (Gg), where G1 V G5 is the jOiH of
G1 and Ga. Also, we determine the locating chromatic number of
the join of paths, cycles and complete multipartite graphs.
Keywords: Locating coloring, locating chromatic number, fan,
wheel, join.

MSC(2010): Primary: 05C15; Secondary: 05C12.

1. Introduction

Let G be a graph, without loops and multiple edges, with vertex set
V(G) and edge set E(G). A proper k-coloring of G, k € N, is a function f
defined from V' (G) onto a set of colors [k] = {1,2,..., k} such that every
two adjacent vertices have different colors. In fact, for every ¢, 1 <i <k,
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the set f~1() is a nonempty independent set of vertices which is called
the color class i. When S C V(G), then f(S) = {f(u) : u € S}.
The minimum cardinality k& for which G has a proper k-coloring is the
chromatic number of G, denoted by X(G). For a connected graph G, the
distance d(u,v) between two vertices u and v in G is the length of the
shortest path between them, and for a subset S of V(G), the distance
between u and S is given by d(u,S) = min{d(u,z) : = € S}. The
diameter of G is max{d(u,v) : w,v € V(G)}. When u is a vertex of G,
then the neighbor of u in G is the set Ng(u) = {v: v € V(G), d(u,v) =

1.

Definition 1.1. [4] Let f be a proper k-coloring of a connected graph
G and I = (V1,Va,..., Vi) be an ordered partition of V(G) into the
resulting color classes. For a vertex v of G, the color code of v with
respect to 11 is defined to be the ordered k-tuple

ey (v) = (d(v,V1),d(v, Va),...,d(v, V})).

If distinct vertices of G have distinct color codes, then f is called a locat-
ing coloring of G. The locating chromatic number, denoted by X,(G),
18 the minimum number of colors in a locating coloring of G.

The concept of locating coloring was first introduced and studied by

Chartrand et al. in [4]. They established some bounds for the locating
chromatic number of a connected graph. They also proved that for a
connected graph G' with n > 3 vertices, we have X, (G) = n if and only
if G is a complete multipartite graph. Hence, the locating chromatic
number of the complete graph K, is n. Also for paths and cycles of
order n > 3 it is proved in [4] that X, (P,) =3, X,(Cy) = 3 when n is
odd, and X, (Cy) = 4 when n is even.
The locating chromatic number of trees, of Kneser graphs, and that of
the Cartesian product of graphs were studied in [4] and [3], [2], and [1],
respectively. For more results in the subject and related topics, see [5]
to [10].

Obviously, X(G) < X, (G). Note that the i-th coordinate of the color
code of each vertex in the color class V; is zero and its other coordinates
are non zero. Hence, a proper coloring is a locating coloring whenever
the color codes of vertices in each color class are different.

Recall that the join of two graphs G; and G, denoted by G1V Ga, is a
graph with vertex set V(G1) |J V(G2) and edge set E(G1) |J E(G2) U{uv :
u € V(Gy), v € V(G3)}. For example K; V P, is the fan F,,, K1V C,
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is the wheel W,,, and the friendship graph Fr,, n = 2t + 1, is the graph
obtained by joining K7 to the t disjoint copies of K.

In this paper, we study the locating chromatic number of the join of
graphs. Although we always have X(G1V G2) = X(G1) + X(G2), but it
may happen that X, (G1VG2) # X, (G1)+ X, (G2). For example we have
X, (P1o) = 3 while, by Corollary 3.8 (see Section 3), X, (PioV Pio) = 8.

The diameter of G1 V G is at most two. Hence, in each proper color-
ing of G1 V G, the color code of no vertex of G; V G2 has a coordinate
greater than two. This fact motivated us to define a new parameter,
the adjacency locating chromatic number, which is closely related to the
locating chromatic number. Proposition 2.2 and Theorem 3.1 (see Sec-
tion 3) show the relation of this parameter with the locating chromatic
number. Using this new parameter we determine the exact value of the
locating chromatic number of P, V P, Ky V Py, PV Cp, Ky V Ch,
and C,, V C}, in terms of m and n.

2. The adjacency locating chromatic number
The following parameter can be defined for disconnected graphs.

Definition 2.1. Let f be a proper k-coloring of a graph G. If for each
two distinct vertices u and v with the same color f(Ng(u)) # f(Ng(v)),
then we say f is an adjacency locating coloring of G. The adjacency
locating chromatic number, X,,(G), is the minimum number of colors
in an adjacency locating coloring of G.

Note that we always have X(G) < X,,(G) < |V(G)|. To see the
relation between two parameters X, and X,,, let f be a k-coloring of the
connected graph G and II = (V4, V5, ..., Vi) be an ordered partition of
V(G) into the resulting color classes. Now for each v € V(G) determine
the color code ¢ (v). Then, in the color code of each vertex replace
by 2 all of the coordinates which are at least two. We call these new
color codes modified color codes. Thus, in the modified color code of a
vertex v exactly one coordinate is zero, |Ng(v)| coordinates are 1, and
the other coordinates are 2.

Now it is easy to see that f is an adjacency locating coloring if and only
if different vertices of G have different modified color codes. Therefore,
each adjacency locating coloring of G is a locating coloring. Hence,
X, (G) < X,,(G). Also, note that when the diameter of G is at most
two, then each locating coloring of G is an adjacency locating coloring
and hence, X,,(G) < X, (G). Thus, we have the following proposition.
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Proposition 2.2. If G is a connected graph with diameter at most two,
then X, (G) = X,,(G).

Specially, X,,(K,) =n and X,,(Kmn) = m +n. It is well known
that almost all graphs have diameter two. According to this fact, it is
possible to compute X,, instated of X, almost for all graphs. This is
interesting and useful, since computing the locating chromatic number
of a graph directly may be infeasible if computing the distances in the
graph is costly, while the adjacency locating chromatic number may be
computed by only considering the equality, adjacency or non-adjacency
of a vertex with each of the color classes. These two parameters can
also be arbitrarily far apart. For example, by Theorem 3.6 (see Section
3), for each n > 3, X,,(P,) = min{k : k € N, n < 3(k3 — k?)} while
X, (P,) = 3. Note that the path P is a graph whose diameter is greater
than two but X,,(FPy) = X, (Po) = 3. Theorem 3.6 also implies that for
each positive integer m there exists a graph (a path) whose adjacency
locating chromatic number is m.

3. The locating chromatic number and the join operation

In this section, we first study the locating chromatic number of the
join of two arbitrary graphs. Then, we determine the locating chro-
matic number of the friendship graphs, and the join of paths, cycles
and complete multipartite graphs. Specially, we determine X, (F,) and
X, (Wa).

Theorem 3.1. For two arbitrary graphs G1 and G2, we have X, (G1V
Ga) = Xia (G1) + Xio (Ga).

Proof. The diameter of G1V Gy is at most two and hence, by Proposition
2.2, XL(GI V Gg) = XLQ(GI V GQ) Let k1 = XLQ(Gl), ko = XLQ(GQ),
and k = X,,(G1V Ga). Also, let f be an adjacency locating k-coloring
of G1V Gs. Vertices of G are adjacent to the vertices of G2 and hence,

{f(w): we V(G {f): veV(G)}=0.

Let Ky = [{f(u) : we V(Gy)} and kb, = |{f(v) : v € V(G2)}|. Thus,
k = ki + k). Assume that v and u' are two vertices of G; with the
same color. Since f is an adjacency locating coloring and V(Gy) C
Ng ve, (W) N Ng, v, (W), we have f(N, (u)) # f(Ng, (u')). This means
that the restriction of f to V(G1) is an adjacency locating k}-coloring of
G1. Hence, k1 < k7. A similar argument holds for Go. Thus, k1 + kg <
K|+ Kk, =k.
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Now let f1 be an adjacency locating kq-colorings of G1 with the color set
{1,2,...,k1}, and f2 be an adjacency locating ko-colorings of Gy with
the color set {k1 + 1,k1 +2,...,k1 + k2}. Define the (k1 + k2)-coloring
' of G1V Gy as f'(u) = fi(u) when v € V(Gy), and f'(v) = fa(v)
when v € V(G3). If 21 and 23 are two vertices in Gy V G with f/(21) =
f'(z2), then {z1,20} C V(G1) or {z1,22} C V(G2). Without loss of
generality, assume that {z1,22} C V(Gp). Since f; is an adjacency
locating ki-coloring and V(G2) C N ¢, (21) (1 Ng, v, (22), we have
f'(Ng,va, (1)) # f'(Ng,ya,(22)). This means that f’ is an adjacency
locating (k1 + ko)-coloring of G1 V G2 and hence, k < kj + ko. Thus,
k = k1 + ko, which completes the proof. O

Thus, X, (G1VG2) > X, (G1)+ X, (G2). Theorem 3.1 and Proposition
2.2 imply the following corollary.

Corollary 3.2. If G1 and Gy are two connected graphs with diameter
at most two, then X,(G1V G2) = X, (G1)+ X, (G2).

Let m, t be two positive integers and G = tK,,, be the graph consisting
of t disjoint copies of K,,. A coloring of G is an adjacency locating
coloring if and only if no two different components of G have the same
color set. For a positive integer k, the set [k] has (7’;) distinct subsets of
size m. Thus, X,,(G) = min{k : t < (;‘;)} Now Theorem 3.1 implies
the following result.

Proposition 3.3. For a positive integer t, let n = 2t + 1. Then, the
locating chromatic number of the friendship graph Fry is 1+min{k : ¢t <

(5)}-

Let P, = vjvg - - - vy, be a path with vertex set {v1, ve, ..., v,} and edge
set {v1v2, Vovs, ..., Up—10, }, and C), = v1v2 - - - vV be a cycle with ver-
tex set {v1,ve,...,v,} and edge set {viva, vavs, ..., Up_1Up, VU1 }. Let
G € {P,,Cy}. Each coloring f of G can be represented by a sequence,
say [f(v1), f(v2),..., f(vn)]. For convenience, we identify each coloring

with its sequence and work with the colors instated of vertices. For
1<ni<mnletf = [f(v1), f(va2),..., f(vn,)] be the restriction of f
to the subgraph induced by the vertices {vi,va, ..., vp, }.

If there exists a vertex v, € V(G) such that f(v,) = sand f(Ng(v,)) =
{r,t}, then we say that the segment [[r, s, t]] occurs in (the correspond-
ing sequence of) f. This notation indicates that in G there exists a
vertex with color s between two vertices with colors r and ¢. Note that
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([, s,t]] = [[t,s,r]]. Also, if f(v,) =s and f(Ng(v,)) = {r}, then we say
that the segment [[r, s, r]] occurs in f. This indicates that there exists
a vertex with color s between two vertices with color r, or there exists
a vertex of degree one (a leaf) with color s whose neighbor has color r.
When r, s,t are elements of [k] with r # s and ¢ # s, then we say that
[, s,t]] is a proper segment over the set [k]. Using these notations we
have the following observation.

Observation 3.4. Let f be a k-coloring of P, or C,. Then, f is an
adjacency locating k-coloring if and only if each proper segment over the
set [k] occurs at most once in f.

Now assume that f is an adjacency locating k-coloring of G, G €
{P,,Cy}, for some k € N. If u and v are two vertices in G with the
same color i, 1 < i <k, then f(Ng(u)) # f(Ng(v)). Note that for each
u € V(G), |f(Ng(u))| < 2. Hence, we have

{u: weV(G), f(u) =i, [f(Na(u)|=1}<k-1

and,

Hu: weV(G), flu) =1, [f(Ng(u))| =2} < <k ; 1)'

This means that there are at most (k — 1) + (kgl) = 1(k* — k) vertices

in G with color ¢. Hence, n < k(kQQ_ k ). Therefore, we have the following
proposition.

Proposition 3.5. Let n, k be two positive integers. If there exists an
adjacency locating k-coloring f of Py, or Cy, then n < %(kg’ — k?). The
equality holds if and only if each proper segment over the set [k] occurs
exactly once in f.

When f = [f(v1), f(v2),..., f(v)] is a coloring of P, = vjvg - - - vy,
=11 (), f(vh),..., f'(v,)] is a coloring of Py = vjvh--- v}, f(ve) #
f'(v)), and {v1,va, ..., v} ({v], 05, ..., v} =0, then by f& f’ we mean

[f(vl)v f(UQ)a LR f(vt)v f/(vll)v f/(vé)a RS f/(vzlf/)]v
which is a coloring of the path Py = vivy---vvv5---vy,. In fact,
we stick the colorings of two small paths in order to get a coloring
of a larger path. Note that the segment corresponding to v; in f
is [[f(vi=1), f(ve), f(vi—1)]], while the segment corresponding to v; in
F @ fis [[f(ve=1), f(ve), f/(v])]]. In this case we say that the segment
[[f (vi=1), f(ve), f'(v})]] occurs between f an f’. A similar argument
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holds for vj. For convenience, for the empty sequence () we define
feb=0af="f.

Now we are ready to determine the adjacency locating chromatic num-
ber of paths.

Theorem 3.6. For a positive integer n > 2, X,,(Pn,) = m, where
m=min{k: k€N, n < %(k?’ — k?)}. More precisely, there exist an
adjacency locating m-coloring f, of the path P, = vivg---v, with the
color set {1,2,...,m}, and two specified colors (say “1” and “2”) such
that f, satisfies the following properties.

(a) fn(vn—l) =2 and fn(vn) =1

(b) If n>9, then fn(vn—2) = m.

(¢) Ifn>9 andn # S(m3—m?)—1, then f,(v1) = 2 and fo(v2) = 1.

Proof. Since

%((m 17— (m-1)*) <n< %(m?’ —m’),

if we give an adjacency locating m-coloring of P,, then Proposition 3.5
implies that X, ,(P,) = m.

For 2 < n < 50, consider the colorings which are listed in Table 1. It
is not hard to check that each proper segment over the set [5] occurs at
most once in the f;, 2 <14 < 50. Hence, each f; is an adjacency locating
coloring. Note that 35532 =9, 43542 = 24, and 53552 = 50. Also, note
that all of the proper segments over the sets [3], [4], and [5] occur in fo,
foa, and f50, respectively.

Here after let n > 51. Thus, m > 6. Now in an inductive way we prove
the theorem. Let n’ = ((m—1)% — (m —1)?), and assume that f, is an
adjacency locating (m—1)-coloring of P, with the mentioned properties
in the theorem (let us denote this by writing f,» = [2,1,...,m—1,2,1]).
Specially, by Proposition 3.5, all of the proper segments over the set
[m — 1] occur in f,y. Note that 2(m? —m?) =n’+ (2(m—1) + 3(m2_1))
Using the new color “m”, we will add 2(m—1)+3(™; 1) new entries to f,.
These new entries are (m — 1) pairs of the form [m, ], and (m; 1) triples
of the form [m, 1, j], {i,7} C [m — 1]. Step by step, we provide an adja-
cency locating m-coloring f; for each i, n’ < i < n'+(2(m—1)+3(m2_1)).
In each step we modify the coloring for a path with one more vertex.
Equivalently, we add a new entry to somewhere in the coloring sequence
and probably, we change some other entries.

Let T=[m,1,3,m,3,2,m,2,1] and A=[m,m—4,m,m—>5,...,m,2,m,1].
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TABLE 1. Optimal adjacency locating colorings of the small paths.

fa=1[2,1] flo=Ffo ®[4,1,4,3,4,3,2,4,2,1]
f3=[3,2,1] fo0=Fo @ [4,3,1,4,2,4,3,2,4,2,1]
fa=1[1,3,2,1] for=fo®[4,1,4,2,4,3,4,3,2,4,2,1]
fs=[2,1,3,2,1] foo=fr ®[4,3,4,2,4,1,4,1,3,4,3,2,4,2,1]
f6=13,2,3,1,2,1] fas=/fa ®[4,3,4,2,4,1,4,1,3,4,3,2,4,2,1]
f7=12,1,3,2,3,2,1] faa=fo®[4,3,4,2,4,1,4,1,3,4,3,2,4,2,1]
fs=1[3,2,3,1,3,1,2,1] f25:f24‘[22] & [5,2,1]
fo=[2,1,3,1,3,2,3,2,1] frs=faa,, ® [2,5,2,1]
J10=[2,1,3,1,3,2,3,4,2,1] for=fa;,, ® 2,1,5,2,1]
f11=[2,1,3,1,3,2,3,2,4,2,1] f28:f24‘[22] ®[5,3,1,5,2,1]
f12=[2,1,3,1,3,2,3,2,1,4,2,1] foo = fou,, 5,3,5,1,5,2,1]
f13=[2,1,3,1,3,2,3,4,3,1,4,2,1] fao =y, ©15,3,5,1,3,5,2,1]
f14=[2,1,3,1,3,2,3,4,3,4,1,4,2,1] fa1=fa,, ® [5,3,5,1,5,2,5,2,1]
f15=1[2,1,3,1,3,2,3,4,3,4,1,3,4,2,1] fa2=faay,, ® [5,3,5,1,3,5,2,5,2,1]
fi6=[2,1,3,1,3,2,3,4,3,4,1,4,2,4,2,1] | faz=f24®[5,1,3,5,3,2,5,2,1]
f1r=12,1,3,1,3,2,3,4,3,4,1,3,4,2,4,2,1]| faa=foa ®[5,1,5,3,5,3,2,5,2,1]
fis=Fo®[4,1,3,4,3,2,4,2,1]

f26+74 :fi@[5’4757375)27571’5’37475’4’27574’1’57173’5737275)271}7 9 Sig 24 ‘

Foreachi,j, 4 <i<m-—1,and 1 < j <i—2,let D;; = [m,i,j,m,i,j—
1,...,m,z1, 1] Also, let D; = [m, 1—1, Z] @Di’i_g and D[l] =D;®D; 1 &
-+-@ Dy. For example we have D5 = [m,4,5,m,5,3,m,5,2,m,5,1]. For
convenience, define D;o = D3 = Djg] = (). Now consider the following
coloring which is an m-coloring of a path with n’ + 2(m — 1) + 3("™; ")
vertices.

fn/+2(m71)+3(7n271) = fn/ea[m,m—l,m,m—2,m,m—3]@A@D[m_1]@T,

This is our final “complete model”. Using this complete model we
want to build the smaller colorings {f4+; : 1 < i < 2(m — 1) +
3("y 1)} Note that all of the proper segments over the set [m] occur in

T +2(m—1)43(5 ) each of them just once. More precisely,

e All of the proper segments over the set [m — 1] occur in f,,
except the segment [[2, 1, 2]] which occurs at the end of T.
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e The segments of the form [[m, i, j]|, where i, j € [m—1] and ¢ # j,
occur in Dyy,_1) @ T', except the segment [[m, 1,2]] = [[2,1,m]]
which occurs between f,,; and [m,m — 1,m,m — 2, m, m — 3].

e The segments of the form [[m,i,m|], 2 < i < m — 1, occur in
[m,m—1,m,m—2,m,m—3]®A. The segment [[m, 1, m]] occurs
between A and Dyy,_q).

e The segments of the form [[i + 1,m,d]], 1 <i < m — 2, occur in
[m,m —1,m,m—2,m,m—3|® A.

e The segments of the forms [[j, m,i]] and [[i, m,]], where 4 <i <
m—1and 2 <j <i-—2, occur in D;, inside Dy,,_qj.

e The segments of the form [[1,m, j]], 3 < j < m—3, occur between
Dji2 and Djy1, inside Dy,_y). The segment [[1,m, 1]] occurs be-
tween Dj,,_;; and T'. The segment [[1,m,m — 2]] occurs between
A and Dy,_y), and the segment [[1,m,m — 1]] occurs between
fw and [m,m —1,m,m — 2, m,m — 3|.

e The segments of the form [[2,m, j]], 4 < j < m—1, occur in D;.
The segment [[2,m, 2]] occurs in T.

e The segments of the form [[3,m, j]], 5 < j < m—1, occur in D;.
The segment [[3,m, 3]] occurs in T.

Note that foq and f5g are given using this complete model. Now we pro-
ceed to build the other smaller colorings. Note that by the hypothesis,
we have fy =1[2,1,...,m —1,2,1]. Let

fn+1 [m7271]

frry2 = fn, @ 2,m,2,1],

Jni43 = fn| ee [2,1,m,2,1],
fn+4—fn| @[m31m21]

fniys = fn/ @[m 3,m,1,m,2,1],

Jnive = fn| 69 [m,3,m,1,3,m,2,1],
fn+7—fn| @[m3m,1,m2m21]
Jris = fn| @[m3m13m2m21]
Jnivo = fn/ @[2,1,m,1,3 m,3,2,m,2,1],

/

fn’+10_fn|[ ! @[Qalama17m73am73725m7271]7
n’/—2
a1 = f"/l[ ] @[2,1,m,m—1,1,m,3,m,3,2,m,2,1],
n! —2
©®

fn’+12 = fn’|[n,72] [27 17m7m - 17m - 27m7 ]-7 37m7 37 27m7 27 1]
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Let 1 <4 < 12. The coloring f,/.; has two parts. The first part
is fn’|[ | which the color m does not appear in it, and the second
n/ -2

part which m appears in it. Since f,/ is an adjacency locating (m — 1)-

coloring, each proper segment over the set [m — 1] occurs at most once

in fn/‘[ R Note that the segment [[2,1,2]] occurs at the end of the
n!/—2

second pat of f,/1; and not in the first part. Also, it is easy to see that
each segment in f,,/;, which contains m occurs just once. Hence, f,/4;
is an adjacency locating m-coloring. Note that f,/ 110 = fr ® [m, m —
1,m — 2] ® T. Now step by step we add the part A. Let

fn’+12+1 = fn’ @ [mam —1,m,m— 2] @Tv
and

fn’+12+2 = fTL’ D [mam - 17m - 2] D [mv 1] oT.

Also, for each i, 2 <i < m — 4, let

fn/+12+2i71:fn’@[mvm —1,m,m— 2]@[777'72 —Lm,i—2,...,m, 1]@T7
and
fos1242i = fw ®m,m —1,m—=2]® [m,i,m,i—1,....,m, 1| & T.

Specially, fni1242(m—a) = for @ [mym —1,m — 2] © A T. Let
1 < j < 2(m—4). In the coloring f,/112+4; the segment [[2,1, 2]] occurs at
the end of part T' instead of part f,,,. Note that in f,,/ 4124, the segment
corresponding to the final entry of f,/ is [[2,1,m]], not [[2,1,2]]. Each
proper segment over the set [m — 1] occurs at most once and, except
[[2,1,2]], each one occurs just in the part f,/. Also, by the case by case
investigation, we can see that each proper segment containing m occurs
at most once. Hence, f,/1124; is an adjacency locating m-coloring.

For adding the parts Dy, Ds, ..., D3 we proceed as follows. Let
4 < i < m — 3 and assume that D;_; is added (note that D3 = 0).
For adding D;, alternately, we add a new entry m, then we remove
it in order to add the portion [m,m — 3] to the beginning of A, and
then we remove this portion in order to add a portion of the form
[m, 4, j]. More precisely, assume that D; ;1 is completed, where 1 <
j <i—1. We want to add the portion [m,i, j] or [m,j,1] of D;. Let
ni=mn+12+2(m—-4)+3B3+4+---+ (i —1—1)). Note that
ng=n+12+2(m —4) and D;o = Dj3) = 0. Let
fni+3j—2 = fn’ ) [m, m—1,m,m— 2} DAD Di,j—l (o) D[i—l] e T,
frivsj—1 = fw ®[m,m—-1,m—=2]@&[mm-3|@A®D;; 1® D;_&T,
and fni+3j =
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f @ [m,m— 1,m— 2] DAD [m,Z,j] @Di,j—l @D[i—l] eT j<i—1

fw@[m,m—1m—-2]@&A®[m,j,i]|® D; ;1 ®D_yeT j=i-1L
Except the segment [[2, 1, 2]] which occurs at the end of T', all of the other
proper segments over the set [m — 1] occur just in f,/. Also, by con-
sidering the structures of A, D; 1, Dj_j) and T' (and similar to what
we said about the complete model) it is not hard to see that each seg-
ment containing m occurs at most once in this colorings. Hence, these
colorings are adjacency locating m-colorings.

Let n” = nm_3 + 3(m — 4). Since (n' + 2(m — 1) +3(™; ")) —n" =
6m—12, we need 6m— 12 steps to complete the proof. Adding D,, o and
D,,—1 in this way is complicated and requires more details. Instead, we
use the completed model, just we replace f,» with the smaller colorings.
Let

foryj= o —6my1245 ® [mym —1L,m,m —2,m,m — 3|0A® Dy, 1) & T,
where 1 < j < 6m — 12. Note that since m > 6, n' — (6m —12) > 9. O

Note that the proof of Theorem 3.6 provides an algorithm which runs
in polynomial time and explicitly produces an adjacency locating color-
ing of each path. In fact, using the proof of Theorem 3.9, this algorithm
also produces an adjacency locating coloring of each cycle. Hence, it
explicitly provides optimal locating coloring of the fan graph F;, and the
wheel W,, in polynomial time. Theorems 3.1 and 3.6 imply the following
two corollaries.

Corollary 3.7. For m > 1 and n > 2, we have X, (Kp V P,) = m +
min{k : k € N, n < $(k% — k®)}. Specially, the locating chromatic
number of the fan Fy, is X, (K1 V Py).

Corollary 3.8. For two positive integers m > 2 and n > 2, let m, =
min{k : k€N, m < (k¥ -£k?)} andn, = min{k : k € N, n <
$(k® —Kk*)}. Then, X, (PnV Py) =m, +n,.

Now we determine the adjacency locating chromatic number of the
cycles. Then using it we determine the exact values of X, (P V Cyp),
X, (K vV Cy), and X, (Cp V Cy).

For each n, 3 < n < 9, consider the following coloring (sequence) h,
of the cycle C,,.

h3 = [172’ 3]’ h4 = [1727 374]7 h5 = {]‘72? 1727 3]7 h6 = [1’2’]‘737 274]7
hr=1[2,1,3,2,3,2,1], hs = [3,2,3,1,3,1,2,1,4].
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It is easy to check that each coloring h, is an adjacency locating
coloring. Note that X, (Cy) is three or four depending on the parity of n,
and X, (C) < X,,(Cy). Therefore, X, (Cy) = X,,(Cy) for 3 <n < 9.
For the general case n > 9, we have the following theorem.

Theorem 3.9. For a positive integer n > 9, let n, = min{k : k €
N, n < $(k3 — k?)}. Then,

[ n#bmioa) -

X12(Cn) = { n,+1 n= ;(n%’ — n%) —1.
Proof. Suppose that C,, = vivs---v,v1. By Proposition 3.5, we have
X.,(Cn) = n,. First assume that n # $(nd —n2) — 1. By Theorem
3.6, there exists an adjacency locating n,-coloring f, of the path P, =
v1vg - - - vy, such that fi,(vi) =2, fn(v2) =1, fu(vn—1) =2, and f,(v,) =
1. Consider f,, as a coloring of the vertices of C,,. Since fy,(v1) # fn(vn),
this is a proper coloring of C,. Note that E(C,) = E(P,)J{vnv1i}.
Hence, for each i, 1 < ¢ < n, we have f,(N¢,(vi)) = fu(Np,(vi)).
Therefore, f, is also an adjacency locating n,-coloring of C),,. This
implies that X,,(Cyn) = n,.

Now assume that n = %(ng - ng) — 1. By Theorem 3.6, there exists
an adjacency locating n,-coloring f,—_1 of the path P,_1 = viv2---vp—1
such that f,_1(v1) = 2 and f,—1(vp—1) = 1. Define the coloring f, of
Cy as f)(vy) =n,+ 1 and f)(v;) = fa_1(v;) for 1 <i < n — 1. Note
that

ne + 1 € f(Ne, (1)) () fr(Ne, (vam), Fr(01) # fr(vn-1),

and f},(N¢, (vi)) = fa—1(Np,_,(vi)) for each i, 2 < i <n—2. Thus, f] is
an adjacency locating (n, + 1)-coloring of C,,. Hence, X,,(Cy) < n,+1.

We want to show that X,,(Cy) # n,. Suppose on the contrary there
exists an adjacency locating n,-coloring f of C),. For each ¢, 1 <i <n,,

let Vi ={x: x € V(C,), f(x) =1i}. Since f is an adjacency locating

n,-coloring, each color class contains at most %(nﬁ —n, ) vertices (see the

argument before Proposition 3.5). Now since n = 1 (n3 —n2)—1, exactly

one of the color classes, say Vi, has size l(ng —n,) — 1 and the others

2
have size 3(n2 — n,). For each i, 2 < i < ng, let X; = {(z,y) : z €
Ne, (y), f(z) =1, f(y) =i}. Let 2 < i < n,. Since |V;| = 3(n2—n,), all
of the proper segments of the form [[r,, j]], where r € [n,] and j € [n,],
occur in f. Thus, for each j with j ¢ {1,4}, there exists y € V; such that
f(Neg, (y)) = {1,7}. Also, there exists z € V; such that f(N¢, (2)) =

{1}. This implies that |X;| = (n, —2)+2 = n,. Hence, | X| = (n,—1)n,,
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where X = XoJX3U---UXp,. Each vertex z with color 1 has two
neighbors and hence, |X| =2 [{z : =z € V(C,), f(z) = 1}|. This

means that there are % = % vertices with color 1, which is a

contradiction. OJ

Theorems 3.1 and 3.9 imply the following corollaries.

Corollary 3.10. For two positive integers m > 2 and n > 3, let m, =
min{k : k€N, m < (k¥ —£k?)} andn, = min{k : k € N, n <
$(k3 —k*)}. Then,

my+ X, (Cr) 3<n<9
X, (PnVCy) =< m,+n, n>9, n#é(ni—ng)—l

my, +n, + 1 n>9 n=s5n —n’)—1
Corollary 3.11. For two positive integers m > 1 and n > 3, let n, =
min{k: k€N, n < (k3 —k?)}. Then,
m+ X, (Cn) 3<n<9
X, (KnVC,) =< m+n, n29,n#%(ng’—n§)—l

m+n, +1 n>9, n=zn—n) -1
Specially, the locating chromatic number of the wheel Wy, is X, (K1VCy,).

Corollary 3.12. For positive integers m and n, 3 < m < n, let m, =
min{k : k €N, m < 3(k* —k?)} and n, = min{k : k € N, n <
(k3 — KM}, Also, let m, = 3(m3 —m2) —1 and n, = $(n3 —n?) — 1.

0 0 0

Then,

X, (Cm)+ X, (Cn) n<9
X, (Cm) +n, m<9<n, n#n,
X, (Cm)+n,+1 m<9<n, n=n,

X, (CnVCy) =< my+n, m>9, m#m, n#n,
my +n, +1 m>9 m=m,, n#n,
my, +n, + 1 m>9, m#m, n=n,
my +n, + 2 m2>9 m=m,;, n=mn,.

Remark 3.13. Note that the diameter of a complete multipartite graph
is two and its locating chromatic number is equal to the number of its
vertices. Hence Corollaries 3.7 and 3.11 hold also for complete multi-
partite graphs (such as stars) instead of complete graphs.
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