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ABSTRACT. In this paper, we first define spaces of single difference se-
quences defined by a sequence of Orlicz functions without convexity and
investigate their properties. Then we extend this idea to spaces of double
sequences and present a new matrix theoretic approach for construction
of such double sequence spaces.
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1. Introduction and preliminaries

In [22], Orlicz introduced functions nowadays called Orlicz functions and
constructed the sequence space (LM). Krasnosel’skij and Rutickij further in-
vestigated the Orlicz space in [13]. For finding Banach spaces with symmet-
ric Schauder bases having complementary subspaces isomorphic to ¢y or ¢P
(1 < p < o0), Lindberg [14] initiated the study of Orlicz sequence spaces.
Subsequently, Lindenstrauss and Tzafriri [15-17] studied the Orlicz sequence
spaces in more detail with an aim to solve many important and interesting
structural problems in Banach spaces.

Throughout the paper we use the standard notation w, f~, ¢ and ¢y to
denote the set of all, bounded, convergent and null sequences of real numbers,
respectively. By N we denote the set of natural numbers, and by R the set of
real numbers. A sequence x will be denoted by x = (x).

A function M : [0,00) — [0,00), which is continuous, non-decreasing and
convex with M(0) =0, M(x) > 0, for z > 0 and M(z) — oo, as * — o0 is
called an Orlicz function (see [13,22]).
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Lindenstrauss and Tzafriri [15] used the Orlicz function and introduced the
sequence space £,

Ly = {(l‘k) EwZM<|zpk|> < oo, for somep>0}

k=1

and proved that this space is a Banach space with the norm

[[(zx)][ar = inf {,0 >0: ZM (ﬁf') < 1}.

k=1
Every space £, contains a subspace isomorphic to the classical sequence space
£, for some p > 1. The space ¢, p > 1, is itself an Orlicz sequence space for
M(z) = aP.

In [16,17], Lindenstrauss and Tzafriri pointed out a possible generalization of
the space £ to the case when M is an Orlicz function that does not satisfy the
convexity condition. Later, Kalton [10] picked up the problem and succeeded in
finding many interesting features distinguishing these two theories of sequence
spaces. For more details, one can refer to Kamthan and Gupta [12].

A K-function is an Orlicz function M which is not convex.
A K-function M is said to satisfy As-condition if for each o > 0, we have

] M(ax)
Hare = 50 M@
(This condition is usually called the Ay-condition on R satisfied by M.)

The notion of difference sequence spaces was introduced by Kizmaz [11], who
studied the difference sequence spaces £o(A), ¢(A) and ¢o(A). The notion was
further generalized by Et and Colak [7] by introducing the spaces £ (A®), ¢(A?)
and ¢o(A?®), (s € N). Another type of generalization of the difference sequence
spaces is due to Tripathy and Esi [26], who studied the spaces loo (Ary), ¢(Ar,)
and c¢o(Ap,), (m eN).

Let m and n be non-negative integers. Then for Z a given sequence space
Dutta [3] introduced

Z(AGw) = {x = (k) € w: (Al 7k) € Z},

< o0

where

Al = (x1), Alyr = (Alyzk) = (Ag;)lxk — Ag;;xk_m) (k €N),

and which is equivalent to the binomial representation
n /n
A?m)xk = Z(_l)l (i>xk—mi§
i=0

we take here x;_,,; = 0 whenever k — mi < 0.
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recently, several authors combined the concepts of difference sequences and
Orlicz functions to define new classes of sequences and investigated different
relevant algebraic and topological properties (see for instance [2,4-6,18,19]).

Now we recall some basic definitions and results which will be useful in
understanding the results of the next section. We consider only real vector
spaces.

A vector space X equipped with a topology 7 is called a topological vector
space (TVS) if the operations (z,y) — x+y from X x X — X and (o, z) — ax
from Rx X — X are continuous, where X x X and Rx X are equipped with their
usual product topologies, and R with the usual metric topology. A topology
7 on X such that (X,7) becomes a TVS is referred to as a linear or vector
topology on X. For more information about TVS see [25].

Recall that a subset U of a vector space X is absorbing if for each x € X
there is A > 0 such that € aU for all @ € R with |a| > A. U is balanced if
aU C U for each o with || < 1.

Lemma 1.1. [25] A vector space X equipped with a topology T is a TVS if
and only if there exists a local base B at the zero element O of X consisting of
subsets of X such that:

(a) Each U in (8 is absorbing and balanced;
(b) For each U € 8 thereis a V € f withV +V CU.

A TVS X is Hausdorff if and only if N{U : U € 5} = {0}; a Hausdorff TVS
is metrizable if and only if it is first countable, or equivalently, if and only if
there is a countable local base at 0.

A TVS (X,7) with 7 = 74, the topology generated by a norm ¢ on X,
is called an F™*-space, and if in addition (X,7,) is complete, X is called an
F-space.

A sequence space X with a linear topology is called a K -space provided each
of the maps m; : X — R, m;(z) = z; is continuous, ¢ > 1. It is known that
a sequence space X equipped with a linear topology is a K-space if and only
if the identity map I : X — w is continuous, where w is endowed with the
topology of pointwise convergence.

A K-space X is called a Fréchet K-space provided X is an F-space.

For every absorbing and balanced set U of a vector space X, the function
p = py : X — RT defined by py(z) = inf{a : a > 0,2 € aU}, is called
a Minkowski functional or the gauge associated with U. The function py
associated with an absorbing and a balanced set U is also called a pseudonorm
on X.

Lemma 1.2. FEvery pseudonorm function p on X gives rise to a unique linear
topology T, on X. Conversely, to every linear topology 7 on X there corresponds
a pseudonorm function p on X such that T is equivalent to 7,.
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2. Spaces of single difference sequences

In this section, we define the space KM(AE‘m)) and investigate its structural
properties.

Let M = (Mj) be a sequence of K-functions and m, n be non-negative
integers. Then we introduce the following sequence spaces:

AT x
EM( ?m)):{xk cEw: ZM (l (m) k><oo, forsomep>0}.

Taking n = 0 and My = M for all k > 1, we get the famous space /M [10].
Proposition 2.1. (M (A?m)) is a linear space.

Proof. Let x = (z) and y = (yx) be arbitrary sequences in KM(A?m)). Then
for some p1, p2 > 0, we have

AT
ZM <| (m) k|> oo and ZM ( (m)yk><oo

Let p =2 max{pl, p2}. One can suppose that there is a partition of N into two
(disjoint) sets N1 and Na, at least one of which is infinite, such that

A2 @l < ALyl Yh € Ny and |A?, @] > [AL, yi| Yk € Na.

Since the operator A?m) is linear, and each Mj, is non-decreasing, we have

AT () + Yk 2|AT
p p

keN, kEN,
s 2|A7 yk|>
(m)
< S (
k=1 p
and
AT Ik + Yk 2An7 Tk
kEN> p KEN: P
% (A"
(m)
< M, [ 2=

Therefore, we have from here

iMkCA?m)(I: +yk)|> - iMk <2|A?;z)(k|>

k=1
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which gives x +y € (M(A7 ).
Next, let o be any scalar and x as above. Then we can find j € N so that
% < p%. Since My, k € N, are non-decreasing functions, we have

A ar > al|AT | (x

k=1
G ol |AT | (z
S ZMk | H (m)( k)‘ < 00,
k=1 p1
which means that ax € EM(A?m)). This completes the proof. O

Proposition 2.2. EM(Afm)) c M™MA my)s ©=10,1,2,-+- ,n—1.
Proof. Proof is easy and is omitted. O

Our next aim is to define a linear topology on KM(A?m)). Before defining it
we prove some other results.
Let M = (M},) be a sequence of K-functions and € > 0. Define

Bm(e) = {(xk) Ew: ZMk <|A?m):ck|) < e} ,
k=1

and
Bt = {pBr(€) : pre > O},
Clearly, each element in [ contains the zero sequence 0 — the origin of
AT ).
(m)

Proposition 2.3. The family Bam satisfies the following properties:

(1) If x € €M(A”m)) then for each member pBm(€) of B we have x €

AopBm(€), for some Ao > 0, and thus for all X € R with A > Ag;
(2) For each element U = pBm(e) in B and each X € (0,1], \U C U;
(3) §Bm(3) + 5Bm(5) C pBmle);
(4) AU : U € fua} = {0

Proof. (1) Let x € EM(A"m ). Then we can find v > 0 with

o () o

Hence there is 7 € N such that

o0 ‘Anmxk
S g, (B e
vp 2

k=j+1
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There are also positive numbers 1,72, -+ ,7; such that

| A2l ¢ | ALy 22
Ml — < ?,Mg _—
1P 2 2P

€ |A?m)$j| €
< fS,...,M]‘ _ < 1
2 VP 2

If Ao = max{~y,117, - ,7;7}, then for all X with A > Ay we have

ZM ('A(m)m) < zj:MkCA(m)xM)
k=1

VEVP
3Ck| € €
k=j+1
Hence x € ApBu(€).
(2) Let A € (0,1] and (zx) € AU, i.e. let Z M, (lA(m;ul) < € be satisfied.

Then because of |Alp < p we have

ZM ( (m) k|> ZM ('A(m)xH) <e

ie., (z) € pBm(e) =U.
(3) Let x,y € £Bm(5). Then

s AT (x4 0 2|1AT \x
ZMk<| () (T yk)l) - ZM’“< |Alm) k|>
p p

k=1

Therefore, x +y € pBm(e).
(4) It is evident. O

From the preceding proposition and Lemma 1.1 one obtains the following

Corollary 2.4. (EM(A?m)), ™) @s a Hausdroff topological vector space, where
the linear topology ™ on €M(A?m)) is generated by By .

In fact, we have

Proposition 2.5. (EM(A(m)) M) is a metrizable topological vector space.



483 Dutta and Kocinac

Proof. Consider the family
B ={pB(e) : p,e > 0 and p, € are rational numbers } C 3.

This family of neighbourhoods of 0 is countable and generates the same topol-
0ogy T On EM(A?m)). Therefore, Ty is a metrizable topology. a

From the monotonicity and continuity of K-functions My, k € N, it directly
follows the K-character of 7y, that is (¢M (A?m)),TM) is a K-space which in

turn yields the completeness of (éM(A?m)), ™). Hence we get the following
proposition.

Proposition 2.6. (EM(A( ), ™) is a Fréchet K-space.

Now by imposing on each K-function My, the Ag-condition (on R), we show
that the Fréchet space EM(AE‘m)) becomes an AK-space (see, for instance, [19]).
In this connection we define

o A" x
hP(AL) = {xew: ZMk ('“”p““') < oo, forall p > 0}.

Clearly ™M (Af,)) is a subspace of M(A (m))-
Proposition 2.7. KM (A?m)) 18 an AK -space.

Proof. Let x = (z) € hM (Af,)) and € > 0 be arbitrarily chosen. Then

|AG m) |
ZM < o0, for every p > 0.

Hence we can ﬁnd an integer sg such that

Z M, <, for all s > sg.

k=s+1
It implies that 2! —x € pBpp(e) for all s > sq. (Here z!*! denotes the s-section
of x, ie. zlfl =377 e e,ik) =1, egk) =0 for ¢ # k.) Since p and € > 0
were arbitrary, it follows that (*) — x in the topology 7. O

Proposition 2.8. If each K-function My, of the sequence M = (My,) satisfies
the Ag-condition (on R), then hM(A’(’m)) (A?m)).

Proof. Let x = (xy) € EM(A?M

p > 0. Let us choose an arbitrary r > 0. Then

- Al _ & Al @l | My (22)
M| ——— | = M r -,

I R

k=1 k=1

). Then Z My, (M) < oo, for some
k=1
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where
‘A )l‘k|

p
Since each M), satisfies the As-condition we have

| > |AL k]
ZMk< <> Ky e My % .

k=1

Yk =

Let L = sup {KMk,g } Hence we have

') Tk
ZMk< |> LZMk< |><oo, for every r > 0.

Thus x € KM(AD ) and so (M(AD 1) = RM(AD ). a

Combining Propositions 2.6, 2.7 and 2.8 we get the most expected result in
the following proposition.

Proposition 2.9. If each K-function My, of the sequence M = (My,) satisfies
the Ag-condition on R, then KM(A?W)) is an AK -space.

Definition of pseudonorm and Lemma 1.2 of previous section encourage us
to talk about T\ in terms of pseudonorms which generate this topology. For
each p and € > 0, let us define

Pp.e(x) = inf{a > 0,x € apBm(e)}.

Clearly, pp.c(Ax) = |Appe(x) and p,(x +y) < Pz,
X,y € KM(A?m)) and A € R.
Hence we have the following proposition.

(x) + pg,<(y) for all

£ £
2 12

Proposition 2.10. The family {p,.(x) : p,e > 0} of pseudonorms on (M (A (m))
generates the topology T .

Next suppose each K-function My of the sequence M = (M) satisfies the
As-condition and let us define the function p. on EM(A”m ) as follows:

s ATz
De(%) :inf{a>0:z:M;€ <(noi)k|> <e}.

k=1
Then p. is a pseudonorm on EM(A?W).
For the next results we shall assume that each K-function M}, of the sequence
M = (M) satisfies the Ay-condition.
Proposition 2.11. The family {p. : € > 0} of pseudonorms on EM(A?m))
generates a topology oy on ZM(AE‘m))
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Proposition 2.12. For each x € EM(A?M)), Dpe(x) = %pe(x), for each p >0
and € > 0.

Proof. Let x = (xy) € ZM(A?m)). Then

Ppe(x) = inf{a>0:x € apBm(e)}
s AT x
= linf ap>0:ZMk M <e
p k=1 op
= linf r>0:ZMk M <e :lpe(x).
P k=1 " P
Thus p,(x) = %pe (x) for each x € /M (Al)- O

Hence we have the following proposition.

Proposition 2.13. The topologies Tn and oz are equivalent.

3. Spaces of double difference sequences

A double real sequence x : N x N — R is usually denoted by x = (2,,,,,) and
expressed as an infinite matrix.

In 1900, Pringsheim [23] introduced the concept of convergence of real double
sequences: a double sequence x = (z,,,) converges to L € R, denoted by P-
limx = L or P-limz,,, = L, if for every ¢ > 0 there is ng € N such that
|Zmn — a| < € for all m,n > ng. The limit L is called the Pringsheim limit of
X. Some initial results on double sequences can be found in the monumental
Hobson’s book [9] and the papers [8,24], as well as in [1]. For other useful results
on double sequences, one may refer to Moricz [20] and Moricz and Rhoades [21].

The notion of regular convergence of double sequence was introduced by
Hardy [8] as follows. A double sequence x = (2 ) is said to converge regularly
if it converges in the Pringsheim’s sense and the following limits exist:

lim z,,, = L,, for each n € N and lim x,,, = T,,, for each m € N.
m—r 00 n— oo

We denote by sw, the set of all real double sequences. Let M be a K-
function. Then we introduce the notion of OK-space of double sequences as
follows:

oM = {(xmn) € sw: Z ZM (%;H) < oo, for some p > O}.
m=1n=1

It is easy to see that oM is a linear space. Now we present an idea how to
use the difference operator to double sequences in order to introduce the spaces
of double difference sequences extended by K-functions.
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The first order difference operator A can be expressed as an infinite trian-
gular matrix

1 -1 0 00
0 1 -1 00
A=|l0 0 1-10 ;

let A(1y denote the additive inverse of A, i.e. A+ A(;) = 0, the zero infinite
matrix.
Define inductively
2 2 2. . n __ n—1 n __ n
A=A A, A(l)f—A,~-~,A =A-A"", (Df—A.
Next, Ay can be considered as
1 0-1 0 O0...

and A(y) as the additive inverse of Ap. similarly, we can have A, and A, for
each r > 2. Hence we can define Afr) as

s _ s—1
A(T) - A(’I’) . A(T‘) .

Now we can give an alternative definition of the spaces Z (Afr)) of difference

sequences as follows:

Z (Afr)> = {(z1) : (AiX) € 2},

where
X:[Z‘l To -+ Tp ]T’ Afr):A:(aik)’
and

o0
A X = Z a;kTy, for each i > 1.
k=1
This approach to construction of difference sequence spaces is useful to study
structural properties of such spaces. In particular, this approach is very useful
for construction of difference double sequences.
Let a double sequence a = (a,,,) be expressed as an infinite matrix

ai; a12 a13 ... QA1p ...
as1 22 a23 ... A2p ...
(amn) = asy asz ass ... a3p ...
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Now we define the set oZ (A) of double difference sequences as follows:
2oZ (A) ={a = (amn) : (Aa) € 22},

where
1 -1 0 0 0... aip a2 a1z ... Qaip ...
0 1 -1 0 0... as1 22 Aa23 ... a2p ...
Aa = 0 0 1-1 0 a3z] az2 azz ... A3p ...
a11 — Q21 Q12 — A2 ... QAi1p — Q2n ...
G21 — a31 A2 — 432 ... G2n — A3n .-
= az1 — Q41 azg — Q42 ... A3p — A4n ...

We can define
7 (Ag,,)) = {a=(amn) : Ba€ 27} ={a= (amn) : (con) € 22},
where
B = (bui) = Af, and Ba = C = (ckn)
with
(o)
Cn, = Z bkmQmn, for each k,n € N.

m=1
In view of the above observations, for a K-function M we define the OK -
spaces of double difference sequences as follows:

M ( (,,)) = {a = (amn) € 2w : (Al amn) € 2£M} =

A mn
{(xmn )€ qw: ZZMC (r) |> < 00, forsomep>0}:

m=1n=1

{(Ckn) € Qw:ZZM<|Ck"> < o0, for somep>0}.
p

k=1n=1

These observations indicate that topologies of 26 and o¢M (Afr)) are
equivalent, for each r;s € N. In a next paper we shall investigate a linear
topology on ofM and establish that the spaces 2¢M and 0™ (Afr)> are topo-
logically equivalent.
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