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1. Introduction and preliminaries

Recently, more and more people have been attracted to the study of
Finsler geometry. The study of Finsler spaces has many applications
in physics and biology. In complex Finsler geometry, people think the
notion of Kéhler-Finlser metrics is the extension of the Kéhler metrics.
Actually, the Kéhler-Berwald metrics may be the closest non-Hermitian
complex Finsler metrics to the Kahler metrics. Therefore, to explore the
properties of the Kahler-Finsler metrics and the Kahler-Berwald metrics
is one of the most important tasks in complex Finsler geometry.

In real Finsler geometry, it has been known that a Berwald manifold
with constant flag curvature ¢ must be a Riemann space (¢ # 0) or a
locally Minkowski space (¢ = 0). In complex cases, the authors [4] prove
that a strictly Kahler-Berwald manifold is a complex locally Minkowski
space if and only if it has vanishing holomorphic sectional curvature.
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Strictly Kéhler-Berwald manifolds 110

In this paper, we will prove that a strictly Kéhler-Berwald manifolds
with nonzero constant holomorphic sectional curvature must be a Kéhler
manifold.

Definition 1.1. A strongly pseudoconvex complex Finsler metric (we
shall simply call it complex Finsler metric below) on a complex manifold
M is a continuous function F : TYOM — R satisfying:

(i) G = F? is smooth on M (= T"OM — {0});

(i) F(v) > 0 for all v e M;

(iii) F(Cv) = |[¢|F(v) for allv € T*'M and ¢ € C;

(iv) for any p € M, the F-indicatriz Ip(p) = {v € Ty*M|F(v) < 1}
1s strongly pseudoconver.

A complex manifold M endowed with a complex Finsler metric will
be called a complex Finsler manifold.

In the study of complex Finsler geometry, there are several important
classes of special metrics with additional properties, in which we are
more interested.

Let (M, F) be a complex manifold M of complex dimension n with
a complex Finsler metric F. Let {z!,--- 2"} be a set of local complex
coordinates, with {y',---,y"} the induced holomorphic tangent space
coordinates. We shall denote by indexes after G the derivatives with
respect to the y-coordinates and the derivatives with respect to the z-
coordinates after a semicolon. For instance,

r’c . _ PG
dyoyP M 9z

Gog =

Definition 1.2. A complex Finsler manifold (M, F) is said to be com-
plex locally Minkowskian if, at every point z € M, there is a local coor-
dinate system (2%), with induced holomorphic tangent space coordinates
(y®), such that F' has no dependence on the z%. FEquivalently speaking,
G5 has no dependence on the z°.

Definition 1.3. A complex Finsler metric F is said to be a complex
Berwald metric if the Christoffel symbols I's., of Chern-Finsler connec-
tion induced by F' have no y dependence in natural coordinates, where
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(G™) is the inverse matriz of (Gaz), and 52% = % _Fﬁ;ayia are vectors

1,0 o To Y _ o _ T o
og, M. Here I, = G™Gry. Clearly, Iy, = y'I'S,, and 'S, =
v Lo

Definition 1.4. In local coordinates, a complex Finsler metric is called
strongly-Kahler if and only if ', = I'}. 5 it is called Kdhler if and only
if TRyt = 10,91 it is called weakly-Kdahler if and only if Ga[Fl‘jﬂ, —

Iy = 0.

Recently, it has been shown in [3] that a Kéhler-Finsler metric must
be a strongly Kahler-Finsler one.

Definition 1.5. A Kadhler-Finsler metric is called a strictly Kdhler-
Finsler metric if it satisfies (Og0(H,x,K),x) = 0, for all H/K € H,
where x is the compler radial horizontal vector field, H is the complex
horizontal bundle, 0 is the (2,0)-torsion of the Chern-Finsler connection
and Oy is the horizontal part of 3. We refer to [1] for all notations.

Abate and Patrizio [1] have done much research on the strictly Kéahler-
Finsler manifolds, although they haven’t given an explicit definition for
them.

Let (M, F) be a complex Finsler manifold and o : [a, b] — M a regular
curve on M. We define ¢ : [a,b] — M by setting

. do’ 0
o(t) = o7 (t)@b(t)-

Then the length of ¢ is given by

Let ¥ : (—¢,¢) x [a,b] — M be a regular variation of a given regular
curve o : [a,b] - M. We set Ix(s) = L(os), where og = o.

Definition 1.6. We shall say that a regular curve o is a geodesic for
Fif CZ—SE(O) = 0 for all fized reqular variations % of o. The vector field

Ut) = U(t) 621' o) = %1—5(0,75) is called the variation field of lx,.
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Observe that

B2(0) = A [P F(6(t))dt|s=o
= fi’;F[ 2w U + [F2) 0% + [F?]y* (2] 40"yt
— Re(fa = {[F? . U* + [FQ]y ar }dt)
- Ref{QF (P25 — (5 [F2)0) JURdE + 5 [F2) U )2)
= Re([? 3 {[F2s — &[F?), }Udt).

Thus o is a geodesic if and only if the following equality holds on o:

d
G — —Gr=0,
k= 2 Gk =
where G, = 8zk , G =
If we further assume M is weak kéhlerian, we have (see [1]):
(1.1) &'+ Nig/ =0.

Then for any given p € M and v € Mp, there exists a unique geodesic
o :(—¢e,e) » M such that ¢(0) = p and 6(0) = v.

2. Holomorphic sectional curvatures for Kéhler-Finsler
manifolds

Suppose that Y is a non-zero geodesic field on an open subset U C
M, then Gy (or gy) is a naturally induced smooth Hermitian metric
on U, where Gy (Z, W) = GQB(Y)ZQWB. Gy is called the Y-Hermitian
metric on M.

Let D denote the (1,0)-compatible connection of G := Gy. It is well
known that

_ - Ow' 0
DyW = {yj + w]Fl ky }aziv
where under the local coordinates,
) ) . 7
Y:yZ@,W:wl@,and F;,k = (Gjﬁ§k+G]hTa k)G ’

Since gy is an Hermitian metric on U, we can define the curvature
under this metric. Hence for p € U,we have a well-known quadrilinear
function

Ry : T,U x T,U x TU x T, — C.
Let p € M,0 # X € T,M. We write X = X0 4 X! where X0 €
TYOM, X0t € TO1M, and X! = X1.0 We extend_Xl’O to be a geodesic
field on U, and denote it by Y, then X =Y (p) + Y (p).
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For X # 0, let
Ry(X, JX, X, JX)
Y
_ RY(KY>Y7Y)‘
g (Y) ?
1 _ _
= — YY.YY
GQ(Y)RY( s Loy 4y )|p

where J is complex structure, and if X =0, let K(p, X) = 0.

Definition 2.1. Let (M, F) be a Kdihler-Finsler manifold. ¥p € M, X €
T, M ,the above K (p, X) is called the holomorphic sectional curvature of
M towards the tangent vector X at p.

We want to show the above definition is rational. For this we need
the following conclusion:

Proposition 2.2. K(p, X) depends only on Y (p)(or X) for Kdihler-
Finsler manifold (M, F).

Proof. Firstly we seek a formula in local coordinates for R(p, X). To

begin with, if X = &' 5% + &%, JX = it gk — £55.Y = y' 5, where
y'(p) = ¢
1 ooy Ry v’ y*y'
vaX :7RY Y7Y7Y7Y :j—”
P20 = Gapry e 93969V y* -

where R, is the curvature tensor under the Hermitian metric gy. Now

we need to show Rﬁkiyigjj y*7(p) depends only on Y (p).
It is well known that

P95z, Y (2)]  9gis(2, Y (2)] Olgiz (2, Y (2)] 4

2.1 R.-7= _

21) ikl 9207 D2k FEA
lgi3(=Y ()] - ;= AN} _ ON! = _

Lemma 2.3. gajzkzagliz y'y = gij;iNl:;yl + 9ij 55t g - 9i5 5+ TR

9i5s NI NPT
Proof. We have known that

r

. oy -
Ng =995 + 9i5r 8zk)g”,

SO
T

gsENli = yz(gzj,k + gzjrﬁ)v
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and
0 oy 9
Yy ﬁ(gﬁ;k—}_gﬁr@) BE (95 NE)
_ o oNg ON? oy
= gsj;[Nk + 9sj 82116 + (gsﬂNk +gsg a f)azl

Since Y is a geodesic field, we have
o, ay" ON} ON}
y y 0z l(gz] k+gwra k) (953 lNk:+95] 97 -1 ) (QSJtNk+933 8 —t )N

where we have used (1.1). So the equality in lemma holds. O

Now we return to our proof of Proposition 2.1. Dealing with each
term of (2.1) similarly as Lemma 2.3, we know Ry’ y*7' depends
only on Y (p). In fact, by direct computation,

ON?
K(p. X) = 95 (55t — ’“N’")yjy 7' = 9555 N y" |
’ 9599 P Y+ Y P gsaaviytyt

O

Definition 2.4. A Kdhler-Finsler metric F' is said to be of scalar cur-
vature if K(p,X) = K(p) is independent of the tangent vector X. In
particular, if K(p, X) is a constant in spite of any p and X, it is said
to be of constant curvature.

Remark 2.5. Before the present work, there have been other motions
of curvature for complex Finsler manifold (see [1,7]). However, all of
them are unanimous. The definition here seems more natural when it is
viewed as an extension from an Hermitian manifold.

Example 2.6. Let (M1, «), (Mas,B) be Hermitian manifolds. F¢ is the
complex Szabé metric on the product manifold M, X Ms defined by
Fu =\ a(n)? + 8()? + (ol + 8u2)*),

where y = y1 ®yo = (v1, -+ o™ ML ymAn) € Tzl’O(Ml X M),z =
(21722) € MIXMQ'yl = (/U17 T 7/Um) € TzlfOMlayQ = (Um+17 T 7Um+n) €
Tle’OMg, and k > 1 is a positive integer.

We have known in [5] that F; is a strongly pseudoconvex complex
Finsler metric. Furthermore, F; is strongly Kéhler-Finslerian if @ and
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B are both Kahler metrics. In fact, the coefficients of Chern-Finsler
connection can be written as follows:
| Yitatvy o 1<igj<m
Ni(y) = X g, m+1<ij<m+n
0 otherwise
For X = (X1,X9) = y+ gy € T.(M; x My), a direct computation
shows that

K(z,X) = % (Aaagfi’y‘;wv'yﬁ‘sv“z’)”

a+m
+Bba+m5+mry+m;u+mu+m

= 2 (AK, (21, X1) + BKg(22, X2)),
where G = F2,A = 1+ e(a?* + ﬁ%))%*laQ(k_l),B =1+ ¢e(a® +
5216)%—152@—1)‘

Now we can easily have:

Theorem 2.7. Let (My,«),(Ms,3) be Kdihler manifolds and F; the
complex Szabo metric on the product manifold My x Ms. Then the holo-
morphic sectional curvature of (My x Ma, F,) vanishes if both (M, «)
and (Ma, B) have vanishing holomorphic sectional curvatures.

,U'y—&-mﬁzs—l—m)vu—i—ml—)u—i-m

3. Strictly Kihler-Berwald manifolds with nonzero constant
holomorphic sectional curvature

Since the Chern-Finsler connection is defined on the holomorphic
tangent-tangent bundle TH°(T19)M of M, we now give another con-
nection directly defined on 720

Let (M, F) be a complex Finsler manifold. For any z € M and
04y e Tr°M, we define V¥ : TH'M @ C=(TYOM) — T+°M by
ViV = {u(Vi(z)) + Vj(z)Fé;k(z, y)uF} @ aZ, |. where

0
0z

The complex Berwald connection V : T3 M @ COO(T]\I/}O) — T3 M is
defined by V,V = VjV fory € M, and V, = 0 when y = 0. In general,
this connection isn’t a linear one. However, it is linear if and only if
(M, F) is Berwaldian.

Theorem 3.1. Let (M, F) be a strictly Kdhler-Berwald manifold with
nonzero constant holomorphic sectional curvature c. Then (M, F) is a
Kahler manifold.
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Proof. Let V be the complex Berwald connection on (M, F'), which is a
linear connection since M is Berwaldian. The curvature forms of V are

P = dwf — W) /\wf,

where wg = Fg;adﬁ.
Under local coordinate system, we can write
1
B— 2 P g7 A g5
o = 2Ka75dz AdzZ°,

Ry

B _ ; ; ) 5 1 —
where KowS = 27557, since [52:, 555] = 0.

We can rewrite the holomorphic sectional curvature of (M, F') as

GopKe sv79°y" 9
G2(y) ’

where X € T,M,pe M, and X =y + ¥,y € T;’OM,y = yo‘a%.
Now let (M, F') be a Kéhler-Berwald manifold with nonzero constant

K(X) =

holomorphic sectional curvature ¢; then I's. w and K g L5 are independent
on y.

Let D be the Chern-Finlser connection associated to F. In local
coordinates, the curvature operator of D is given by

% = RS, pd2" NdZ + R350° NdZ” + RGs, de AT + Riset)® A7,
where
R o= —00(l,) — I5,00(I'),
RSy, = —05(T5),
Ry, = —‘87(1“%‘;
Rsy = —0y(I'gs

We refer to [1] for the notations here.
Since (M, F') is with constant holomorphic sectional curvature ¢, then

¢G® = —2Go05(T3)y"y".
It is equivalent to
c _ _ _ _
(31)  5(GpsGr + GaoGa)V 1Yy = —2Gasd5(T3,)y 1y

Denote Kpgg,5 = Ga(—,ng_,, Rpgs.p = GM—,R%;W, then

1
Rpgw = QKBG'W - Gaafga&v(Fi),
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and
g_1 8
Rﬁa—;;u?y = iKﬁa—uDy .

For a Kéahler-Berwald metric, the condition (0g0(H,x,K),x) =0 is
equivalent to (Q(H, K)x,x) = (Qx, K)H, x),for all H/K € H. So we
have

R,B&;uf/yﬁga = Ru&;ﬁﬂyﬂgg'
Furthermore, by (1.4) in [2], Rgsu0 = Ryp.p-
Rﬁp;uayﬁgj". Notice that Kgsup = K585, we get

And we have Rﬂc—,;“gyﬁgf =

(3:2) Ksouny" 59" = Kooy 579"
Differentiating on gy for both sides of (3.1), it turns into
(GG + G Grun)y "y = 4G s K"y 5"
where we use (3.2). Hence,
Gy y"'y" = 2K§,.9°y"y".
Differentiating again on g, we have
Gy y" = 2K5,,y y".
Differentiating on y® and add up by «, we can get

c(n+ )Gyt = 4K3, 9"

(03
Differentiating once more on y, we have

4
Guw=——"K3,;
o en 1) o
which means G, is independent on y, and (M, F’) is a Kéhler manifold.
]

Let’s look at the example in Section 2. It is obvious that F; is a
complex Berwald metric. Furthermore, F; is strictly Kéhler-Finslerian
if @ and B are both Kéhler metrics. Since F. is non-Hermitian, then it
is impossible for (M; x Ma, F.) to have nonzero constant holomorphic
sectional curvature.
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4. A note on S-curvature in complex Finsler geometry

S-curvature plays an important role in Riemann-Finsler geometry,
which describes the rate of change of the distortion along geodesics (see
[6,8,9]). Now let’s take a look in the complex setting.

Let V' be an n-dimensional complex vector space and let F' = F(y)
be a Minkowski norm on V. Fix a basis {b;} for V' and let

vol(B")

7F = 0ol{(y') € C|F(yiby) < 1}
and
0%F?
% = By
where y = y'b;. Define
det(qg.-
7:=1n © (gm).
oF

It is easily verified that 7 is well-defined and real-valued. We call it the
distortion of F.
Observe that

9 =095
Tyk = a—yk[lndet(gﬁ)] = gﬂ ayzlz = I,
where I, = g/ Z‘Zf is the mean Cartan tensor given in [10]. By Deicke’s

Theorem on complex Minkowski space (see [10]), one concludes that F'
is Euclidean if and only if 7 = constant, in which case, 7 = 0.

Now we consider complex Finsler metrics. Let F' be a complex Finsler
metric on a complex manifold M. Since the distortion is defined for the
complex Minkowski norm F, on every holomorphic tangent space T =00y ,
we obtain a scalar function 7 = 7(z,y) on THM\{0}. We call it the
distortion of F'. By Deicke’s Theorem in [10], F' is Hermitian if and only
if 7 = 0. Thus the distortion characterizes Hermitian metrics among
complex Finsler metrics.

Now we try to define the S-curvature in a complex Finsler manifold.
For a vector y € To"M\{0}, let o = o(t) be a geodesic with o(0) = 2
and ¢(0) = y. Set

d

SH(z9) = Z[r(o(®),6(t)]li=o,
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then S! is real-valued. However, S! is also complex y-homogeneous of
degree one,
St(z, Ay) = AS*(z,y),A € C — {0}.

Hence, it has no choice but S' = 0, which means 7 is constant along
geodesics. Recall that in real Finsler manifold, the S-curvature vanishes
for any Berwald metric. However, in general, this is not the case.

Therefore, we retry to use complex geodesics instead of geodesic curves.
For a vector y € To "M\ {0}, let ¢ : A, — M be a segment of ¢-geodesic
complex curve with ¢(0) = z,¢'(0) = y in the sense of M.Abate and
G.Patrizio [1]. We can set

S() = r(plz), ¢ (2)) oo

This S is also complex y-homogeneous of degree one.
However, according to the existence theorem in [1], the Cauchy prob-

lem

{ De(p) = ¢" + Ac(¢) + T5,(¢")(¢") =0
p(0) =2, ¢'(0) =y

has a holomorphic solution for all (z,y) where F(y) = 1 if and only

if the holomorphic sectional curvature of (M, F) is constant 2¢ and

(0g0(H,x,%),x) = 0 for all H € H. This means complex geodesics

can exist only under such strict conditions.

Furthermore, we also assert that S(z,y) vanishes for any Kéhler-
Berwald manifolds. In fact, let ¢ = ¢(z) be any segment of c-geodesic
complex curve on a Kéhler-Berwald manifold M. Since the line segment
z = z(t) = At is the geodesic from 0 to A on A, where |A\| < 7,0 <t <1,
v(t) = ¢(z(t)) is the geodesic on M. Let {b;(0)} be a basis of T;’(%)M,
and we extend it to be a holomorphic frame {b;(z)} on ¢(z) by parallel
translation along the geodesic 7. Let g;5(2) = gy(2)(bi(2),b;(2)); then,
9;5(2) is constant and §(t) = A@(z(t)). Similarly, F(¢(z),y'bi(2)) =
constant for any (y') € C™, so op(¢(z)) = constant and S = 0.
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