d\;}‘u&‘i O
ISSN: 1017-060X (Print) %%5 ISSN: 1735-8515 (Online)
% 4

ATHEMATICAL,

Bulletin of the

Iranian Mathematical Society

Vol. 41 (2015), No. 2, pp. 315-324

Title:

On group equations

Author(s):

S. K. Prajapati and R. Sarma

Published by Iranian Mathematical Society
http://bims.ims.ir




Bull. Iranian Math. Soc.
Vol. 41 (2015), No. 2, pp. 315-324
Online ISSN: 1735-8515

ON GROUP EQUATIONS

S. K. PRAJAPATT* AND R. SARMA

(Communicated by Ali Reza Ashrafi)

ABSTRACT. Suppose f is a map from a non-empty finite set X to a finite
group G. Define the map Cé : G — NU{0} by g = |f~1(g9)]- In

this article, we show that for a suitable choice of f, the map Cé is a
character. We use our results to show that the solution function for

the word equation w(t1,t2,...,tn) = g (¢ € G) is a character, where

w(ti,t2,...,tn) denotes the product of tl,tz,...,tn,tfl,tgl,...,t;l in

a randomly chosen order.
Keywords: Finite groups, word equations, group characters.
MSC(2010): Primary: 20C15.

1. Introduction

Let G be a finite group and let X be a non-empty finite set. Suppose
that f : X — G is a map. Define the map Cé : G — N U {0} given by
g — |f~(g)|. We call the map Cé, the solution function for the equation
f(z) = g, with g € G. In general, Cé need not be a characters of G. Suppose
w = w(ty,ta,...,t,) is a word in n symbols t1,to, ..., t,. Then w(ty,to, ..., t,)
defines the map w : G® — G given by (g1,92,---,9n) — wW(g1,92,---,Gn)-
For any word w, the map (# is a class function on G' but not necessarily a
character.

In [1], it is shown that if w(xz) = 2™, then (Y is a generalized character of
G, i.e., Z-linear combination of irreducible character of G. In [6], Tambour
discussed the solution function for two types of words

(1) titg---toty gt -t
n

(2) I1[t: sil,

=1
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and used his results to write a new proof of Itd’s theorem: the degree of
any irreducible character of G divides the index of any abelian normal sub-
group of G. A word w(ty,ta,...,t,) obtained from the word w(t1,t2,...,t,) =
titg - - tntfltgl -+t 1 by shuffling tlﬂ, t;tl, ..., tF1 is referred to as an ad-
missible word (cf. [2]). Tt is shown in [2] that if w is an admissible word, then

& is a character of G. This is a generalization of a result of Frobenious ( [3]).

In [5], Strunkov proved the following:

Theorem 1.1. [5, Theorem 2] Let X1, X5 be two finite sets. Suppose that f; :
X, — G (i=1,2) are maps. If Cé} and C(’;Z are characters (resp. generalized
characters), then so is (é where f : X1 x Xo — G is given by f(z1,22) =
fi(z1) fo(z2).

In Section 2, we generalize this result in various ways. Our main results are:
Theorem 1.2. Let X1, X5 be two finite sets. Suppose H is a normal subgroup
of G and f1 : X1 — H, fo : X5 — G are maps. Assume that Cgf s a
constant map and (};1 is constant on G-conjugacy classes of H. Define the
map ¢« X1 x Xo — G by ¢(z,y) = fi(2) L foly) (@) faly). If ¢l ois a
generalized character (respectively, character), then so is Cg

Theorem 1.3. Fori = 1,...,n, let f; : X; — G be a map, where X; is

a finite set. Define for n > 2, up : [[Xs = G by up(x1,29,...,2,) =
i=1

n—1

IT [fi(xs), fis1(miz1)] and w1 : X1 — G by ui(z) = 1. If Cél is a charac-

=1

ter and Céi are constant maps for each i =2,...,n, then (5" is a character.
In particular, if X; = G and f;(z) = « for ¢ = 1,2,...,n, then u, reduces
n—1
to an admissible word, namely, wy (21, 22,...,2,) = [[ [@i, i41] and (5™ is a
i=1

character of G. In Section 3, the main result in [2] is deduced from our result
by reducing the problem on admissible words to a problem essentially of the
words wy, for n € N. Indeed, we extend the result of Das and Nath ( [2]) and
prove the following theorem.

Theorem 1.4. Suppose w is a word in ty,to,...,
t, such that each of tlil,tQil, .., B occurs in w at most once. Then 8 isa
character of G.

Notation. Throughout the article, G denotes a finite group and Irr(G), the
set of all irreducible characters of G. If a,b € G, then ba = b~tab, [a,b] =
a~'b~tab. For class functions y and ¢ on G, the expression (x,v)g denotes
the standard inner product on the space of class functions on G, that is,

(e = ﬁ S x(9)6(g).

geqG
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For simplicity we prefer to denote the inner product simply by (x,®) if there
is no ambiguity. Furthermore, if H is a subgroup of G and x a character of G,
X¢§ denotes the restriction of y to H.

2. Equations in finite groups
We start by recalling the well know result, which are used frequently.

Lemma 2.1. [4, Lemma 2.25 ] Let p be an irreducible C-representation of G
of degree n. Suppose A is an n x n matriz over C which commutes with p(g)
for all g € G. Then A = \I,, for some A € C.

Theorem 2.2. [4, Theorem 2.13 | The following holds for every h € G.
1 - xi(h)
_ § (gh) s 1y i ;

geG

where x;, x; € Irr(G).

Proposition 2.3. Let H be a subgroup of G and let X1, X2 be two finite
sets. Suppose f1 1 X1 — H and f3 : Xo — G are maps. Define the map
Y X1 x Xo — G by Y(z,y) = foy) " f1(x) f2(y) and assume that (g" is a
constant map. If C{Il is a generalized character (resp. character), then so is
Cg. In particular, if H = G, then Cg = | X5 Cél.

Proof. Since H is a subgroup of G, for any x € Irr(G), we have
Xa= > nie,
¢; €EIrr(H)

for some n; € NU{0}. Suppose x is afforded by the irreducible representation
p of G. Consider an element

(2.1) z= Z ()" fi(@) fa(y).

reX1,yeX>2
then, p(z) = Z o(fo(y) "  f1(x) fa(y)). Now take the trace on both sides,
r€X1,ye X2
X(z) = 1% Y xdf(fi(2)
reX
(2.2) = [H|IX2| > milch 60
¢i€lrr(H)

By definition of Cg, we have

(2.3) x(z) = 1G] (&%)
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Therefore, from (2.2) and (2.3), we get
| H | Xa| -
(Chx) = STl ).

|G‘ ¢; €Irr(H)

Hence, the result follows from the hypothesis.
Let H = G. Then (2.2) reduces to

(2.4) x(z) = |Xal|G] (&%)
So, by (2.3) and (2.4), ¢&s = | Xo| ¢ O

With the help of the above proposition, we have the following corollary.

Corollary 2.4. Let H be a subgroup of a group G. Suppose w: H x G — G
is defined by w(x1,w2) = x5 ‘w129, Then (& is a character of G.

Proof of Theorem 1.2. Let x1, X2, ---, Xr be the irreducible characters of G. Sup-
pose x; is afforded by the irreducible representation p; of GG. Consider an

element z = Z fi@) o (y) T () fo(y).

reXy
yeXs
Then
(2.5) pi(z) = D pilfile) HAi(x)
zeX
where,
(2.6) Ai(z) = Z pi(f2(y) " fr(2) f2()).-
yeXo

As Cgf is a constant function, A;(z) commutes with p;(g), Vg € G. By Lemma
21,

2.7) Ai(z) = AT

for some A, € C. Now take the trace on the both sides of (2.7) and use (2.6)
to obtain

| Xs|
(2.8) A= SEh@)
Again take the trace on both side of (2.5) and use (2.7),(2.8) to get
. — |X2| f1 h (h . hfl
Xi(2) xi(1) heZHCH( )xi(h)xa( )
_ | Xz fle— —
(29) S il el

By definition of Cg, we have
(2.10) xi(2) = [GI(¢G.xa).
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Therefore, by (2.9) and (2.10), we get
(2.11) ¢ = ||)g| Z |H|

As Cf2 is a constant map, |G| divides | X3|. Hence, to make the assertion it is
IH |

fl—

E>H Xi-

enough to prove that (C 41 Xi» Xi)H 1s an integer. Since H is normal in G,

H = U Clg(xj) for some x; € H. For any irreducible character x; of G,
1<j<k
we have

Sk (hxah)xa(h™Y)

H| (¢l X n

heH
= > |Cla(z))| ¢f () xi(x;) X))
1<j<k
Suppose K; = Z z, for 1 < j < k. Then by [4, Theorem 3.7], wy, (K;) =
z€Clg(xj)
% is an algebraic integer for any irreducible character. Hence, we
have
H (Cixaxin = D S )xa(Dwy (K)xil; ).
1<5i<k
Therefore,
| H |
( )(CHX’“XZ Z CH :L‘J sz )X’L( 1)'
Xi 1<5<k

The right-hand side of the latter equality is an algebraic integer. Therefore the
result follows by the hypothesis. O

In Theorem 1.2, if we take H = G, then we get the following result.

Corollary 2.5. Let X1, X5 be two finite sets. Suppose f; : X; — G is a map
fori=1,2. Set ¢(x,y) = f1(x) " foly) L fi(x) f2(y). If Cé? is a constant map
and Cél is a generalized character (resp. character), then Cg is a generalized
character (resp. character).

Proof. From Theorem 1.2, we have

X
Z' : Célz,mz

As Cgf is a constant map, x;(1) divides |X2|. Hence, the assertion follows. O

Corollary 2.6. Let H be a normal subgroup of a group G. Suppose w : H X

G — G is defined by w(z,y) = x~ 'y~ tzy. Then (Y is a character of G.
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Proof. In view of Theorem 1.2, (# is a character. 0

In Theorem 1.3, we discuss the solution function (Cf;, where f is a product
of commutators of functions.

Proof of Theorem 1.3. Suppose for n > 1, the map v, : [[ X; — G is defined
i=1
by

(2.12) Un = (@)U (21, T2, 20) fr ()

By induction, we show that for any finite group G, (5" and (" are characters
of G. For n = 2, in view of Corollary 2.5, (/? and (/7 are characters. Let n > 3.
Now we assume that ¢/ and (// are characters of G for 3 < i < (n—1). Suppose

P1, P2, - - -, pr are irreducible representations of G. Since (é is a constant map
for i > 2, (g (g) = ¢; for some ¢; € N. Now consider an element

w= Z Un (X1, T2, ... Ty).

z;€X;

i=1,...,n
Then,
(2.13) p@ = S pi(Bar)- Al ),

z,€X;

i=1,....,n—1
where
(2.14) A(xn—1) = Z Pi(f (@) o1 (@n—1) fn(20))

xn€Xnp

and By,_1 = tup_1(21, T2, ..., Tn_1)fa_1(zn_1)"'. Since ¢/ is a constant func-
tion, A(z,—1) commutes with p;(g) Vg € G. Therefore, by Lemma 2.1,
(2.15) A(zp—1) = Mzp-1)I

for a scalar A(z,_1) € C. Take the trace on both sides of (2.14) and use (2.15)
to get
(2.16) Mwn1) = i (faa(a).

xi(1)

Now take the trace on both sides of (2.13) and use (2.15) and (2.16) to get

Xilw) = — Y Xi(Buo1) - xilfa-1(wn)-
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Set Cro1 = fo_1(xn_1) *vn_o(x1,T2,...,2pn_2). It is easy to see that B, _;
and C,_;1 are conjugates, for any fi(z1), fa(z2),..., fu—1(zn—1) € G. There-
fore, we have

Xn
xiw) = 22l S ) xalfaei (@)
Xl(l) ziGXI
..... n—1
= &) D¢ g xalg T h)xalg) (set vua = h)
hEG geG
= % Z ¢ 72 (h) - xi(h) (use Theorem 2.2)
xi(1)? heG
(2.17) = %(Cv" ®,Xi) (since (5'~* is a character of G)
Now use the definition of (5 to write
(2.18) Xi(w) = [GI(¢E, Xi)-

From (2.17) and (2.18), we have
u, |X ||G‘Cn 1 Up—2 —
& Z (€& xipxi
so that (4" is a character of G. Next to show that (7 is a character. In Z[G],

set
z = Z Fn(zp)un(z1, 20, ..., 20) frlan) ™t

z;€X;,i=1,....,n

Then,
xi(z) = Z Xi(Un (21, T2, ..., Tn))
z; €X;,i=1,....,n
= ) & hxih)

heG
(2.19) = 1G] (¢&" Xa)-
On the other hand, use the definition of (/" to write
(2.20) xi(2) = |GICE Xi)-
Finally, by (2.19) and (2.20), (& = (". Hence (7" is a character. This
completes the proof. O

In particular, if X; = G and f;(x) = x for i = 1,2,...,n, then we have the
following corollary.
n—1
Corollary 2.7. Suppose w(x1,...,x,) := [] [®i,2it1], where x1,...,2, are
i=1
n distinct letters. Then (¢ is a character of G.
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2n
Corollary 2.8. Let w: [[G — G be the map defined by

i=1
WL, Ty Y1y Yn) = [ [ [ [P, 222 3], ]V @)

Then (% is a character of G.

Observe that if (|G|, k) = 1, then the map g — ¢* is a bijection on G. Hence,
in view of Corollary 2.7, we have the following.

Corollary 2.9. Let w(zy,...,x,) =[5, zk2][zhs k] ... [mﬁ"‘_}l,xﬁn], where

k; € N with (|G|, k;) =1 for each i =1,...,n. Then (& is a character of G.

3. Application

In this section we prove Theorem 1.4. In the Theorem 1.4, we extend the
main result of Das and Nath ( [2]) a little bit. We begin to prove the following
lemmas.

Lemma 3.1. Let wy and ws be words in t1,ta, ..., ty. If w = wq t,41 wa, then
¢& is a constant function on G.

Proof. Observe that (ay,as,...,an,any1) € G is a solution of w = g if and
only if

U1 = wi(ay,az, ... a,) " gwa(ay,az, ... a,)" "
Therefore, (*(g) = |G|". O
Lemma 3.2. Suppose wy is a word in tq,...,tx and ws, in tgyy,...,t, such

that both C&* and (& are characters of G. If w = wy t; " waty, then C¥ is a
character of G.

Proof. Observe that w(z1,...,x,) = ¢ if and only if wa(xgyi1,...,2,) =
zpwi (21, ..., 25) " tgry ' Therefore,
Glg) = Z (P (wpwr (2, x) " gyt
Z1,..., 25 €EG
= Z C&? (wi (21, ..., 25) " g) (since (42 is a character)
Z1,.., 2k €EG
= Z C&2 (hg)CEt (1) (use the equation: wy = h™1).
heG

T T
Since (' and (;5* are characters, write (' = > niXi, (5° = > miXxi, where
i=1 i=1
m;,n; are non-negative integers for 1 <4 < r and x1, X2, - - -, Xr are the distinct
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irreducible characters of G. Then,

Clg) = D >, mnxi(hg)x;(h")

heG1<i,j<r

> ming Y xihg)x; (R
1<i,j<r hea
Z min]—% 0i,; xi(g) (use the Theorem 2.2)
1<i <r Xi( )
G
= Z m,;ni—|><¢(g).

|
1<i<r Xi(l)

Since the coefficients of x; are non-negative integers, ¢/ is a character of G. [
Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. By Lemma 3.1, it suffices to show that (/4 is a character
of G if w is an admissible word. The proof is by induction on n. The case n =1
is trivial. The case n = 2 is essentially the case w = wo. Now assume that (& is
a character for any admissible word w in t1,ts,...,t; for k < (n—1). Suppose
w is a word in t1,t9, ..., t,, without loss of generality, we may assume

w(ty, ta, ... t,) =t fwitiwy

where wy, wo are words in the letters to, t3, . .., t,. Observe that if w1 (to, s, ...,
t,) is an admissible word in t;,,¢ ,ti,, for some 1 < k < (n — 1), then
tiystins - -+, ti, do not occur in wa(te,ts,...,t,) and wa(te,ts,...,t,) is an ad-
missible word in the rest of the letters. Therefore, in this case, use the induction
hypothesis and Theorem 1.1 to conclude that (¢ is a character of G. Thus,

ITSREE

we assume that ws (t2, ts,. .., t,) and hence, wo(ta, s, ..., t,) is not admissible.
Again, without loss of generality, assume that tgl occurs in wi (ta,t3, ..., 1)
and to does not. Then,

(31) wl(tg,tg,...,tn) = w3t2_1w4,

(3.2) wz(t27 tg, N ,tn) = w5t2w6,

where w3, wy, ws, we are words in t3, ..., t, such that each of tgd, ...t occurs

at most once. Apply the automorphism o to F({t1,t2,...,t,}) given by

J(ti):{ t; ifi e {1,2,...,n} — {2},

w4(t3,t4,...,tn)tgwg(t37t4,...,tn) if i = 2.
Then
o(w)(tr,ta, ... tn) = t7 'ty 'ty wswatowswe.

Since (¢ = Cg(w), we may assume without loss of generality that

w(ty, ta,. .. ty) = t] 'ty tywrtaws
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where w7, wg are words in letters ts3,...,%,. Observe that t3,...,%, and their
inverses occur at most once in w7 and wg, and that w7ws is admissible. Thus
we have following three cases. Case 1: wy; = 1, case 2: wg = 1 and case 3:
neither wy; nor wg is the empty word. In case 3, if w7 admissible then so is wg
and therefore, the result follows from Theorem 1.1. Otherwise, we will split
wy and ws, in the same way that we have split wy, w9 in (3.1) and (3.2) and
continue the process. Thus, we have the following three possibilities:

k—1

(&) w= [ [t tir1] wo(ths1,thr2,- - tn),
i=1
o

(b) w = H [t’h t?,-l-l] tk wlo(tk-‘rla tk+2a s 7tn) tk)
i=1
o1

(¢) w= IT [ts, tit1],
i=1

where 3 < k < n, and wy, wyg are admissible words in tgy1,tg42,...,t,. Use

Theorem 1.1 and the induction hypothesis for (a), Lemma 3.2, the induction
hypothesis and Corollary 2.7 for (b), and Corollary 2.7 for (c) to complete the
proof of the theorem. O
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