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ABSTRACT. In this paper, the main aim is to introduce the class Up (X, a,

B, ko) of p-harmonic mappings together with its subclasses Uy, (X, ¢, 8, ko)N

Tp and Up(X, o, B, ko) N ’7;0, and investigate the properties of the map-

pings in these classes. First, we give a sufficient condition for map-

pings to be in Uy (X, e, B, ko) and also the characterization of mappings in
Al

Up (N, a, B, ko) N Tp for max{0, )\—Jj} < a < \. Second, we consider the
. . . A—1
starlikeness of mappings in U, (X, o, B, ko)rﬂ;? for max{0, )\—ﬁ} <a<A

_1
Third, extreme points of Up (A, o, B8, ko) NTp for max{0, T\Tf} <a< Aare

found. The support points of Uy (A, o, 8, ko) N'Tp for max{0, %} <a<
A and convolution of mappings in Uy (A, o, 8, ko) N Tp for max{0, %} <
a < X are also discussed.

Keywords: p-harmonic mapping, uniform convexity, uniform starlike-
ness, extreme point, support point.
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1. Introduction

A 2p times continuously differentiable complex-valued function F' = u +
w in a domain D C C is p-harmonic if F' satisfies the p-harmonic equation
A---AF = 0, where p (> 1) is an integer and A represents the complex

P
Laplacian operator
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A mapping F' is p-harmonic in a simply connected domain D if and only if
F has the following representation:

p
F(z) =Y 2% VG (2),
k=1

where each Gp_j41 is harmonic, i.e. AGp_p+1(2) = 0 for k € {1,---,p}
(cf. [10, Proposition 1]).

Obviously, when p = 1 (respectively, 2), F' is harmonic (respectively, bihar-
monic). The properties of harmonic mappings have been investigated by many
authors, see [6,11,14,37], etc.

Biharmonic mappings arise in a lot of physical problems, particularly in
fluid dynamics and elasticity problems, and have many important applications
in engineering and biology. See [19,26, 28] for the details. There exist many
references on biharmonic mappings in literature, see [1-3].

For analytic functions, Goodman first considered uniformly convex functions
([16]). The class of ky-uniformly convex functions was introduced and investi-
gated by Kanas and Wisniowska ( [24]). Subsequently, both of them introduced
and discussed the class of kg-uniformly starlike functions ( [25]). See [23,29,35]
for other discussions. In [36], it was first to give the classes of kg-uniformly
convex functions of order 5 and kg-uniformly starlike functions of order 3 have
been given. Recently, authors considered a new subclass of kg-uniformly convex
functions with negative coefficients, U (A, a, B, ko), which generalizes the class
of uniformly convex functions (cf. [38]).

In section 2 of this paper, we mainly discuss properties of mappings which
belong to the class U,(\, «, 8, ko) and a generalization of U, a, B, ko) for
p-harmonic mappings. In fact, the class U, (A, «, 5, ko) contains many well-
known as well as new classes of harmonic univalent mappings. In particu-
lar, 4;(0,0,8,0) = Sg(B)(cf. [21,33]), U1(0,1,5,0) = Kg(B) (cf. [20,22]),
Z/ﬁ (0, 0, ﬁ, k‘o) = SHD(k‘o, ﬁ) and U (0, 1, ,3, k’o) = I(HD(]{:()7 ,B), where SHD(ko,ﬂ)
(respectively, KgD(ko,)) (see Section 2 for the definitions) consists of ko-
uniformly starlike (respectively, convex) harmonic mappings of order 8 which
is a generalization of the corresponding one in [36] for harmonic mappings, and,
in particular, Sy D(ko, 0) (respectively, K D(kq,0)) consisting of kg-uniformly
starlike (respectively, convex) harmonic mappings have been considered in [5].

In order to discuss the starlikeness, extreme points and support points of
p-harmonic mappings, in Section 2, we will introduce the notations: Sy, (8),
SuD(ko,B), KuD(ko,B), Up(\, @, B, ko), T, and 7;0 for p-harmonic mappings,
respectively. Other necessary notions and notations will also be presented in
Section 2.

As the first aim of this paper, we prove a sufficient condition for p-harmonic
mappings to be in U, (A, o, B, ko) in terms of their coefficients, and also give the
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1
characterization of mappings in U,(X, o, 5, ko) N7, with max{0, ):\Ti} <a<A
So our first result is Theorem 3.1.

In Section 4, we discuss the starlikeness of mappings in U, (\, o, 8, ko) ﬁ7;0

for max{0, %} < a < A It is proved that mappings in U, (A, o, B, ko) ﬂ7;0

with max{0, %} < « < )\ is starlike of order § for the constant § which
depends only on A\, o, 8 and kg. Our main result is Theorem 4.1.

There are many references concerning extreme points of analytic functions
in D in the literature (see [4,13,18,30,32,41]). Extreme points of harmonic
mappings also have been discussed by many authors and it is known that some
classes of harmonic mappings are convex hull of their corresponding extreme
points (see [20,22,27,39,40]). In Section 5, we determine the extreme points

of Up(A, v, B, ko) N Ty, for max{0, 372} < @ < A. And it is proved that the

mappings in U, (A, o, 8, ko) N T, with max{0, %} < a < X can be expressed
as the convex combination of extreme points. So our main result is Theorem
5.4.

Support points of analytic functions are critical in solving extremal problems.
It is known that any compact analytic function family contains support points
and the set of support points contains an extreme point at least. This fact
plays an active role in solving extremal problems for various families of analytic
functions (see [7,8,12,13,17,30,31]). No references on this topic have been in the
literature for harmonic mappings. In this paper, we consider the support points
of Uy, (A, o, B, ko) N T, with max{0, %} < a < A for p-harmonic mappings and
get Theorem 6.1.

At the end, the convolution of p-harmonic mappings are discussed. We prove

that if F; € Z/[p(>\170[1,51,k0’1) N 7;; for max{O, );\11%} <a; <A and F, €
Up(Xa, @2, B2, ko,2) T, for 227 < gy < Ag, then Fy# Fy € Up(Ay, an, B1, k1) N
7, for max{0, ))‘\111%} < a1 < \;. Our last result is Theorem 7.1.

2. Preliminaries

In [3], the properties of the linear complex operator L(f)(z) = zf.(z) —
Zfz(z), which is defined on the class of complex-valued C* functions in the
plane, are investigated. It is shown that harmonicity and biharmonicity are
invariant under the linear operator L. Also it is easy to deduce that it preserves
p-harmonicity. The operator L can be manipulated to express the conditions
in the definitions of starlikeness and convexity in a convenient way.

Definition 2.1. A univalent sense-preserving harmonic mapping f with f(0) =
f2(0)—=1 = 0 is said to be starlike of order 5 (0 < 8 < 1), written as f € Sy (B)
if
L(f)(2)
Re(———=) >0
i)
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for z #0.

Proposition 2.2. ( [34]) If F is univalent and sense-preserving, F'(0) = 0 and
%(argF(rew)) > B for z =re® #0, then F is starlike of order B with respect
to the origin.

Definition 2.3. A univalent sense-preserving harmonic mapping f with f(0) =
f2(0) =1 =0 and L(f)(z) # 0 whenever z # 0 is said to be convex of order
(0 < B < 1), written as f € Kg(B) if

for any z # 0.

Properties of these mappings have been considered in [20-22,33]. If the con-
stant 8 = 0 in above definitions, we obtain the definitions of starlike harmonic
mappings and convex harmonic mappings (cf. [3,9] and [15]).

Definition 2.4. If a univalent sense-preserving p-harmonic mapping F with
F(0) = F.(0) — 1 = 0 satisfying the inequality
L(F)(z)

L(F)(2)
F(z)

then we say f is a ko-uniformly starlike harmonic mapping of order (3.

(2.1) Re( ) > ko —1|+B,2€D\ {0}, ko >0,0< B <1,

Let ko = 01in (2.1). We obtain the definition of starlike p-harmonic mappings
of order 3 and denote this class by Sy, (5),

In the case of p = 1, let Sy D(ko, B) be the class of univalent sense-preserving
harmonic mappings which are kg-uniformly starlike of order .

Definition 2.5. Let F be a univalent sense-preserving p-harmonic mapping
with F(0) = F,(0) — 1 =0 and L(F)(2) # 0 for z £ 0. If F satisfies

L(L(F))(=) L(L(F))(2)
L(F)(2) L(F)(2)

then F is said to be kg-uniformly convex of order [3.

Re(

) > ko — 1| +8,2€D\ {0}, ko >0,0< B <1,

Let Kp D(ko, 8) be the class that consists of univalent sense-preserving har-
monic mappings which are kg-uniformly convex of order (.

The above two definitions generalize the corresponding ones in [36].

In the following, we give the generalized class of the corresponding one in [38]
for p-harmonic mappings.
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Definition 2.6. Let
p
22)  F(z) = 3 PEIG, ()
k=1
= z+ Z Q. p2" + Zgn’pén
n=2 n=1
D [e’e) e’} _
+ Z |Z|2(k_1) ( Z anp—k+12" + Z bn,p—k+15n)
k=2 n=1 n=1

be a univalent sense-preserving p-harmonic mapping and
F(z2) =XaL(L(F))(z) + A—a—=Aa)L(F)(z) + (1 = X+ a)F(2)

with0 <a<A<1,0<8<1, kog>0. Wesay F is in the class Up(X, o, B, ko)
if F(z) # 0 for z # 0 and for any z € D\ {0},

(2.3) Re(Z2 22 =T

Through straight computation, we have

F) = Y (e (=) + A= a)zhy o (2)

-
-
3

+
+

—~

L= X+ a)hp_pt1(2))
Aam ~(A=a-2xa)zg, 1, (2)
-2+ a)m))

—~

I
M= £

‘Z|2k 1)(2 n_l /\om+)\—oz)+1)anp k12"

>
Il
—

+§: (n+1)(Aan — X+ a) +1)by - k+12")

= Z‘Z|2k 1)(21471;0 k+1z —I—ZBnp k+1Z>

Let 7, denote the subclass of univalent p-harmonic mapping family consist-
ing of mappings given by



On certain subclasses of univalent p-harmonic mappings 434

P
F(z) = > [zP* DG, k11(2)
k=1
P
= z- Z |z|2(k*1)a1,p_k+1z
k=2

p 0 0o
— Z |Z|2(k—1) ( Z npks12" — Z bn,p—k+15”)
k=1 n=2 n=1

such that a1 p—g+1 >0 (k€ {2,--- ,p}), anp—ts1 >0 (k€ {1,--- ,p},n >2)
and by, p—k41 >0 (k€ {1,--- ,p},n > 1), and the subclass

TO={F €T, apnp =0forke {2 phh

Denote S the class of univalent analytic functions f with the normalization
f(0) = f/(0) — 1 = 0 and the subclass

7'27'1Z{fES:f(z)zz—Zanz",an20}.
n=2

Furthermore, we introduce the following concepts for p-harmonic mappings.

Definition 2.7. Let X be a topological vector space over the field of complex
numbers, and let D be a set of X. A point x € D is called an extreme point of
D if it has no representation of the form x = ty+ (1 —t)z (0 <t < 1) as a
proper convex combination of two distinct points y and z in D.

Definition 2.8. Let X be a topological vector space over the field of complex
numbers, and let D be a subset of X. A point x € D is called a support point
of D if there is a continuous linear functional J, not constant on D, such that
Re(J(z)) > Re(J(y)) for ally € D.

Finally, we give the convolution of two p-harmonic mappings.
Let

p o] [e%s)
Fi(z) =Y 12P* V(Y anprr1z" + D bnp-ri12")
k=1 n=1 n=1

and
p oo [ele]
Fy(z) = > [2P* (Y enpri12" + D dnp-i12").
k=1 n=1 n=1

Then the convolution of F; and F3 is defined to be the mapping

p oo [ee]
Fl * FQ(Z) = Z |Z|2(k_1) ( Z an,psz«klcn,pfkﬂrlzn + Zgn,pkarlan,pfk«Flgn)-

k=1 n=1 n=1
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3. Characterization

In this section, we give a sufficient condition for mappings to be in U, (A, a,
B, ko) and also the characterization of mappings in U,(A, o, B, ko) N T,. Our
main result is the following theorem.

Theorem 3.1. A univalent sense-preserving p-harmonic mapping F with the
form (2.2) is in the class Up(\, o, B, ko) if

(3.1)

ZZ (ko +1) — (ko + 8)) ((n — L)(Aan + X — @) + 1) |an p—k+1]
=1

n=2

> (nlko + 1) + (ko + B))|(n + 1)(Aan — A+ @) + 1|bp p—k41]

n=1

+

M- I 5

(1 = B)larp—r+1]

k=2
<1-6.
Conversely, if F € U,(\, o, B, ko) N'T, for max{0, A+1} < a <A, then (3.1)

holds.

Proof. Assume that the univalent sense-preserving p-harmonic mapping F' sat-
isfies (3.1).
Since for any z # 0,

2l(1- 8- Zl— )t -kl

(n(ko +1) = (ko + B)) ((n — 1)(Aan + A — a) + 1) |an p—k+1]

M"ﬁ
Mg

B
Il
—
3
[|
N

M’E
NE

(nko +1) + (ko + 8)| (n + D) (Aan — A+ @) + 1 bn 4111

~
Il
-
3
Il
-

P

<= Bzl = D1 = Blar g2

k=2

M’E
[M]8

(1= 8)((n—1)(Aan+ X —a) + 1)]ay pji1||z[*FDF"

x>
Il
=
3
U
N

-
[M]¢

(1=B)|[(n+1)(Aan — A+ a) + ]_an’pik+l||z‘2(kfl)+n

._.
3
Il
—

IN
—_
|
I
=

[ F(2)],
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we see that F(z) # 0 whenever z # 0 by (3.1).
Next, we will prove that for any z # 0,

L(F)(z) L(F)(z)
Re( 7o) ) > kol 7o) 1+8
which is equivalent to
(3.2) Re(L(]:)(z) (1+ koe™) — koe') > 8

for each 6 € [0, 27).
Let G(2) = L(F)(1 + koe'?) — koe?? F(z). Then (3.2) is equivalent to

G(2) + (1 = B)F(2)| > |G(2) — (L + B)F(2)].

Since

k=1 n=1
%)
_Z(n -1+ ﬁ)Bnp k+1%
n=1
+k06w( Z(n — DA, popr12" — Z(n + 1)§n7p_k+12")> ‘
n=2 n=1
p
> (2-B)|z+ Y Ayl
k=2
p oo
> (nlko +1) = (ko + B) + 1)|Ap pgpal[2[PF D"
k=1n=2

(n(kzo +1) + (ko + 8) — 1)|Bn,p—k+1|‘z|2(k71)+n

-
NE

B
Il
-
3
Il
-
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and

IN

we see that

Y

Qiao, Chen and Shi

G(2) = (1 + ) F(2)]
|L(F) + koe' (L(F) = F(2)) = (1 + B)F(2)]

p [e%e]
[P (= Ay k2 + Y (= 1= B Anpir2”
k=1

n=2

- Z(n +1+ B)En,pflwrlgn
n=1

Fhoe'? (D (0= DAnpiaz” = > (n+ 1)§n,p7k+12n))‘
n=2 n=1
P
ﬁ|z + Z Al,p—k+1|2\2(k_l)z’
k=2
P oo
£33 (0o + 1) = (ko + 8) = 1)l |20
k=1n=2

(n(ko + 1) + (ko + B) + 1)| By pset1||2[*F 7D,

+
Mn
M2

=~
Il
s
3
Il
-

G(2) + (1 = B)F(2)| = |6(2) — (1 + B)F(2)]

(2= 28)|2] = ) (2= 26)|Arppia |2

k=2

2(n(ko + 1) — (ko + B))| An,p—rtr||2[PFDF"

M@
]38

k

1n=2

2(n(ko + 1) + (ko + B))| Bpp—tet1||2[*F~DFn

-
NE

ES
I
—
3
Il
_

by (3.1), which implies

L(F)(2)
F(2)

) > ko

—1]+8.
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Conversely, assume F' € U, (\, o, B, ko) N T, for max{0, %} <a< A Let
z=r (r €(0,1)). Then (3.2) reduces to the following form

L(F)(r) = BF(r) + koe" (L(F)(r) — f(?")))

3.3 R
(33) o Joc
~ ReA(r)
- Cn)
> 0,
where
p
Alry = 1-p- Z(l — B)A1p_ppyrr2 D
k=2
p [e%e] .
=D > ((n=B) + ko (n = 1)) Ap a0
k=1n=2
p [e%¢] '
- Z Z ((n+ 8) + koe™ (n+ 1)) By ppar?F- D401
k=1n=1
and
p oo
C(’/’) = 1- Z Al,p—k+1r2(k71) _ Z Z An7p_k+17,2(k71)+n71
k=2 k=1n=2
p [e%e]
_ Z Z Bn,p—k+17"2(k_1)+n_l.
k=1n=1
Since, for § = 0, we see that
Re(A(r)) = B(r)
p
= 1-6- Z(l — B)A1p—psrr? Y

k=2

((n = B) +ko(n — 1)) A ppprr®F- D=1

-
[M]8

£l
Il
-
3
U
N

((n+B) + ko(n+ 1)) By pppar?FHn=1,

-
NE

b
I
—
3
Il
_

Then, by (3.3), we have
B(r)
C(r)

If the inequality (3.1) does not hold, then the numerator in (3.4) is negative
for r sufficiently close to 1. Thus there exists a zg = ro in (0,1) for which

(3.4) > 0.
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the quotient in (3.4) is negative, which contradicts the condition that F €
Z/{p(>\,()&,ﬁ,k0)- U

Take A =0, =0 and p = 1 in Theorem 3.1, we can deduce the following
corollary.

Corollary 3.2. If f(z) = 2+ Y 0y anz™ + > oo byZ" is a univalent sense-
preserving harmonic mapping such that

o0

> (n(ko +1) = (ko + B) |an|+z (ko +1) + ko + B)|ba] <1 -8,

n=2 n=1

then f € SuyD(ko,p).
Conversely, if f € SgD(ko,8) N'T1, then the above inequality also holds.

Remark 3.3. If f € S, that isb, =0 (n > 1), [36, Theorem 2.1] follows from
Corollary 3.2.

Remark 3.4. Take ko = 0 in Corollary 3.2, we obtain the characterization of
mappings belonging to Sy (8) N'Th which is given in [21].

Let A\=0,a=1and p=1in Theorem 3.1. We can get a sufficient condition
for f to be in Ky D(ko, ).

Corollary 3.5. If f(2) = 24+ Y e g anz™ + Y ne byZ™ is a univalent sense-
preserving harmonic mapping such that

o

Z n(ko + 1) — (ko + B) |an|+z n(ko + 1) + ko + 8) |bn| <1 -5,

= n=1

then f € KyD(ko, ).
Conversely, if f € KyD(ko,8) NT1, then the above inequality also holds.

Remark 3.6. If f € S, that is b, =0 (n > 1), [36, Theorem 2.2] is the direct
consequence of the above corollary.

Corollary 3.7. Suppose that f(z) =z =3~ anz" € T. If

oo

Z (n(ko +1) = (ko + B)) (n = )(Aan+ A —a) +1)a, <1 -3,

n=2
then f(z) € U\, o, B, ko), where U(N, v, B, ko) is defined in [38].

Remark 3.8. This result coincides with [38, Theorem 1].
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4. Starlikeness

In this section, we consider the starlikeness of mappings in Uy, (A, o, 8, ko) N
Ty
Theorem 4.1. If F € Uy(\, a0, 3,ko) N T for max{0, >\+1} < a < A, then
F € Sy, () where 6 = min{my, ma} with

1-p
24+ko—B)2ra+A—a+1)—(1-0)

m1=1—

and
B 2(1 - p)
2k + 1+ B8)2Aa—A+a)+ 1)+ (1—-5)

mo =

Proof. Assume
p oo e’}
z)=z+ Z |22 (- Z n k12" + ¥ bnp_ri12")
— = n=1

belongs to Uy (A, v, 8, ko) N T, for max{O, e } < a < X\ which implies

o0

ZZ (ko+1) = (ko + B8)) (n — D (Aan+ A — @) + 1) an p—k+1
k=1n=2

+ ) (nlko + 1) + (ko + B)) ((n + D)(Aan — A+ ) + 1) by p—p41
k=1n=1

<1-5.
Let r € (0,1) and

p oo oo
z)=z+ Z 7“2(’“_1)( — Z Unp—k+12" + Z bn,p7k+12n)
k=1 n=2 n=1

Obviously, F;. is harmonic.

In [21], it has proved that if
] n+4
(4.1) Zl °\n|+2 5, el <1,
n=2

then f € Sy (do).
Let

(n—1)(1-p)
(n(ko +1) — (ko + 8)) (n — D)(Aan + A —a) +1) — (1 = 8)’
with n > 2. Then

p(n) =1~

1-p

d<mi=¢(2)=1- (2+ko—B)2Aa+A—a+1)—(1-5)
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Thus, It follows from
p(n) 2 ¢(2)(n >2)
that

o

IN

¢(n)
(n—1)(1-5)
(n(ko +1) = (ko + 8) ((n = D(Aan+ A —a) +1) = (1 - §)
which is equivalent to
n—2a - (n(ko +1) = (ko + B)) ((n — 1)(Aan + A — a) + 1)
1-6 — 1-p

(n>2).

_ (n+1)(1 - 5)
d(n)=1-
(n(ko + 1) + (ko + B)) ((n + 1)(Aan — A+ a) + 1) + (1 — B)
with n > 1. Tt is easy to deduce that ®(n) > my > § for n > 1 which implies
n+6 _ (n(ko+1)+ko+8)((n+1)(han — X+ a) +1)
< (n
1-9§ 1-5
Then by Theorem 3.1 and (4.1), we have F,. € Si(0), that is

>1).

d )
@(arg Fr(rlew)) >0

for r1 € (0,1). Let 7y = r, we have %(arg F(re'®)) > §. By Proposition 2.2,
we have I € Sy, (0).
The proof is complete. O

5. Extreme points

We begin this section with two lemmas, one gives the distortion bounds for
mappings in Uy, (A, a, 8, ko) N T, and the other shows that this class is closed
under the convex combination.

Lemma 5.1. If F € Uy(\ a, B, ko) N T, for max{0, 372} < a < A, then

A

p
IF(z)] < Y (a1p—kr1 +bipnir)l2|
=1

p
+mo(1— 8= (2ko + B+ 1)(2ha — 2X + 20+ 1)by p_p41
k=1
p
=3 (1= B)arp—rs1) |2,

k=2

_ 1 1
where mo = max{ Fot2—B)2ratr—atl)’ BkotBr2)(6Aa—3r3atl) b
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Proof. For
= szanpz Jernpz
n=2
p [e%}
_ Z |Z|2(k—l) ( Z npks12" — Z bn,pkaZ"),
k=2 n=1 n=1
obviously,

442

p p oo
|F(Z)| < Z (al,pkarl + bl,p7k+1)|z| + Z Z (an,pkarl + bn,p7k+1)|z|2-

k=1n=2
By Theorem 3.1,

' oo

ZZ anp k+1+b n,p— k+1)
k=1n=2

1 P &
< k 1) —
T (kot+2-B)2Aa+A—a+1) ;;(”( 0+ 1) = (ko +5))
(n=1Dan+X—a) + 1)anp—k+1
N 1
(Bko + B+ 2)(6Aa —3A+3a+ 1)
P o0
SN (nlko +1) + (ko + B)) ((n + )(Aan = A+ a) + 1) by p_p1
k=1n=2
p
< mo(1—-p- Z(l — B)a1p—k+1
k=2
p
= (2o + B+ 1)(2Aa — 2\ + 20 + 1)b1 pk41)
k=1
with mg = aX{(ko+275)(2£\a+)\704+1)’ (3k0+5+2)(6§a73)\+3a+1)}' Hence

IN

p
Z (a1p—k+1 + b1p—kt1) 2]
k=1

p
+mo(1— B =) (2ko + B+ 1)(2Aa — 2X + 20 + 1)by 41
k=1
P

=Y (1= B)arpr1) 2>

k=2
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Remark 5.2. If F € Uy(\,a, B, ko) NT; for max{0, 572} < a <, then for
each k € {1,--- ,p},

|Gp—k+1(2)|
p
(a1.p—k+1 + 01p—k41)]2]
k=1

IN

P
+mo(1 - B — Z(%O +B+1)(2ha —2X +2a 4+ 1)by p g1
k=1
p

= (1= B)arp-r+1) 2%,

k=2

_ 1 1
where mo = max{ (ko+2—P) (@ atr—at1)’ (BkotB+2)(6Aa—3r+3atl) b

Lemma 5.3. The family Uy, (N, o, B, ko)NT, is closed under convex combination

for max{0, A+1} <a<A

Proof. For i =1,2,3,- - -, suppose that F; € U,(\, o, B, ko) N T, and

P
Z Z|2 az,l,p—k+1z
k=2
Z |Z‘2(k 2 Z Qi n,p— k+1z Z bi,n,p—k—&-lzn)
k=1 n=2 n=1
By Theorem 3.1,
p oo
SN (ko +1) = (ko + 8)) ((n — D(Aan+ A — ) + 1) @i n p-kt1
k=1n=2
4 o0
+3°3 " (nlko + 1) + (ko + B)) (0 + D)(Aan — A+ @) + 1)binpis1
k=1n=1
P
Z(l - 5)az,1,p k—+1
k=2
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For >, t; = 1 with ¢; € [0,1], from Lemma 5.1 and Remark 5.2, we have
that Y .2, ¢;F; is p-harmonic. Obviously,

00

S hE() = Z—Z|z\2(k D Zt ——

i=1

|2(k_1) ( Z (Ztiai,n,pkarl)z
n=2 11=1

P

Lk

Z Z tibi,n,pkarl)zn) .
i=1

n=1
Then
P o0
SN (ko +1) = (ko + B)) ((n — D(Aan+ A — a) + 1)
k=1n=2
(Ztiai,n,p—k+1)
i=1
P o0
+D ) (nlko+1) + (ko + B)) ((n + 1)(Aan — A+ @) + 1)
k=1n=1
oo p (oo}
Z tzbz N, p— k:+1 + Z )(Ztiai,l,p—k:-i-l)
k=2 i=1
th(ZZ (ko +1) — (ko + B)) (n — D)(Aan + A — a) + 1)
i=1 k=1n=2
i n,p—k+1
+ZZ (ko +1) + (ko + 8)) (n + 1) (Aan — A + a) + 1)
k=1n=1
P
bimpkr1+ 3 (1- ﬁ)ai,1,p—k+1)
k=2
<D (1
i=1
—(1-8).
Using Theorem 3.1, we have Y .o, t;F; € U,(\, a0, B, ko) N T d

Obviously, for max{0, %} < a < A, it follows from Remark 5.2 and [14,
Pgo] that U, (A, o, B, ko) N Tp is normal. By Remark 5.2 and Lemma 5.3, this
class is also convex and compact. It follows that this class contains some
extreme points (cf. [13, Pag1]). Now we are ready to find the forms of extreme
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_1
points of U, (A, o, 8, ko) N T, for max{0, iﬁ} < a < X and show that these
mappings can be expressed as the convex combination of the extreme points.

Theorem 5.4. If F € T, then, for max{0
if and only if

, A+1} <a <\ Fel\a,B, ko)

ZZ anhkn )+Ykngkn( ))

k=1n=1

where

2) = 4 — ||2k=1) 1-p 2"
hn(2) 12 (n(ko +1) = (ko + 5)) ((n — 1)(Aan + X —a) +1)

with k € {2,--- ,p}, n > 1,

hll(Z) =z,
hin(z) =2z — 1-0 2" (n > 2)
" (n(ko +1) = (ko + 8)) (n — 1)(Aan + X —a) + 1) -
Ghn(2) = 2 + |2f20=D L=y z

(n(ko + 1) + ko + B)(n+1)(Aan — A+ a) + 1)
with k € {1,--- ,p},n>1, and

P [e’e)
DY (Xin + Yin) =1 (X >0, Yiep > 0).
k=1n=1

In particular, the extreme points of Uy(\, o, B, ko) N T, with max{0, ﬁ} <
a < X are {hgn} and {gin}-

Proof. Since

F(z) = Z

Mg

anhkn ) + Ykngk:n(z))

k=1n=1
= z+Z|Z|2(k_1)
k=2
- (1_6)Xk7l n
( ; (ko +1) (ko+6))((n—1)(Aan+A—a)+1)Z
- ( _ﬁ)Yk)TL -n
+RZ:1 (ko +1) +ko+ﬂ)((n+1)()\om—)\+a)+1)Z)

S (1—B) X

n(ko +1) — (k0+6))((n—1)(>\an+/\—a)+1)z

k=2
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and

D> (nlko+1) = (ko +B)) ((n— D(Aan + A —a) + 1)

(1= B)Xkn
(n(ko +1) — (ko + 8)) (n — 1)(Aan + X —a) + 1)

+ZZ (ko +1) + (ko + 8)) (n + 1)(Aan — A + a) + 1)

k=1n=1
(1 - ﬂ)Ykn
(n(ko + 1)+ ko + B)(n+ ) (Aan — A+ a) + 1)

+ Z(l = B) Xk
k=2

(1-B)(1 - Xu)
S 1_67

it follows from Theorem 3.1 that F' € Uy,(\, v, 8, ko) N T

Conversely, assuming F' € U, (A, o, 5, ko) N T, with max{0, )\+1} <a <A
and setting

1-p
(n(ko +1) = (ko + 8)) (n — 1)(Aan + X — a) + 1) @np=ktl

an =

with2 <k <pandn>1,

1—-5 an,p (n > 2),

Xin = (n(ko +1) — (ko + B)) (n — )(Aan + A —a) +1) "

1-5
(n(ko +1) + ko + B) (n+ 1)(Aan — A + @) + 1)

with 1 <k <pandn >1,

Ykn =

bn,p—k+1

p o] p
X = 1_ZZ(an+Ykn Z X1+ Y1) — Y11,
k=1n=2 k=2

we obtain
p oo
= Z Z leh}m )+ Yingin (2 ))
k=1n=1

The proof is complete. O
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6. Support points

Theorem 6.1. Suppose F' € U,(X\, «, B, ko) NT, for max{0, %} <a<\and

p
F() = P06, i (2)

k=1

P
= z- Z |z|2(k*1)a17p_k+1z
k=2

p [es} o)
2(k—1 =
- E |2 )< E :an7p—k+1zn - § bn,p—k+1zn)~
k=1 n=2 n=1

If there is some integer m > 2 such that

Z Z (n(ko +1) = (ko + B)) (n — 1)(Aan + X — @) + 1) ap p—rt1
k=1n=2
> (nlko+1) + (ko + B8))|(n + 1)(Aan — A+ @) + 1|bpp-k41

n=1

+

M= 1

+

(1= B)a1,p—r+1
2

757

—_

then F is a support point of U,(\, o, B, ko) N'T, for max{0, %} <a<A\

Proof. For Fy € U,(\, o, B, ko) N T, with max{0, i\—} < o < X and the ex-

_1

2

, +1
pression:

P
Fi(z) = Y 1% VG a(2)

k=1

_ (k1)
= Z—Z\z| Clp—k+12

k=2

P oo )
2(k—1) n d _n
-2 I Cnp—kt+12 — np—k+1Z ),
k=1 n=2 n=1
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let
Tm(FY)
- i nf:z (n(ko +1) — (ko + 6))1((11; D(Aan+ A —a) +1) _—
3 (k1) 4 o+ 6))1|(iz; Doan Akl

=l
—
3
Il
-

+ Cl,p—k+1-

el
Il
N

It is easy to deduce that .J,, is a continuous linear functional and not a
constant on U, (A, o, B8, ko) N T

Re(Jwm (F1))

_ i i (n(ko +1) — (ko + /B))f(ibg D(an+ A —a) + 1) _—
o (ko +1) + (ko + 8))[(n + ) (Aan = A+ a) + 1

+};; (n(ko 0 )1’—6 ’dn,p_kﬂ

+ ZCLP—IH—I
k=2

<1

Obviously,

Re(Jm(F))

& Zm: (n(ko +1) — (ko + 8)) ((n — (Aan + A —a) + 1)

- k=1n=2 1-p Qn,p—k+1
P N (nko +1) + (ko + B)|(n+ 1) (Aan — A+ a) + 1

+;nz::1 ( )1’7/8 | n,p—k+1

Hence F'is a support point of Uy, (A, o, 58, ko) N7, for max{0, %} <a<i O
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7. Convolution

Theorem 7.1. Suppose

P
Fi(z) = Z |Z|2(k_1)Gp7k+1(Z)
k=1

p
= z—Z|z|2(k_l)a1,p_k+1z
k=2

P 0 e}
_ Z |Z|2(k71) ( Z an,p—k+1zn o Z bn,p—k+12n)
k=1 = n=1
belongs to Up(A\1, a1, B1, ko) N'T, for max{0

P
Fa(z) = ) VG ()
k=1

:)\+1}§a1§>\1 and

P
z— Z 122 * Ve p gz
k=2

P oo oo
_ Z |Z|2(k—1) ( Z C’n,p—kJ,»lZn _ Z dn,p7k+12n)
k=1 n=2 n=1

is in the class Up(A2, a2, B2, ko2) N Ty, for ﬁ < ay < X. Then Fy x Fy €

1
Up(A1, a1, b1, ko,1) N Ty, for max{0, ’;\Iﬁi} <o < M.

Proof. By Theorem 3.1 and assumptions, we know that F satisfies (3.1) with
constants A1, a1, B1, ko,1, and F» subject to (3.1) with Ae, g, B2, ko2. Since
< Ag, it follows that ¢, p—ry1 <1 and dp, p—r4+1 < 1. Hence

A2
Ao+1 —

sumb _ 12 (koa+1) — (k‘o,l+51))((n—1)(>\10¢1n+>\1 —a1)+1)
n=2
anp k+1cn,p k+1

+ZZ (ko,1 + 1) + (ko,1 +51)) ((n+1)()\1a1n—>\1 +a1)+1)

k=1n=1

brp—k+1dn,p—k+1

P
+> (1= B1)atpkr1c1p ki
k=2

<1—51

By Theorem 3.1, we have Fy*Fy € Uy(A\1, 0a, 1, ko,1)NT, for max {0, VeSS } <
o S )\1.

O
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