d\;}‘u&‘i O
ISSN: 1017-060X (Print) %%5 ISSN: 1735-8515 (Online)
% 4

ATHEMATICAL,

Bulletin of the

Iranian Mathematical Society

Vol. 41 (2015), No. 2, pp. 389-405

Title:

Uncountably many bounded positive solutions for a sec-
ond order nonlinear neutral delay partial difference equation

Author(s):

Z. Liu, Z. Wu, J. S. Ume and S. M. Kang

Published by Iranian Mathematical Society
http://bims.ims.ir




Bull. Iranian Math. Soc.
Vol. 41 (2015), No. 2, pp. 389-405
Online ISSN: 1735-8515

UNCOUNTABLY MANY BOUNDED POSITIVE SOLUTIONS
FOR A SECOND ORDER NONLINEAR NEUTRAL DELAY
PARTIAL DIFFERENCE EQUATION

Z. LIU, Z. WU, J. S. UME* AND S. M. KANG

(Communicated by Behzad Djafari-Rouhani)

ABSTRACT. In this paper we consider the second order nonlinear neutral
delay partial difference equation
AnAm (xm,n + am,nxm—k,n—l) + f(m7 n, éUWL—‘/‘,n—c)‘) = bm,ny
m > mog, n > ng.

Under suitable conditions, by making use of the Banach fixed point theo-
rem, we show the existence of uncountably many bounded positive solu-
tions for the above partial difference equation. Three nontrivial examples
are given to illustrate the advantages of our results.
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der nonlinear neutral delay partial difference equation, Banach fixed point

theorem.
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1. Introduction and preliminaries

In recent years there has been much interest in the study of qualitative anal-
ysis of various first and second order difference and partial difference equations,
for example, see [1-7] and the references therein. Tang [6] studied the existence
of a bounded nonoscillatory solution for the second order linear delay difference
equation

(1.1) A%z, =pan_p, n>0
and
o0
(1.2) A2z, = Zpi(n)xn_ki, n > 0.
i=1
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Uncountably many bounded positive solutions 390

Jinfa [1] utilized the contraction mapping principle to investigate the existence
of a nonoscillatory solution for the second order neutral delay difference equa-
tion with positive and negative coefficients

(1.3) A* (2 + PTym) + PnTa—k — @nTn—t1 =0, n >ng

under the condition p € R\ {—1}. Migda and Migda [5] discussed the asymp-
totic behavior of the second order neutral difference equation

(1.4) A (x4 prp_p) + f(n,2,) =0, n>1.

Meng and Yan [4] investigated the sufficient and necessary conditions of the
existence of bounded nonoscillatory solutions for the second order nonlinear
neutral delay difference equation

(1.5) A’ (2 = prnk) =Y qifi(Tno-i), 1> no.
=1

Karpuz and Ocalan [2] studied the first order linear partial difference equation
(16) Tm+1,n + Tm,n+1 — Tm,n + PmnTm—kn—-1 = 07 (m» TL) S Z0,0;

where {Pm.n}(mn)ezo, 15 @ nonnegative sequence and &,/ € Ny, and got suffi-
cient conditions under which every solution of Eq.(1.6) is oscillatory. Wong [7]
discussed the existence of eventually positive and monotone decreasing solu-
tions for the partial difference inequalities

r
A'rnAnxm,n + Zpl(ma n, xgi(m),hi(n)) >
(1.7) =t

(<) ZQi(m7n7xgi(m),hi(n))7m > mo, m > ng.
i=1

where g;(m) and h;(m) are some deviating arguments for 1 <i < 7.
Our aim in the present paper is to investigate the following second order
nonlinear neutral delay partial difference equation

AnAm (xm,n + am,nxm—k,n—l) + f(ma n, xm—r,n—a) = bm;ru

(1.8)
m 2> mg, N 2> Ny,

where mo,no € No,k,1[,7,0 € N, {am.ntm.n)eN,g ngs 10mnt(mn)eN,, ., L€
real sequences with a,, , # %1 for (m,n) € Ny n, and f: Ny g x R = R.

Utilizing the Banach fixed point theorem, we prove several existence results
of uncountably many bounded positive solutions for Eq.(1.8). Three nontrivial
examples are constructed to illustrate our results.

Throughout the paper, the forward partial difference operators A,, and
A, are defined by A%y n = Tomtin — Tmn a0d AT = Tomnt1 — T,
respectively, the second partial difference operator is defined by A, A2y, =
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Ap(ApTm,pn). Let R = (—o00,+00), Rt = [0,+00), N and Z denote the sets of
all positive integers and integers, respectively,

No={0}UN, Ny;={n:ne€Nywithn>s}, seNy,
N ={(m,n) :m,n € Ng with m > s,n >1t}, s,t€ No,
Zsy ={(m,n) : m,n € Zwithm >s,n>t}, s,t€Z,
a =min{mg — k,mo — 7}, B =min{ng—I,n9 — o},
la75 represents the Banach space of all bounded sequences on Z, g with the
norm

|zl = sup |xm,n| for x = {xm,n}(m,n)ela,ﬁ € lgjﬂ
m,n€lo,p

and
A(N, M) :{33 ={Tmn}mmn)ezas €Elap N < Tmn
< M,(m,n) € Zag} for M >N >0.

It is easy to verify that A(N, M) is a bounded closed convex subset of the Ba-
nach space [3°5. By a solution of Eq.(1.8), we mean a sequence {Zum,n | (m,n)eZa 5
with positive integers my > mo+k+|a| and ny > ng+1+|6| such that Eq.(1.8)
is satisfied for all m > mq and n > n;.

2. Existence of uncountably many bounded positive solutions

Now we investigate the existence of uncountably many bounded positive
solutions for Eq.(1.8).

Theorem 2.1. Assume that there exist positive constants M and N, nonneg-

ative constants a1 and az and nonnegative sequences {van}(m,n)eNmO,nO and
{Qm,n}(mm)gNmomo satisfying

(2.1) a1 +az <1, N<[1-(ar+a2)]M;

(22) —a2 < G, < a1 eventually ;

|f(mvn7u) - f(m7nvﬂ)‘ S Pm”ﬂ|/u’ - H|7

2.3
(2:3) (m,n,u, @) € Nyyng X [V, M]?;

(2'4) |f(ma n>u)| < Qm,m (m’na u) € Nmo,no X [N> M]?

o0

(2.5) Z Z max {P; ¢, Qi i} < +oc.

1=mg t=no

Then Eq.(1.8) possesses uncountably many bounded positive solutions in A(M, N).
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Proof. Set L € (N 4+ a1 M, (1 — az)M). Tt follows from (2.1), (2.2) and (2.5)
that there exist 6 € (0,1), m1 > mo + k + |a| and ny > ng + [ + | 3| satisfying

(2.6) O=ar+az+ Y i Pi4,

i=mj t=n1

(27) —az < am,p < ag, (mvn) € leynn

(2.8) ST Qi+ [bial) < min{(1—as)M — L, L —a;M — N}

i=mq t=n1

Define a mapping Tr, : A(N, M) — log by

L— AmnTm—kn—1 — Zfim Ztoin [f(lv t, xi*T,t*U)
(29) TLIL’m)n = _bi,t] ) (ma n) € th”l’
TLxml,np (m7 n) € Za,ﬁ \thnl

for each = = {Zy 0} (m,n)ez, s € AN, M). By using (2.1)~(2.4) and (2.6)~(2.9),
we infer that for © = {Tmn}mmn)cza > ¥ = Wmmntmnez. , € AN, M) and
(m,n) € Zmy n,

|TLzm,n - TLym,n|

[SSIENCS)
= anb,n(x’rn—k,n—l - ym—k,n—l) + Z Z [f(l, ta -Ti—T,t—U) - f(Z, ta yi—T,t—U)]

i=m t=n
0o 00
S |am,n||xmfk,nfl - ymfk,n7l| + Z Z |f(la t» :L‘if‘r,tfo') - f(l, t» yif‘r,tfa)|
i=m t=n
[ SIS}
S (al + a2)||x - y” + Z Z-Pi,tm'if'r,tfa - yif'r,tfa|
i=mt=n

o0 o0
< <a1+a2+ 35> P) I~ ol

i=mi t=n1

= GHJJ - y”a
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0o 00
TLxm,n =L— AmnTm—kn—1 — Z Z [f(l, t, xi—‘r,t—o) - bi,t]

i=mt=n
0o o0

SL+aM+ ) Y [[fGt,mioro)| + bie]

i=mt=n

< L+ayM+ Z Z (Qit + b))

i=mj t=n1
SL+a2M+min{(17&2)M*L,L*G1M*N}
<M

and

o oo
TLxm,n =L—- AmnTm—kn—1 — Z Z [f(za t, xi*‘r,tfa) - bi,t:l

i=mt=n

>L—arM =Y [[f(itzirig)| + [bisl]

i=mt=n
o0 o0
>L—a1M — Z Z (Qie + |bi])
i1=mq t=n1
2L—alM—min{(l—ag)M—L,L—alM—N}
>N,
which leads to
oag  THAWM) CAWNM, [Tes = Toy] <0l
' z,y € A(N,M).

Consequently, (2.10) means that Ty, is a contraction mapping in A(N, M).
Thus the Banach fixed point theorem ensures that 77, has a unique fixed point
T = {Tm,n}(mmn)ez, s € AN, M), which together with (2.9) give that

SNe'S)
Tmn = L— AmnTm—kn—1 — Z Z [f(Z, t7 xi—‘r,t—a) - bi,t]7

i=mt=n
(m7 n) 6 ZT)’L1,7L17
which yields that
A771(-%'171,71 + ammxmfk:,nfl) = Z [f(m7 t7 wme,tfo) - bm,t]a
t=n
(m7 n) € thnl
and
AnATn(-T1ﬂ,7l + ammxmfkmfl) = _f(ma n, xmf‘nnfo) + bm,'ru

(m7 n) 6 Z7n1,n1 I’
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that is, * = {Tmn}(mmn)ez. , 18 a bounded positive solution of Eq.(1.8) in
A(N,M).

Finally we prove that Eq.(1.8) has uncountably many bounded positive solu-
tions in A(N, M). Let Ly, Ly € (N + a1 M, (1 —az)M) and Ly # L. Similarly
we infer that for each j € {1,2}, there exist 6;,mr;,nr, and Ty, satisfying
(2.6)~(2.9), where 0, m1,n1, L and Tp, are replaced by 6;,my,nr, ,L and Tp,,
respectively, and the mapping T, has a fixed point 2 = {xm n}(m n)€Zas €
A(N, M), which is a bounded positive solution of Eq.(1.8), that is,

1
xm,n:Ll_amﬂxm kn—1 — E § : Z t7mz T,t— O')_bi7t:|’

(2.11) —

(m,n) € Ziny, iny,
and

x?n,n = L2 - amyﬂxm kn—1 Z Z [ t7x2 T,t— o‘) - bi7tj|7
(2.12) i=m t=n

(m,n) € Lonyynp, -

In order to show that the set of all bounded positive solutions of Eq.(1.8) is
uncountable, it is sufficient to prove that z' # 2. It follows from (2.3), (2.6),
(2.7), (2.11) and (2.12) that for (m,n) € Zmax{my,,.my, }.max{nr, ni,}

’x'}n,n_xgn,n{
= ‘Ll — Ly = amn (T k1 — T kn1)
0o oo
722[ Zt,IZ Tt— g') f(l7t7xz T,t— 0)]‘
i=mt=n
> |Ly — Lo| — :nfk,nfl _xisz,n—z|
0o oo
_ZZHf { t?‘rz T,t— o') f(l t7m1 T,t— a’)|]
i=mt=n
> L1 — Lo| — (a1 + ag)||z! — 2 ZZPM%MU*% ri—o
1=m t=n
SIS
> Ly — L] — (m bast Zzpﬁ)uxl o
i=m t=n
0o 0o

> |Ly — Ly| — <a1+a2+ Z Z pl.’t>,|$1 — 22|
}

i:max{le ,mLQ} t:max{nLl UL

> |Ly — Ly| — max{6y, 6} ||a" — 2|,
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which implies that

>0

1 2” > |L1 — L2|
-1 +max{01,02} ’

|a' — =
that is, 2! # 22. This completes the proof. O

Theorem 2.2. Assume that there exist positive constants M and N, nega-
tive constants a1 and as and nonnegative sequences {Pm,n}(m,n)eN and

mo,ng
{Qm,n}(m,n)ENmo‘no satisfying (2.3)~(2.5) and

(213) ap < —1, N(1+a2) >M(1+a1);

(2.14) as < am.n < ar eventually .
Then Eq.(1.8) possesses uncountably many bounded positive solutions in A(M, N).

Proof. Taking L € (M(1+ a1),N(1+ a2)), from (2.5), (2.13) and (2.14) we
infer that there exist 6 € (0,1), m; > mo + k + |a] and nqy > ng + 1 + |f]
satisfying

(2.15) 0= —all<1+ i i Pi,t>7

i=mq t=n1

(2.16) az < Am,p < a1, (m,n) € Niinas

i i (Qi,t + |bi,t|)

(217) i=mj t=n1
1 L
< min{L - M(1 +a1),a1N(1 + ) - “1}.
as as
Define a mapping T}, : A(N, M) — 1505 by
L Ttk
Am4k,n+l Am+k,n+1
1 o] o) .
(218) TLxm n= - At ke, 41 Zi:m+k Zt:nJrl[f(Za t7 xi*T,tfo')

_bii} ) (m7 TL) S thnu
TrTmy gy (Myn) € Zag \ Ly ny

for each = {Tym n}(mm)ez. , € AN, M). It follows from (2.3), (2.4), (2.13),
(2.14) and (2.15)~(2.18) that for z = {xm’n}(mﬁn)ezawy = {ym’n}(m,n)ezaﬁ €
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A(N,M) and (m,n) € Zp, n,

|TLIm,n - TLym,n|

| Tm+k,ntl — Ym4k,n+l

Am4-k,n+l
1 o 0
+ ai Z Z [f(Z, t’ xi_‘ﬁt—(f) - f(Za t) yi—T,t—U)]
mtkntl et

| %k, nt1 — Ymtle,n+1
< _

am+k7z+l
Z Z |fZ t Ti—rt— U)_f(iatayi—'r,t—a)|
am+k Pk t=nt
T — 1
S H y” Z Z P1t|xz T,t—0 y1 T,t— 0‘|
i=m-+k t=n+l

<_<1+ S zat)nx—yu

i=mq t=n1

=0l —yl],
TLxm,n
I 1 ) 0

= — Zmikntl S D Iflitmiorao) = bid]

am+k,n+l aerk,nJrl am+k,n+l itk t=ntl

L M
<—-=-= Z Z [1f (i, i) | + [Bie]]

ai ay

1=m-+k t=n+l

Sa*l_ail_* Z Z Q’Lt+|b’bt)

i=m-+k t=n-+l

S 77777 Z Z ta + |bz t|
a1 a1 i=mq t=n1
L M 1 L
< ——=——-— mln{L M1+ ay), alN(l—&—)—al}
a1 ai a1 ag az
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and
TLxm,n
L Tm+-k,n+l 1 - - .
= - : - [f(z7taxi—7',t—a) - bi,t
Am+k,n+l1 Qm4-k,n+l Am+k,n+l i:;jtk t;rl ]
L N 1 & &
> 2 4= 0t Timri—o)| + |bs,
ot o X [ttt bl
L N 1 & &
> ———+— Qi + |bi,
as as i:%;_k t:zn;_l ( et tl)
L N 1 &«
>——-—+— Qit + |bs,
e L X @)
L N 1 1 L
> = +min{L—M(1+a1),a1N(l+> - ‘”}
ag as a1 as as
>N,

which imply that (2.10) holds. Consequently, the contraction mapping 77, has
a unique fixed point & = {Zmn}mn)ez. , € AN, M), which together with
(2.18) gives that

L
Tmpn ="
Qmtkn+l
00 0o
Tm+k,n+l 1 )
_ Tmtkntl Z [flitwiri—o) = bid),

a a
m—+k,n+l m~+k,n+l P AP

(m,n) € Loy na s

which yields that

o
Am(gfrn,n + am,nxm—k,n—l) = Z [f(ma t, xm—‘r,t—o) - bm,t]»

t=n

(m,n) € Ly 1

and

AnAm(xfn,n + am,nxm—k,n—l) = 7f(m7 n, xm—‘r,n—a) + bm,n7

(m,n) € Zm, n,
that is, * = {Zm.n}(mn)ez, , 15 @ bounded positive solution of Eq.(1.8) in
A(N,M).

Finally we prove that Eq.(1.8) has uncountably many bounded positive solu-
tions in A(N,M). Let Ly, Ly € (M(1+a1), N(1+az)) and Ly # L. Similarly
we deduce that for each j € {1,2}, there exist 6;,mr;,nr, and Ty, satisfying
(2.15)~(2.18), where 6,my,n1, L and Ty, are replaced by 6;,my,,nr;, L; and
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Ty, respectively, and the mapping T7,; has a fixed point 27 = {7, ,, }(mn)ez. 5 €
A(N, M), which is a bounded positive solution of Eq.(1.8), that is,
1 Ly xranrk,nJrl
Typyom = -
Am+-k,n+l1 Qm4-k,n+l

(2.19) B # 00 00 o .
Ametk,ntl i:;—k t:zn;i-l e ’xZ_T’t_") it

(m,n) € Ly, iny,

and
L x2
2 _ 2 m-+k,n+l
xm,n - -
Am+k,n+l A +k,n+l
oo oo
(2.20) 1 o,
—— 3 > [flitad )~ b,
Mkt otk t=ntl

(m,n) € Zmy, ny, -

In order to show that the set of bounded positive solutions of Eq.(1.8) is un-
countable, it is sufficient to prove that z! # z2. It follows from (2.3), (2.15),
(2.16), (2.19) and (2.20) that for (m,n) € Zmax{m,, my,}max{n,.nr,}

1 2
’J"m,n_ m,n’

1 2
Ly — Ly - Lrtkn+l ~ Ttk ntl

Amtk,n+l Um+k,n+l

o # Z Z [f(i7tax11—r,t—a') - f(i7t7x?_7'7t_o')j|

a
Akl Sk t=ntl

S L1 — Lo i |kt ~ Ttk

Um+k,n+l Am+k,n+l
1 X o o
+ ai Z Z ’f(l7t7x7;77_’t70_) - f(latawif-,—’t,o-)’
m+k,n+l im otk =it

A

a ai
1 o0 o0
1 2
t— D D Pt il
L i=m+k t=n-+l

s (D VI IR | EEE

i=m-+kt=n+l
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> _ L= Lo

az

1 (oo} (oo}
I NI S0 [EE

it=max{mp, ,mry} t=max{nr,,nr,}
_ B = L]

o — max {6y, 62} ||z" 75172”,

which implies that

Ly — Ls|

1_ 2| > | 1 2 >0

I ==l =~ maxtor.ap =

that is, 2! # 22. This completes the proof. O

Theorem 2.3. Assume that there exist positive constants M and N, nonneg-
ative constants a1 and as and nonnegative sequences {Pmm}(m,n)eN and

mg,ng
{Qm,n}(m,n)eNmomo satisfying (2.3) ~ (2.5), (2.14) and

(2.21) 1<az, a1 <a3, Mai(a3—ai)> Naz(al—a).

Then Eq.(1.8) possesses uncountably many bounded positive solutions in A(M, N).

Proof. Put L € (a1 N + “}Liw,agM + %) It follows from (2.5), (2.14) and

(2.21 ) that there exist 6§ € (0,1), m1 > mo + k + || and ny > ng + 1+ |3]
satisfying (2.21)

(2.22) 0 = a—t (1 +Y > Pi,t)v

(223) > > (Qia+bisl) < min{a2M L azl aaZT M- a2N}.

1=mj t=n1

Let the mapping T, : A(N,M) — 13°5 be defined by (2.18). It follows from
(2.3), (2.4), (2.14), (2.16), (2.18) and (2.21)~(2.23) that for & = {m.n } (m.m)ez
y = {ym,n}(m,n)ezaﬂ € A(N,M) and (m,n) € Zp, n,

«,B?
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ITLxm,n_
_ Tm+kn+l — Ym4+kn+l
aerk,nJrl
1 0o o
+ - Z Z [f(717tu mif'r,tfa) - f(i7tu yifr,tfo')]
a k l
m+k,n+ 1=m-+k t=n-+l
< |$m+k,n+l - ym+k,n+l|
o Am+k, n+l
CL Z Z ’fl t Tij— T,t— o')_f(iatvyif‘r,tfa)‘
mtk "‘Hz‘ m+kt n+l
- Y
SH ” Z Z Pzt|xz Tt—0 — Yi—7t— a|
i=m-+k t=n+l
<<1+ > Z Pzt>||xy||
i=mq t=n1
=0z -y,
L
TLxm’n _ _ Tm+-k,n+l
am,—i—k,n—i—l am+k,n+l
1 oo oo
- a Z Z [f(la t; Ii—T,t—O’) - bi,t}
(R A —
L
gaf—— Z Z [1£(it, i ri—o)| + [bie]
2 i=m-+k t=n-+l
L
Sa—* a: Z Z ta+|bzt|
i=mq t=n1
L N 1 N L
< —+min{a2M—L+ @ 7a2—M—a2N}
a2 a az ay a

<M
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and

L Tm+k n—+l
TrTmm - :
’ Am+k,n+l1 Am+-k,n+l
1 00 o
e S S o)~ bid]
mtkntl k=t

L M 1 &8 :
>z 22 S Gt miri—o)| + [bisl]

a a a
1 2 2 i=m-+k t=n+l

L M 1 &3
Za—a—27£ZZZ(Q¢,t+|bi,t|)

i=mq i=m1 t=n1

L M 1 N aL
Zmin{agMLJraQ,aQMagN}
a1 ao ao ai ai

>N,

which imply that (2.10) holds. Consequently (2.10) ensures that T}, is a con-
traction mapping and hence it has a unique fixed point z = {Zm n } (m,n)ez. 5 €
A(N, M), which gives that

x o L (Em+k:,n+l
m,n — -
Qm4-k,n+l Um+-k,n+l1
1 oo %)
B a Z Z [f(la t, xi—T,t—o’) - bi,t];
mAkntl ik t=ntl

(m,n) € Ly ns -

As in the proof of Theorem 2.2, it is easy to verify that © = {Tm n}(mn)cz. 5
is a bounded positive solution of Eq.(1.8) in A(N, M).

Finally we prove that Eq.(1.8) has uncountably many bounded positive so-
lutions in A(N, M). Let Ly, Ly € (a1N + M apM + ©2X) and L, # L.
Similarly we deduce that for each j € {1,2}, there exist 6;,mp,,nr; and Ty,
satisfying (2.16), (2.18), (2.22) and (2.23), where 0, mq,n1, L and Ty, are re-
placed by 0;,mr;,nr,, L; and T, respectively, and the mapping 77, has a
fixed point 27 = {2}, ,}(m.mez., € AN, M), which is a bounded positive
solution of Eq.(1.8) and satisfies (2.19) and (2.20). In order to show that the
set of bounded positive solutions of Eq.(1.8) is uncountable, it is sufficient to
prove that 2! # 22, Tt follows from (2.3), (2.16), (2.19), (2.20) and (2.22) that
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for (mvn) S Zmax{le,mL2},max{nLl,nL2}

’x;m,n_x%@,n‘
_ Li—Ly I71n+k,n+l_x%z+k,n+l
Am+k,n+l a7rL+k n+l
a Z Z thz T,t— (7) f(ltxl T,t— a)]
m+k, "Hi m+k t=n+l
>|L1 — Lo B ‘x}n+k~,n+l - x?n+k,7L+l|
o Qm+k,n+l am+k? n—+l
_aiz Z’f’ét‘rz T,t— a) f(thz T,t— 0)‘
m+k n+li =m-+k t=n-+l
sl ] 1 ,
= a Z Z ltmzrt(r_z‘rto‘
1 i=m—+k t=n+l
Ly —L 1
St ey s Pm) ot = 2|
a1 1=m-+k t=n-+l

o0

|L1_L2| 1 = : 1 2
Eal—@<1+ ) > Pm)“ﬂ? -

i=max{mpr,,mr, } t==max{nr, ,nL,}
L1 — Lo
a1

>

— maX{91,92}H$1 - xQH’

which implies that

12 L1 — Lo
- —x°|| > > 0,
| = a1(1 + max{6,6-2})
that is, #! # x2. This completes the proof. O
3. Examples

Now we construct three examples to explain the results presented in Section 2.
Note that none of the known results can be applied to these examples.

Example 3.1. Consider the second order nonlinear neutral delay partial dif-
ference equation

(—1)m+n sin(m?n® —Inn) ,
AnArn m,n 5  Yfm—kn— — —
<5L' nt 3 x kn—l | T m3(n2+1) LT—rn—0c
—_1)m™ 3 _ 3
:( )™ cos(m n)7 m>1n>1,
m'nS + 2

(3.1)
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where k,1,7,0 € N are fixed. Let mg =no =1, a; = a = £, a = min{l —
k,1—7}, 8 = min{l — 1,1 — ¢}, M and N be two positive constants with
M > 3N and

- (—1)m+n b (—1)™ cos(m? — 3n)
m,n 3 ) m,n \/m )
sin(m?n® —Inn) , 3M?
f(m,n,u) - mg(ng + 1) u y - m,n mS(n2 + 1)7
MS
Qm,n = ma (mvn’ 'LL) € Nmo,no x R.

It is easy to verify that (2.1)~(2.4) hold. Note that

Z Z max { P; s, Qi |bis|}

i=mg t=ng

i i": e 3M? M3 |cos(i® — 3t)] -
= X 0.
_ B2 +1) B3 (t2+ 1) ViTt6 +2

It is easy to see that the conditions of Theorem 2.1 are satisfied. Thus The-
orem 2.1 implies that Eq.(3.1) possesses uncountably many bounded positive
solutions in A(N, M).

Example 3.2. Consider the second order nonlinear neutral delay partial dif-
ference equation

2

5m + 2m(—1)" Lot o
ApAg, <xm,n - (]_)xm—k,n—l) + %
(3 2) m + men
. 3
_sim(im —vn) s
m2+1
where k,I,7,0 € N are fixed. Let mg = ng = 1l,a1 = =2, ao = -7, a =

min{l —k,1—7}, S =min{l —,1 — o}, M and N be two positive constants
with M > 6N and

5m + 2m(—1)" b sin(nm — /n)
am n - - T m,n - - S
' m+1 k m? +1
u? 2M
f(manau):mv m,nzma
M2
Qmn = (m,n,u) € Nppg no X R

m3n2’
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It is clear that (2.3), (2.4), (2.13) and (2.14) hold. Observe that
oo

Z Z max {Pi,n Qits |bi,t|}

i=mg t=no

oo oo . .
2M M? 33—/t
=Y max M ME |sin@i - VO
, 13127 §3¢2 241
i=mg t=ng

That is, the conditions of Theorem 2.2 are fulfilled. Therefore Theorem 2.2
ensures that Eq.(3.2) has uncountably many bounded positive solutions in
A(N,M).

Example 3.3. Consider the second order nonlinear neutral delay partial dif-
ference equation

3 4 -1 - 1 xizf‘rnfa
AnAm Tmn + Mxmfk n-t | + (( ) m) :
(3.3) ' mn+ 1 ' mbn?
’ (_1)n+m(m3 _ 2712)
= , m>1n>1,
md(n? + 1)
where k,l,7,0 € N are fixed. Let mg = ng = 1, a1 = 4, as = 3, a =

min{l —k,1 — 7}, f =min{l —,1 — o}, M and N be two positive constants
with M > %N and

3mn + 4 (=1)"+m(m3 — 2n?)
Amnpn = 7 bm n — )
’ mn + 1 ’ md(n? + 1)
(=) — Lyt 3M3
flmmu) =" g P = e
M4
Qm,n = (m7n, ’LL) € Nmo,’ﬂo x R.

mbnd’
Clearly (2.3), (2.4), (2.13) and (2.21) hold. Notice that

}

oo

Z Z max { P; 4, Qi |bi

i=mg t=ng

i": i 3M3 M* |i% — 212 -
= max - 0.
i6¢2 7§65 45 (19 4 1)

i:mo t:no

It is clear that the conditions of Theorem 2.3 are fulfilled. Consequently The-
orem 2.3 implies that Eq.(3.3) possesses uncountably many bounded positive
solutions in A(N, M).
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