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ABSTRACT. The aim of this article is to establish the existence of at
least three solutions for a perturbed p-biharmonic equation depend-

ing on two real parameters. The approach is based on variational
methods.

Keywords: Three solutions; three critical points theorem; p-biharmonic
equations; critical point theory.

MSC(2010): Primary: 35J20; Secondary: 47J10, 58E05, 11Y50.

1. Introduction and main results

Consider the Navier boundary value problem involving the p-biharmonic
operator

A (|Aup~2Au) = Af(z,u) + pg(x,u), inQ,

(Prw) u=Au=0, on 012,

where A, u €]0, +oo[, @ € RY(N > 1) is a non-empty bounded open set
with a sufficient smooth boundary 9€2, p > max {1, %} f0: QxR =R
are Carathéodory functions, that is, f(-,s), g(-, s) are measurable in 2
for all s € R and f(z,-), g(x,-) are continuous in R for a.e. = € Q.
Furthermore, they satisfy the following conditions:
o sup <y |f(z,8)] € LY() and supsj<ar l9(z, 8)| € LY() for all
M > 0.
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Here and in the sequel, X will denote the Sobolev space W?2P(Q) N
WO1 P(Q) and endowed with the norm

lul| = </ | Aul? dx) "
Q

As usual, a weak solution of problem (P ,) is any u € X, such that

/ |AuP2AuAE dx = )\/ f(z,w)édx + u/ g(z,u)édz
Q Q Q

for every £ € X.

The fourth-order equation of nonlinearity furnishes a model to study
traveling waves in suspension bridges. This fourth-order semilinear ellip-
tic problem can be considered as an analogue of a class of second-order
problems which have been studied by many authors. In particular, the
deformations of an elastic beam in an equilibrium state, whose two ends
are simply supported, can be described by fourth-order boundary value
problems and, also for this reason, the existence and multiplicity of so-
lutions for this kind of problems have been widely investigated (see, for
instance, [8,10-23,25,26,29,30] and references therein).

The same variational methods as were used there, which are based on
the seminal paper of Ricceri [28], have been applied to obtain multiple
solutions (see, for instance, [1-8, 11,12, 15,16, 18-24,27,30]). In this
paper, precise estimates of parameters A and p are given.

Now, we establish the theorem which not only gives the estimate of
the A but also the p. Before proving the theorem, we give out some
notations.

Let

(11) k= sup SuszQ |U($)|
weX\{0} |

Since p > max {1, 5}, WP(Q) N Wol’p(Q) — CY%(Q) is compact, and
one has k < 4o00. For every 2 € Q and pick ri,re with ry > 71 > 0,
such that B(z%,r1) € B(2 r2) C Q, where B(z",r) denotes the ball
with center at z° and radius of 7. Put

(1.2) o= 12(N(i_22_)2g)13+ & <k7r2(r§\’ S r{V)> ' )
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1

3N k3 ((ratr)N —(2r)) \ P N < An
(re—r1)(ra+r1) QNF(l-i—%) ) ro—r1’

(1.3) 0=

1
N 1

1271 kﬂ'?((TQ‘H‘l)N—(ZTl)N) P N > 4rq
(ra—r1)2(ra+r1) 2NF(1+%) ’ = ro—r1’

where I'(-) is the Gamma, function. Moreover, put G¢:= [, max ;<. G(z, s) dz

for all ¢ > 0 and G4 := infouppq G for all d > 0, where G(z,s) =

fosg(:v,t) dt. Clearly, G° > 0 and G4 < 0. We read j = +oo for conve-
nience. Our another result is the following theorem.

Theorem 1.1. Assume that there exist two positive constants ¢ and d
with ¢ < 0d, such that
(H3) F(x,s) >0 for each (z,s) € {Q\ B(z°,71)} x [0,d];
max| <. F(z,s)dz
(H4) fQ ax| EP < (mli)l’ fB($O7T1)F($, d) d;c’-

(H5) limsup w <0.
|s]—+o00

— (cd)? P
Then, for every A € A := :| fB(zo,rl)F(I’d) dz’ [q, maxlséc F(z,s)dz and for

every Carathéodory function g : Q@ x R — R such that
(H6) limsup SuPsco G(T8) +o0,

sP
|s]—+o00

there exists 65 4 > 0 such that, for each p € [0,8) 4[, problem (Py,) has
at least three solutions, where

) {cp — A\pk? [, max| <. F(z,s)dz
d)g 1= min =

pkPGe ’
oPdP — A\pkP fB(acO ) F(z,d)dz
pkP |Q‘ Gy ’
1

Ox,g = min < dy g, ,

max {O,pkp || lim sup Supxe;sz(ﬂw)}

|s] =400
and |Q| is the Lebesque measure of ).

Remark 1.2. Here, we prove that the perturbed problem (Py,) has at
least three solutions by choosing p in a suitable way but under a more
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general growth condition on the nonlinear term. In particular, we require
on the primitive of the function f both a growth more than quadratic in
a suitable interval and a growth less than quadratic at infinity, moreover
on g an asymptotic condition is requested.

If N =1 and the function f is dependent on u only, we can get better
result than Theorem 1.1. For simplicity, fixing 2 = [0, 1], p > 1, consider
the following equation,

: (Ju" 72 u)" = Af(w) + pg(w,w), i J0,1],
(') {u(O) = u(1) = u"(0) = u’(1) = 0. '

Now, we present another result.

Theorem 1.3. Assume that f : R — R is a continuous function and
there exist two positive constants ¢, d with ¢ < d, such that

(H7) f(s) >0 for each s € [—c,d];
(H8) F(c) <p(163)" F(d);
(H9) limsup % <0.

|s| =400

Then, for every A € A = }%,%[ and for every Carathéodory

function g : [0,1] x R — R such that
(H10) limsup w@w < +o0,
|s| =400

there exists 654 > 0, for each p € (0,0, 4[, the problem (P'y,) has at
least three solutions, where

e AR AF(@) - B
d),g = min e : o
and
g)\7g = min q 04, p
max { 0, lim sup 22Peelo 6(:5)
’ P
|s|—-+o0 :

Remark 1.4. In this situation, Theorem 1.3 gives out a location of the
set A € [0, +oo[ and an estimate of p which is more piecewise than [20].

Now, we give an application of previous result.
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Example 1.5. Let f,g: R — R be defined as follows:
2 s<1
f(s) = { -

s% s>1

and

The following problem

{u(4) = Af(u) + pg(z,u), r €]0, 1],
u(0) = u(1) = ”(0) =u"(1) =0,

admits at least three solutions, for each A €]384, 3000], 1 < M.
Indeed, bearing in mind that in this case we have p = 2,

F(u) = {

G(u) = In(1 + u?),
for every u € R, by choosing ¢ = 1072 and d = 1, an easy computation
shows that all assumptions of Theorem 1.3 are satisfied and our claim
follows.

3

‘ IS

u<l1
+% u>1

[ e

1
u

and

2. PRELIMINARY

Our main tools are three critical points theorems that we recall here
in a convenient form. The theorem was obtained in [9].

Theorem 2.1 (see [9]). Let X be a reflexive real Banach space, ® :
X — R be a coercive, continuously Gateauz differentiable and sequen-
tially weakly lower semicontinuous functional whose Gateaur derivative
admits a continuous inverse on X*, and ¥ : X — R be a continuously
Gateaux differentiable functional whose Gateaux derivative is compact
such that
®(0) = ¥(0) =0.
Assume that there exist r > 0 and T € X, with r < ®(z), such that:

SUPg (1)< ¥ () U (z)
(a1) —"5 < () i
(ag) for each X € A, = } igg, Supq}(ﬁ)’;r @) [ the functional ® — AV is

coercive.
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Then, for each A € A, , the functional ® — AV has at least three distinct
critical points in X.

3. PROOF THE MAIN RESULTS

Proof of Theorem 1.1. Fix A, g and u as in the conclusion. For each

u € X,
1
O(u) = = ||Jul?
(w) pll |
and

B(u) = /Q [F(e,u(e)) + 5 GG, u(e))] do.

On the space C°(92), we consider the norm ||ul|, = sup,cq |u(x)|. Due
to (1.1), we have

(3.1) [ullog < K[l

Since the critical points of the functional ®(u) — AW (u) on X are exactly
the weak solutions of problem (P, ,), our aim is to apply Theorem 2.1
to ®(u) and ¥(u). To this end, taking into account that the regularity
assumptions of Theorem 2.1 on ®(u) and ¥(u) are satisfied and the
assumptions of f and g, so we will only verify (a1) and (asg).

Put r = %(%)p taking into account (3.1), one has

= Su T, ulT H T, ulxr i
2) s W)= s [ [F@u@)+EoEuE)] o

i
< | max F(z,s)dz + =G
Q ls|<e (=.5) A
Now, let @(x) be the function defined by
0 r € O\B(2% 1),

d(3(1t—rH)—4(r14r2) (13 —r3)+6r1ro (12 —12
e ((7“12—7"21))(3(7’1-1—222) el 2)),33 € B<$07T2)\B($07r1)7

d, T € B(CL‘O,Tl),

u(x) =

where [ = dist(z, 2°) = \/Zf\;l(xl —29)2. We have

ou(z) 0, x € Q\B(2% ry) U B(2%, 1),
= 12d(l2(wi7w?)7(r1+r2)l(zi7w?)+r17‘2(mifa:?)

axi (7'2—7“1)3(7"14‘7‘2) )735 € B(LEO7T2)\B(QZO7T1)7
&u(x) 0, x € Q\B(z" re) U B(2°,1),
= 12d(riraH(2l—r1—r2) (2 —29)? /I~ (ratr1— )l
823}1' ( et (TQ*:fgf(rligz)/ (rs ) ),il? S B(I'O,’I"Q)\B(xo,'r‘l),
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N, 9%u(x) {0, x € Q\B(2°,ry) U B(2%, 1),

) 12d((N+2)12 = (N+1)(r1+7r2)l+Nryr
0% ( (7'2_7"1)3(T1-1&-r2)2 50 ;o € B(x%, r9)\B(2°, 7).

It is easy to verify that w € X, and in particular, one has
(3.3)

i=1

[l =

(ra — mgﬁ?ﬁr;mm / I 42 = (V1) e
2 71

+ Nryro[Pr¥=tdr.
Here, we obtain from (1.2), (1.3) and (3.3) that

6P dr oPdP

7 ||P
(3.4) < |l=||” < R

kp

By the assumption

it follows from (3.4) that
|u|P _dPOP 1 rc\p
> > <k> =r

p ~ kp T p
Now, by (3.2), we have
\If(ﬂ) S pk? fB(xo,rl) F(x, d) dz n Hpk‘p |Q| Gg
(3.5) d(u) — oPdp A oPdr
SUPg ()<, V(1) " Jo max(g <. F(z,s)dx
cP

<p

Since p < §, one has
& — ApkP [, max|y <. F'(r, s) dr
pkPGe ’

p<

this means

Jo max g <. F(z,s)dzx nwGe 1
P < pHZ 2
k " + pk o < 3

Furthermore,
oPdP — \pkP fB(a:O ) F(z,d)dx

<
a Pk? Q] Gy :

this means
Pk?pr(xo,m)F(%d) dz upk? Q| Gy S 1
oPdp A oPdp A
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We obtain
Jomaxs <. F(z,s)dz nGe 1
3.6 kP = KP—— < —
(3.6) p > FPRPT S <5 <
pkP fB(xO,rl) F(z,d)dx N 1 pkP |2 Gy
oPdp A oPdp

Hence, from (3.5) and (3.6), condition (a;) of Theorem 2.1 is verified.

sup,cq G(z,9)

Finally, since i < §4 we can fix [ > 0 such that lim sup 7 <l

|s]—4o00
and pl < Pk‘+|9\' Therefore, there exists a function h € L'(£2) such that
G(z,s) <1s? + h(z)
for each (z,s) € @ x R.
Now, fix 0 < € < 1 ulk? [ Qp

NP From (H5) there is a function h.(x) €
L'(Q) such that

F(z,s) <esP 4 he(x)
for each (x,s) € Q@ x R. It follows that, by (3.1), for each u € X,

1
B~ M) > (3= AR 192 =tk (0]} P = Nl — gl
This leads to the coercivity of ®(u) — A¥(u) and condition (ag) of The-
orem 2.1 is verified. Since from (3.5) and (3.6), we can get

d(7) r

A€ —,
\I’(LE) SUP® (z)<r \I’(I‘)

Now, Theorem 2.1 ensures the existence of three critical points for the
functional ®(u) — A¥(u) and the proof is complete. O

Proof of Theorem 1.3. Fix A, g and p as in the conclusion. Take X =
Wol’p((), 1) N W?2P(0,1) endowed with the usual norm

Joll = ( | N ) "

1
d(u) = = ||ul|?

and, for each u € X,

and

U(u) = /01 [F(u(x)) +§G(x,u(:g))] da.



277 Ding

Since the critical points of the functional ®(u) — AV (u) on X are exactly
the weak solutions of problem (P’y ), our aim is to apply Theorem 2.1
to ®(u) and ¥(u). To this end, taking into account that the regularity
assumptions of Theorem 2.1 on ®(u) and ¥(u) are satisfied, we will
verify (a1) and (az) only. Let @(z) be the function defined by

i(z) = d—16d(1/4—|z—1/2)%, z€[0,3]U[2,1],
e d’ CCG]%,%[,

and put r = (2¢)P. Clearly, u € X,

a(n) = 20
2p
and
wmzlﬂ@+ffauw@mmz¥m@+“ inf
2 A Jo 2 A [0,1]x[0,d]
Since
1
(3.7) Jnax, lu(z)| < 205 [[ul

for all u € X (see Lemma 2 of [18]), one has max,¢(o 1] |[u(z)| < ¢ for all
u € ®71(] — 0o, 7]). Therefore, we have

SUPg ()< V(1) - fol [F(c) + §G(z,c)]dz  F(c)+ & fol max|s|<. G(z,s) dz

r (2¢)p N (2¢)p
that is,
su U(u c
(3.8) Poer ¥() _ Fle) | A G
r (2¢)P  p(2e)P
and
V(@) _ 3F(d) +§ fy Geude  F(d)  pG(d)
() ~ (32d)P = (32d)r T ) (32d)P”
2p 2p 2p
which is
v(@) _ F(d) pG(d)
(3.9) ®(a) = G2 A (32d)p °
2p 2p
Since p < d4 , one has
<(20)p—)\F(c)7 F(c)_’_i G° <l
G¢ (2¢)P  p(2c)p A
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and
M@= @ R pG) 1
a Gi 0 W)~ @4 @ Ty
P P

we obtain that,

Fle) /A G _ 1 _Fd)  pG)
(2¢)P - p (2¢)P < A (324 )\ (B2d)P
2p 2p

(3.10)

Hence, from (3.8), (3.9) and (3.10), condition (a;) of Theorem 2.1 is

verified.

. . = . G(z,
Finally, since i < 4 we can fix [ > 0 such that lim sup Supze[oé—lp](ms) <

|$| =400
{ and pl < p. Therefore, there exists a positive constant k such that

G(z,s) <lIs" +k

for each (z,s) € [0,1] x R. Now, fix 0 < e < QPK“Z. From (H9) there is
a positive constant k. such that

F(s) <esP + k.
for each s € R. It follows that, by (3.7), for each u € X,
o AU (u) > L : Ak k
(u) = AV (u) > 5—%5—%,“ Jull x = Ake — pk.
This leads to the coercivity of ®(u) — A¥(u) and condition (ag) of The-
orem 2.1 is verified. Since from (3.8), (3.9) and (3.10), we can get
o(x) r
\I/(ii') ’ SUPg(z)<r \II(x)

AE

Now, Theorem 2.1 ensures the existence of three critical points for the
functional ®(u) — A¥(u) and the proof is complete. O
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