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ABSTRACT. Let G be a finite group. A subset X of G is a set of
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1. Introduction

Let G be a finite non-abelian group and let X be a subset of pairwise
non-commuting elements of G such that |X| > |Y| for any other set
of pairwise non-commuting elements Y in G. Then X is said to have
the maximum size and the size of such a subset is denoted by w(G).
Also w(@) is the maximum clique size in the non-commuting graph of
a finite group G. Let Z(G) be the centre of G. The non-commuting
graph of a group G is defined as a graph whose G\Z(G) is the set of
vertices and two vertices are joined if and only if they do not commute.
Various attempts have been made to find w(G) for some groups G, see
for example [1-3,6-8,13,14] and [15]. Moreover in [9] for any finite
non-abelian metacyclic p-group G with p > 2, it is proved that w(G) =
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|%'(1 +p) and also it is shown that this equality is not true for finite non-
abelian metacyclic 2-groups. In the present paper continuing the work in
[9], we find w(G) when G is a finite non-abelian metacyclic 2-group. Also
we show that w(G) = |G’|+1 for any finite non-abelian p-group G with an
abelian maximal subgroup, see (Theorem 3.4). Our proofs are based on
maximal subgroups and powerful 2-groups. Following [4], we say that a
2-group G is powerful if G/U(G) is abelian, where Us(G) = (2*|2z € G).
Moreover to prove our main theorem, we use coverings of groups by
abelian subgroups. Following [5, §116], we say that a finite group G is
covered by the proper subgroups Ay, ..., A, if G=A1U---UA,. As
a matter of fact if G is covered by n proper abelian subgroups, then
w(G) < n since two elements that do not commute cannot be in the
same abelian subgroup.

In particular for metacyclic 2-groups we prove the following theorem:

Theorem 1.1. Let G be a finite non-abelian metacyclic 2-group with
G = (b,a), b lab=d* 1<k <|a| and k+ 1 = 24, where n. > 1 and ¢
is an odd number.

(i) If G possesses at least one abelian mazimal subgroup, then w(G) =
|G| + 1.
(iii) If G possesses no abelian mazimal subgroups, then

(G) %(2271 + 3‘271,—1 _ 1) |G/| > 22n
w = ’
191 (2n 1 4 3) 1G] < 22,

We note that we are able to write k+1 = 2"/, where n > 1 and £ is an
odd number, by using Lemma 2.1(i). Furthermore the above theorem
coincides with Theorem 1.1 in [9] for a metacyclic p-group with p > 2,
only when G is a powerful metacyclic 2-group with no abelian maximal
subgroups, see Corollary 5.8.

Throughout this paper the following notation is used. All groups are
assumed to be finite. The centralizer of an element a in a group G is
denoted by Cg(a). The order of an element a in a group G is denoted
by |a|. The letter p denotes a prime number. In a p-group G, we define
Ui(G) = (zP'|z € G) for i > 1. We write [a,b] for a~'b~tab. Also a
minimal non-abelian group is a non-abelian group such that all of its
proper subgroups are abelian.
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2. Some basic results

In this section we give some basic results for metacyclic p-groups that
are needed for the main results of the paper.

Let G be a finite metacyclic p-group. We know that there exists a
normal cyclic subgroup (a) of G such that G/(a) is cyclic. Therefore
we may choose an element b € G and a number 1 < k < |a| such that
G = (b,a) and b~'ab = a* and so any element of G has the form b/a’
for j,i > 0.

For the rest of the paper we fix the above notation.

Lemma 2.1. Let G be a non-abelian metacyclic p-group. Then
(i) k=1 (mod p),

ii) [af, b7] = [a, bOHETFRTD) for i j > 1,

i) G = {[a,b]),

) any two arbitrary elements v = b/a' and y = b°a” in G commute
if and only if (1 +k+ -+ k5 Vi= 1+k+- -+ Y
(mod |G'|), where i, j,7,s Z 0 and we take 1+k+---+k™ 1 =0
when m = 0,

(v) (bai)n — prgqi(l+kt+km) fori,n > 1,

(vi) ®(G) = (P, aP).

Proof. See [9, Lemma 2.1]. O

By Lemma 2.1(i), if p = 2 then we may write k+1 = 2™¢, wheren > 1
and £ is an odd number. Throughout this paper we use this notation
everywhere.

(
(i
(i

Theorem 2.2. Let G be a non-abelian metacyclic 2-group. Then
(i) Hy = (b,a®),Hy = (ba,a®) and Hs = (b*,a) are all distinct
mazximal subgroups of G,
(i) |H{| = |HS| = @ and |Hj| = @ when Hy, Hy and Hs are not
abelian and so |G’| tk+1 and 2”"Irl | |G

Proof. (i) Obviously G has three maximal subgroups since d(G) =
Moreover ®(G) < H; < G for 1 < i < 3 by Lemma 2.1(vi) and (v
which completes the proof.

(ii) This follows from Lemma 2.1(ii), (iii) and the fact that H; is meta-
cyclic for 1 <4 < 3. O

2.
);

For the rest of the paper we use the notation of Theorem 2.2.

Lemma 2.3. Let k be an odd number.
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(i) For j > 1 we have 1 + k* = 2u, where u is an odd number.
(ii) If i is an odd number, then 1+ k + --- + k"1 is also an odd
number.
(iii) If i = 2%u in which s > 1 and u is an odd number, then
L+k+- -+ k7= (1+k)25 W, where v is an odd number.

Proof. (i) We see that 1+ k% =1+ (k¥ )2 and since k is odd, we may
write k2" = 2t + 1 for some ¢ > 0, as desired.

(ii) Since k =1 (mod 2), we see that 1+ k+---+ ki~ =4 (mod 2), as
required.

(iii) On setting s(k, 1) = Z;;%) k7 and by using (i), we prove that s(k, i) =
ij;é(l + k?") for any odd number k, where v is an odd number. To
prove this we use induction on s. Now (ii) and the fact that s(k,i) =
(k +1)s(k?,i/2), complete the proof. O

Lemma 2.4. Let G be a non-abelian metacyclic 2-group. Then |G| <

af and 1% < b,

Proof. First we see that G’ < (a) since G is not cyclic. Hence |G'| < |al.
Moreover we have [a, b®l] = 1 and so |G’| divides Z‘jligl k7 = (k+1)|b|/2
by Lemma 2.1(ii), (iii) and Lemma 2.3(iii). Now the fact that k+1 = 2™¢
completes the proof. O
Lemma 2.5. Let G be a metacyclic 2-group and |G'| = 2. Then

(i) G is minimal non-abelian,

(i) w(@) = 3.
Proof. (i) See [9, Corollary 3.2].
(ii) See [5, Lemma 116.1(a)]. O

For the rest of the paper we assume that |G| > 2.

Lemma 2.6. Let G be a non-abelian metacyclic p-group. Then

{a, b, ba, baz,...,ba‘Gq_l} is a subset of pairwise non-commuting ele-
ments in G. Therefore |G'| +1 < w(G).
Proof. This follows from Lemma 2.1(iv). O

Note. In the following lemmas we use the fact that the congruence
ax = b (mod m) has a solution ¢, 0 < ¢ < m when (a,m) = 1, see for
example [12, Proposition 3.3.1].

Lemma 2.7. Let G be a non-abelian metacyclic 2-group. Then
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)

) Cq(ba®) = Cy, (ba®') and Cq(ba®*1) = Cy, (ba**1) fori >0,
16" _ .

) Hi =2y Calba®) UR(G),
1G]

)

Hy =2, Ca(ba® ) UD(G).

Proof. (i) If ¥a’ € Cg(a), then ¥ € Z(G) and so Cg(a) is abelian.
Similarly Cg(b) is abelian. Now by the above argument we deduce that
Cg(ba?) is abelian for i > 0 since G = (a, ba®).

(ii) First we see that Cp, (ba?') < Cq(ba?') and if b"a® € Cg(ba?'), then
231 —5 k' = s (mod |G’]) by Lemma 2.1(iv). Therefore 2 | s since 2
divides |G|, as desired. Now to prove the second equation, we see that
b"a® € Hs if and only if either both r and s are odd or both r and s are
even by the fact that ®(G) < Hs. Therefore we can complete the proof
by using Lemma 2.1(iv) and Lemma 2.3(ii).

(iii) If b"a? € Hy \ ®(G), then 7 is odd. Hence there exists 0 < i < ‘%/'
such that i Y—) k' = s (mod %) since Y/—0 k' and |GT/‘ are coprime.
Hence b"a?* € Cg(ba*') by Lemma 2.1(iv), as required.

(iv) By the argument in the proof of (ii), if b"a® € Hy \ ®(G), then both
r and s are odd. Hence there exists 0 < j < |G’| such that j Z;& kt=s
(mod |G']). Moreover we may write j = 2i 4+ 1 since s is odd and so
b"a® € Cg(ba’), as desired. O

3. Non-abelian p-groups with an abelian maximal subgroup

In this section we consider a general case. Let GG be a finite non-
abelian p-group with an abelian maximal subgroup. Then we show that
w(G@) = |G'| + 1. First we give the following definition. A group G is
called an AC-group if the centralizer of every non-central element of G
is abelian.

Lemma 3.1. [8, Lemma 2.2] Let G be an AC-group.
(i) Ifa,b € G\Z(G) with different centralizers, then Cq(a)NCq(b) =
Z(G).
(ii) If G = U Cq(a;), where Cg(a;) and Cg(a;) are distinct for
1 <i<j <k, then {ay...ax} is a mazimal set of pairwise
non-commuting elements in G.

Lemma 3.2. Let G be a finite non-abelian p-group with an abelian mazx-
imal subgroup A and let x € G\ A. Then
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(i) 2(G) <A, ANCq(x) = Z(G) and |Ca(x) - Z(G)| = p,
(ii) G is an AC-group.

Proof. (i) We see that A < AZ(G) < G since G is not abelian and
so Z(G) < A. Therefore ANCq(x) = Z(G) since G = A(z). Hence
|Ca(z) : Z(G)| = p by the fact that G = ACq(x).

(ii) If a € A\ Z(G), then Cg(a) = A and if x € G\ A, then |Cq(x) :
Z(G)| =p by (i), as desired. O

Lemma 3.3. If G is a finite group with A I G and G/A is cyclic,
then |Al = |G'||AN Z(G)|.

Proof. See [11, Aufgabe III. 1.2]. O

Theorem 3.4. Let G be a finite non-abelian p-group with an abelian
maximal subgroup A. Then w(G) = |G'| + 1.

Proof. First by Lemma 3.2(ii), G is an AC-group. Now since G is finite
and Cg(a) = A for any a € A\Z(G), we may write G = Cg(z1)UCq(z2)U
-+ UCq(xm) UCq(a) for some m, where a € A\ Z(G), z; € G\ A
for 1 < ¢ < m and all elements of the union are distinct. Moreover
the intersection of any two elements of the union is Z(G) by Lemma
3.1(i). Hence by Lemma 3.2(i), |G| = m(p|Z(G)| — |Z(G)|) + |A] and
som = |Al/|Z(G)| = |G’'| by Lemma 3.3. This completes the proof by
using Lemma 3.1(ii). O

4. Powerful metacyclic 2-groups

In this section we give some results for powerful metacyclic 2-groups
that will be used in the sequel. In fact we prove that Hg is powerful and
we use it to prove our main theorem in the next section. Following [4],
a 2-group G is said to be powerful if G/U2(G) is abelian. We note that
if G is a 2-group, then ®(G) = U1(G). Next two lemmas show that
most results about powerful p-groups with p > 2 are true for powerful
2-groups as well.

Lemma 4.1. Let G be a powerful 2-group and G = (aj,aq,...,aq).
Then

(i) (I)(G) = <a%, a%? <o ,a?l>;
(ii) G = (a1){az) ... (aq),
(iii) U;(G) = {2% |z € G} fori > 1.
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Proof. (i) See [4, Lemma 26.24].
(i) See [4, Corollary 26.25].
(iii) See [4, Proposition 26.23]. O

Lemma 4.2. Let G be a powerful 2-group and G = M1 U- - - UM, U®P(G),
where M;’s subgroups of G. Then G = My U --- U M;.

Proof. The proof is the same as [9, Lemma 4.1]. O

Following [4, §26], a metacyclic 2-group G is called ordinary meta-
cyclic if G has a cyclic normal subgroup A such that G/A is cyclic and
(G, A] < Ta(A).

Theorem 4.3. [4, Proposition 26.27] A two generator 2-group is pow-
erful if and only if it is ordinary metacyclic.

Lemma 4.4. Let G be a non-abelian metacyclic 2-group. Then G is
powerful if and only if n = 1. Moreover in this case |H5| = ‘%,l

Proof. First recall that k+1 = 20, b='ab = a* and k > 1 since G is not
abelian. If G is powerful, then we have a*~! = [a, b] € Uz((a)) = (a*) by
Theorem 4.3. Hence we deduce that |a| | kK —1—4¢ for some ¢. Moreover
[a,b] € (a*) shows that a* # 1 or equivalently 4 | |a|. Therefore 4 | k—1,
as desired. Now if n =1, then 4 | k — 1, completing the proof. The rest
follows from Theorem 2.2(ii) when Hj is not abelian. Moreover if Hj
is abelian, then [a,b?] = 1. This yields that |G’| = 2 by Lemma 2.1(ii),
(iii), as required. O

Lemma 4.5. Let G be a non-abelian metacyclic 2-group. Then Hj is
powerful.

Proof. We see that Hf = (a¥*~1) < (a*) < Uy(Hs) by Lemma 2.1(i),(ii)
which completes the proof. O

Lemma 4.6. If G is a powerful metacyclic 2-group with |G'| = 2™,
where m > 2, then Hs is covered by 2™~ 1 abelian subgroups and ®(G).

Proof. We use induction on m. For m = 2, we see that Hs is minimal
non-abelian by Lemma 4.4 and Lemma 2.5. Obviously Hs is covered
by its three abelian maximal subgroups in which ®(G) is one of them
by Theorem 2.2(i). Now suppose that m > 3, |G’| = 2™ and the result
holds for all powerful metacyclic 2-groups in which the order of the
derived subgroup is 2™~ 1. We see that Hj is powerful and |Hj| = 2m~1
by Lemmas 4.5, 4.4. Also by Theorem 2.2, M; = (b% a%) = ®(G),
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My = (b%*a,a?) and M3 = (b*, a) are all distinct maximal subgroups of
Hs;. Hence by the induction hypothesis, M3 is covered by 272 abelian
subgroups and ®(Hsz). Moreover by Lemma 2.7, we see that My is
covered by ®(Hs3) and 2™~ 2 abelian subgroups of Hz. Therefore we can
complete the proof by the fact that ®(Hsz) < ®(G) and H3 = M; U MU
Ms. O

Lemma 4.7. Let G be a non-abelian metacyclic 2-group. Then
(i) Cr, (b?ia) = Cg(b*a) fori >0,
(ii) Ca(b*a) is abelian for i >0,
i .
(iii) Hz =U,2, ' Ca(b*a) U ®(GQ) when G is powerful and |G'| > 2.
Proof. (i) This follows from Lemma 2.1(iv) and Lemma 2.3(ii).
(ii) Assume that b"a®, b"'a® € Cg(b*a). Thus by Lemma 2.1(iv),
okt =537 k! (mod |GY]) and YLtk = 5 o7 R (mod [GY)).
Therefore )
s3I k=530 k! (mod |G']), as desired.

16"
(iii) By Lemma 4.6, we may write Hs = |J, 2, ! M, U ®(G), where M,
is abelian for 0 <t < K;—‘ — 1. Moreover |G’| < |b| by Lemma 2.4 and
Lemma 4.4 and so we see that {a,b%a,b%a, b, .. .,b'G/‘*2a} is a sub-
set of pairwise non-commuting elements of Hz \ ®(G). For otherwise if
b%ia,b%a) = 1 for 0 < j < i < 1S1, then |G| divides 20071 it by
[ed

Lemma 2.1(iv). Hence 5+ | i — j by Lemma 2.3(iii) and the fact that

n = 1, which is impossible. Therefore we may assume that b*a € M;
for 0 <i < |GT| — 1. Thus M; < Cg,(b*a) which completes the proof by
(i). O
Theorem 4.8. Let G be a powerful metacyclic 2-group with |G'| > 2.

/ . 16"
Then G = (Uﬁéf1 Ca(ba")) U (U2 ! Cc(b**a)), where the elements of

the union are abelian subgroups of G.
Proof. This follows from Lemmas 2.7, 4.7 and 4.2. g
Corollary 4.9. Let G be a metacyclic 2-group with |H}| > 2. Then

/ . 1H5]
Hy = (ULZ%lfl Cr, (b%a?)) U (U, 2 1C;nh(b‘lta)), where the elements of
the union are abelian subgroups of Hs.

Proof. This is a consequence of Lemma 4.5, Theorem 4.8 and the fact
that H3 = (a, b?). O
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By the above argument in this section, we may deduce the following
corollary, however this result can be obtained directly from the main
theorem of this paper, see Corollary 5.8. We note that a powerful meta-
cyclic 2-group G has no abelian maximal subgroups if and only if |G'| > 2
by using Lemma 4.4.

Corollary 4.10. Let G be a powerful metacyclic 2-group with |G'| > 2,
then w(G) = 3|G'|.

Proof. This follows from Theorem 4.8 and the fact that {ba’|0 < i <
|G| —1}u{b*al0 <t < ‘%,' — 1} is a subset of pairwise non-commuting
elements in G. O

5. Metacyclic 2-groups with no abelian maximal subgroups

In this section we determine w(G) when G is a metacyclic 2-group
with no abelian maximal subgroups. Recall that G = (b,a), (a) < G,
b~lab = ¥, 1 < k < |a| and kK + 1 = 2", where n > 1 and / is an
odd number. Moreover by Theorem 2.2(ii), |G’| > 2"*! since G has no
abelian maximal subgroups. Also |a| > |G'| and |b| > 2'5,/1 by Theorem
2.2(ii) and Lemma 2.4.

On setting A = {a, b, ba,ba?, ..., ba'G/‘*l}, we know that A is a subset
of pairwise non-commuting elements in any metacyclic 2-group G by
Lemma 2.6. Now in the two following lemmas we add more pairwise
non-commuting elements to this subset.

Lemma 5.1. Let G be a metacyclic 2-group with no abelian maximal
subgroups. Then on setting B = {b%a” | 1 < r < ‘QG—,L',Q" {1}, we have

AU B is a subset of pairwise non-commuting elements in G. Moreover

G’ G’
= {g e Gz
|g7;‘ |G/| < 22n‘
Proof. First we see that the elements of B are pairwise non-commuting.
For otherwise if [b%a”,b%a”’] = 1, then % | » — 7 by Lemma 2.1(iv),

which is a contradiction. Also the elements of A and B do not commute

since 2" { r. Now we see that the number of r in B such that 2"|r is
‘GJ# when |G’| > 22" and is 0 when % < 2™, which completes the
proof. O



Pairwise non-commuting elements in finite metacyclic 2-groups 1582

Lemma 5.2. Let G be as in Lemma 5.1. Then on setting

C=1{%|1<t< 2|f+l|1}, we have that AU B U C is a subset of

o . . G
pairwise non-commuting elements in G. Moreover |C| = 2|n+|1 - 1.

Proof. First we see that if |G| = 2", then |C| =0 and AUBUC is a
subset of pairwise non-commuting elements. Therefore we assume that
|G'| > 2"+, Suppose to the contrary that two elements of C' commute.

For example if [b*a,b*'a) =1 with 1 <t/ <t < %, then |G| divides

Z;‘S(jt')‘l k' by Lemma 2.1(iv). On setting t — ' = 2%u, where s > 0
and u is odd, we see that zfﬁgt/)*l k' = 2571/(1 + k), where v/ is odd
by Lemma 2.3(iii). Therefore 2'? ﬁl | t —t’ which is a contradiction. Now
we prove that the elements of A and C do not commute. For otherwise
if [b¥a,ba’] = 1 for 0 < i < |G'| — 1, then iZ?t:_Ol k) =1 (mod |G"]).
This yields that 4¢i = 1 (mod 2) by Lemma 2.1(i), a contradiction. Also
if [b*a,a] = 1, then by Lemmas 2.1(ii) and 2.3(iii), we see that 1% | ¢
which is impossible. Moreover the elements of B and C do not commute.
For otherwise if [b*a,b%a"] = 1, where ¢ = 2°u in which s > 0 and u is
odd, then 7Y 3" ' &' = 1 4+ k (mod |G’|). Therefore by Lemma 2.3(ii),
r25ty’ = 1 (mod |2G—nl|), where 1/ is odd, which is a contradiction, since

2 | |2G,i‘ and ¢ is odd. The rest is clear. O

Corollary 5.3. Let G be as in Lemma 5.1. Then w(G) > A, where
B |2G2'7;|(22n + 3‘2n—1 _ 1) |G/| > 22n
191 (2n+1 1 3) G| < 22,

Proof. This is an immediate consequence of Lemmas 5.1, 5.2 and 2.6. [

Lemma 5.4. Let G be as in Lemma 5.1 and |Hj| = 2.
(i) If n > 1, then w(G) = |G'| + 3.
(ii) If n =1, then w(G) = 6.

Proof. (i) By Lemma 2.5, we see that Hj is covered by three abelian
maximal subgroups in which ®(G) is one of them. Hence G is covered
by |G'| + 3 abelian subgroups by Lemma 2.7. Moreover |G’| = 27! by
Theorem 2.2(ii) and so |G’| < 2*". Therefore Corollary 5.3 completes
the proof.

(ii) We see that G is powerful and |G| = 4 by Lemma 4.4. Then
w(G) = 6 by Corollary 4.10. O
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Lemma 5.5. Let G be as in Lemma 5.1 with |G'| > 227, 0<r< &l

on s
2" | r and b*a® € Cy,(b*a"). Then
(i) 2" | s, ‘
(ii) i j is odd, then there exists 0 < i < |G'| such that ba® €
Ca(ba'),

(iii) if 7 is even, then b¥a® € ®(H3).

Proof. (i) This follows from Lemmas 2.1(iv) and 2.3(iii).
(ii) By Lemma 2.3(iii), we have 1+ k + -+ + k%=1 = (1 + k)u, where u
is an odd number. Recall that (k+1) = 2”€ where £ is an odd number.

Therefore there exists 0 < i < % such that fui = 55 (mod 3 & |) since
fu and 1G] are coprime by the note in page 4. Thus (1+k+- - —H{:Q] 1
2"
s (mod |G’|) which completes the proof by using Lemma 2.1(iv).

(iii) This is evident from (i). O

Lemma 5.6. Let G be as in Lemma 5.1. Then w(G) < A, where

190 (21 4 3) G| < 22",

\— {;;J (22n 4 3_2n71 _ 1) ’G/’ > 22n

Proof. By Lemma 5.4, we may assume that |H5| > 4. Therefore we may

) e |HS|
write G = U'G‘ ! Ca(ba") in%' 'Cu ,(02a") U2 CHs(b4ta) by Corol-

lary 4.9, Lemma 2.7 and the fact that ®(G) < Hs, where the elements of
the union are all abelian subgroups of G. First suppose that 22" < |G|,
then by Lemma 5.5, we see that Cp,(b%a") C Uﬁolfl Cq(ba') U ®(Hs3)
for any r with 2"|r. This yields that

|H3|

6|1 S 1
U Caa) |J Cuy(W’a) | Cuy(6"a) U @(Hs).
S =0
Hence
&'l-1 141 2l
Hy=GnHs= |J Cuy(ba’) |J Cu,(0%a") U Ch, (b*a)
=0 r=0

2M 4y
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by Lemmas 4.2 and 4.5. Also G = ULSOI_I Cg(ba') U Hz by Lemma 2.7.
This implies that

|H5| _

|G"]—-1 ~H3)-1 — 1
G=|J caba’) |J Cu,0®a”) |J Cuy(v*a).
i=0 r=0 t=0
2M 4y
| | @ @@
and so G is covered with |G| + (57 — 3%) + 3~ abelian subgroups
since |Hj| = %', as desired. Now suppose that |G'| < 227, then 2" r
for 0 < r < |Hj| since |Hj| = % by Theorem 2.2(ii). Thus by using
el
the first union, G is covered with |G'| + %l + &~ abelian subgroups, as
desired. O

Corollary 5.7. Let G be a metacyclic 2-group with no abelian mazximal
subgroups. Then

@ = [ e s - G| > 22
w = '
19 (21 4 3) IG'| < 22,
Proof. This follows from Corollary 5.3 and Lemma 5.6. U

Corollary 5.8. Let G be a powerful metacyclic 2-group with no abelian
mazimal subgroups, then w(G) = 3|G'|.

Proof. We see that n = 1 and |G'| > 2 by Lemma 4.4. Therefore the

first part of Corollary 5.7 completes the proof. O

Proof of Theorem 1.1. This is an immediate consequence of Theo-

rem 3.4 and Corollary 5.7. 0
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