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ABSTRACT. In this article, we consider the uniqueness of the difference
monomials f™(z)f(z 4+ ¢). Suppose that f(z) and g(z) are transcenden-
tal meromorphic functions with finite order and Ey (1, f™(2)f(z + ¢)) =
E(1,9"(2)g(2+c)). Then we prove that if one of the following holds (i)
n > 14 and k > 3, (ii) n > 16 and k = 2, (iii) n > 22 and k = 1, then
f(z) = tig(z) or f(2)g(z) = t2, for some constants t1 and t2 that satisfy
t?+1 =1 and t§+1 = 1. We generalize some previous results of Qi et. al.
Keywords: Meromorphic functions, difference equations, uniqueness, fi-
nite order.
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1. Introduction and main results

In this article, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna theory (see, e.g., [8,18]).
Let f(z) and g(z) be two non-constant meromorphic functions in the complex
plane. By S(r, f), we denote any quantity satisfying S(r, f) = o(T'(r, f)) asr —
00, possibly outside a set of finite logarithmic measure. Then the meromorphic
function « is called a small function of f(z), if T'(r,) = S(r, f). If f(2)—« and
g(z) — a have same zeros, counting multiplicity (ingoring multiplicity), then we
say f(z) and g(z) share the small function o CM (IM).

Let a be a finite complex number, and k be a positive integer. We denote by
Niy(r, ﬁ) the counting function for the zeros of f(z)—a with multiplicity < k,

and by N (r, ﬁ) the corresponding one for which multiplicity is not counted.
Let N(r, ﬁ) be the counting function for the zeros of f(z) — a with multi-
plicity > k, and W(k (r f—ia) be the corresponding one for which multiplicity is
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not counted. Moreover, we set Ny(r, 715) = N(r, 715) + Na(r, 725) + - +

N(k(r, ﬁ) In the same way, we can define Ng(r, f).

Currently, Many articles have focused on value distribution in difference
analogues of meromorphic functions (see, e.g., [1,2,5-7,9-17,19]). In particu-
lar, there has been an increasing interest in studying the uniqueness problems
related to meromorphic functions and their shifts or their difference operators
(see, e.g., [1,9,11-15]). Our aim in this article is to investigate the uniqueness
problems of difference monomials of meromorphic functions.

In 2010, Qi et al. [16] studied the uniqueness of the difference monomials
and obtained the following result:

Theorem 1.1. Let f(2) and g(z) be transcendental entire functions with finite
order, ¢ a non-zero complex constant; and n > 6 an integer. If E(1, f™(2)f(z+
c)) = E(1,g"(2)g(z + ¢)), then f(2) = t1g(2) or f(2)g(z) = to, for some
constants t1 and to that satisfy t’f“ =1 and t;”'l =1.

In this paper, we consider the case of meromorphic functions of Theorem A.
Our result can be stated as follows:

Lemma 1.2. Let ¢ € C\ {0}. Let f(z) and g(z) be two transcendental mero-
morphic functions with finite order, and n(> 14),k(> 3) be two positive in-
tegers. I Bu(L, f*(2)f (= + ) = FEe(L,g"(2)g(z + 0)), then [(2) = trg(2) or
f(2)g(2) = ta, for some constants t, and ty that satisfy t7 =1 and t4t = 1.

In the previous theorem we considered the case k > 3. The following two
theorems are about the case k < 2.

Theorem 1.3. Let ¢ € C and n > 16 be an integer. Let f(z) and g(z) be two
transcendental meromorphic functions with finite order. If Eo(1, f™(2)f(z +
0) = Ea(Lg"(2)g(= + 0)), then f() = tig(z) or f(2)g(2) = ta, for some
constants t, and ty that satisfy 7™ =1 and t3 = 1.

Theorem 1.4. Let ¢ € C and n > 22 be an integer. Let f(z) and g(z) be two
transcendental meromorphic functions with finite order. If E1(1, f™*(2)f(z +
0) = Bi(Lg"(2)g(z + 0)), then f(2) = tig(=) or [()g(2) = ta, for some
constants t1 and to that satisfy t’f"'l =1 and tg"'l =1.

2. Preliminary lemmas

Before proceeding to the actual proofs, we recall a few lemmas that play an
important role in the reasoning.

Lemma 2.1. [3] Let f and g be two meromorphic functions, and let k be a
positive integer. If Ex(1, f) = Ex(1,g), then one of the following cases must
occur:
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T(r, f) + T(r,g) < Na(r, f) + N (7‘, %) + Na(r,g) + No (r, 1)

+N(r, ﬁ) +N(r, gfll) — Nip (r, ﬁ) —|—N(k+1 (r, ﬁ)

21 Nt (r =) + 5 1) + S(r.)
2.
(2.2) f:(b+1)g+(a—b—1)

bg + (a — b) ’
where a(# 0),b are two constants.

Lemma 2.2. [7] Let f(z) be a nonconstant finite order meromorphic function
and let ¢ # 0 be an arbitrary complex number. Then

T(r, f(z+c])) =T(r, f(2)) + 5(r, f)-
Remark 2.3. It is shown in [4, p. 66], that for c € C\ {0},
(1+o(W)T(r—lef, f(2)) <T(r, f(z+¢)) < (14 0o(1)T(r + |/, f(2))

hold as v — oo, for a general meromorphic function. By this and Lemma 2.2,
we obtain

T(r, f(z+c)) = T(r, f(2)) + S(r, f).
Lemma 2.4. Let f(z) and g(z) be two meromorphic functions with finite order,
n > 8 a positive integer, and let F' = f"(2)f(z 4+ ¢) and G = g"(2)g(z + ¢). If
b+1)G+(a—b—-1)
bG + (a —b) ’
where a(# 0),b are two constants, then f(z) = t1g(z) or f(z)g(z) = ta, for
some constants t, and ty that satisfy 7™ =1 and t4 = 1.

(2.3) F=

Proof of Lemma 2.3. Remark 2.3 yields that

(2.4) T(r,F) =T(r,f"(2)f(z+ ) + S(r. f)
(2:5) ST f*(2) +T(r, f(z+ ) + 5(r, f)
(2.6) = (n+1)T(r, f) + S(r, ).

On the other hand, together the first main Theorem with Remark 2.3, we
obtain

nT(r, f) T(r, ["(2)) + S(r, f)

STl )+ T (r ) + 50 0)
13

T
T(r, f(2))+T(r,F(z)) + S(r,

f\
N
-3

S~—"

Il



Some results on value distribution of the difference operator 606

that is,

(2.8) T(r,F) > (n—1)T(r, )+ S(r, f)
Hence, (2.4) and (2.6) yield that

(2.9) S(r, F) = S(r, ).

Similarly, we obtain

(2.10) T(r,G) > (n—1T(r,g)+ S(r,g),
and
(2.11) S(r,G) = S(r,g).

Set Ir = {r : T(r,g) > T(r, f)} C (0,00), and I = (0,00)\I1. Then there is
at least one I;(i = 1,2) such that I; has infinite logarithmic measure. Without
loss of generality, we may suppose that I; has infinite logarithmic measure. We
break the rest of the proof into three cases. O

Case 1. b#£0,—1. If a — b — 1 # 0, then we know from 2.3
—/ 1 — 1
(212) N r, *) = ]\[(’I"7 ﬁ)
( F G- b+11

Together with the first main theorem, the second main theorem with Remark
2.3, 2.8 and 2.12, we obtain

(’I’L - 1)T(T7 g) < T(T7 G) + S(T7 g)
1

G — a—b—1

) +5(r,G) + S(r,9)
b+1

7T\ TET Y
(2.13) <A4T(r,g) +2T(r, f) + S(r,g)
(2.14) <6T(r,g)+S(r,g), rel

which is impossible, since n > 8. Hence, we obtain a — b — 1 = 0, so

_ 0+ 1)G(2)
&) = em 1



607 Liu, Wang and Liu

Using the similar method as above, we obtain
(Tl— 1)T(T, g) < T(Ta G) +S(T, g)

< N(r, é) + N(r,G) JrN(r 1

’G—i—%

>+S(T,G)

=N (r. &) + N6, G) + N F) + 5(r,.C)
<6T(r,g)+S(r,g9), rel

which is a contradiction, since n > 8.
Case 2. b= —1,a # —1. By 2.3, we have

a
2.15 =—
( ) a+1-G
Similarly, we get a contradiction, hence, we obtain a = —1. So, we get

FG =1, thatis f*(2)f(z+¢c)g"(2)g(z+c¢c) = 1. Set H(z) = f(2)g(z). Suppose
that H(z) is not a constant. Then we obtain

(2.16) H"(z)H(z+¢) = 1.

Remark 2.3, the first main Theorem and 2.16 imply that

(2.17) nT(r,H(2)) =T(r,H"(2)) = T(r =T(r,H(2))+ S(r,H).

1
"H(z+ c))
Hence H(z) must be a nonzero constant, since n > 8. Set H(z) = t1, by
2.16, we know 7! = 1. Thus, f(2)g(z) = t1, where t71 = 1.
Case 3. b=0,a # 1. By 2.3, we obtain
G+a-1
—

Similarly, we get a contradiction, hence we obtain a = 1, so we get F = G,
that is

F =

f"(2)f(z+¢) = g"(2)g(z + ).

Let H(z) = f;EZ; using the similar method as above, we also obtain that H(z)

must be a nonzero constant. Thus, we have f = tog, where t;H =1.

3. Proof of Theorem 1.1
Let F(z) = ( )f(z+¢) and G( ) =g"(2)g(z + ¢). Since k > 3, we have

)
N (e )—Nn(rvﬁ) N (1 77 5)

1
+N(k+1(T’G 1)
1N(T’F1 1) + 1N(T’Gl—1)

2
=T(r,F)+ 2T(r, G)+S(r, )+ S(r,9).)

—+

HZ\

I /\

2
1
2
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2.1 and 3.1 give that

(3.2)
T(r, F)+T(r,G) < Q{Nz (7“, %)—i—Ng(r, F)+N, (r, é)—l—Ng(r, G)}+S(r, H+S(r,g).
Together the definition of F', the first main Theorem with Remark 2.3, we
have
1 — 1 1
Ng(r, f) < 2N<r, ?) + N(r, et c)> +S(r, f)
(3.3) < 3T(r, f) + S(r, f).
Similarly,
(3.4) Ny (r, é) <3T(r,g)+ S(r, f),
(35) N2(T7F) §3T(r,f)+5(r,f),
(3.6) Na(r,G) < 3T(r,g) + S(r, f).
(3.2)-(3.6) yield that
(3.7) T, F)+T(r,G) <12(T(r, f)+T(r,g)) + S(r, f) + S(r,9).
Then, by (2.6), (2.8) and (3.7), we obtain
(3.8) (n—=1B)[T(r, f) +T(r,g)] < S(r, f) + 5(r,9),

which is a contradiction since n > 14. Hence, by Lemma 2.1, we have F' =

b+ DG+ g‘gf;_lg, where a # 0,b are two constants. By Lemma 2.3, we

get f(z) = t1g(z) or f(2)g(z) = ta, for some constants ¢; and to that satisfy
't =1 and tht! = 1.

4. Proof of Theorem 1.2
Note that

N(T’ﬁ) +N(T’ 01—1) 7N“(7"’ Fl—l) + %N@(T’ Fl— 1)
+3N6(r 1)
NFg) F V()

(4.1) < %T(r, F)+ %T(r, @)+ S(r, f) + S(r, g).

IA

Then we obtain from 2.1 and 4.1

T(r,F)+T(r,G) < 2{1\72 (r, %) 4 No(r, F) + Ny (r, é) + Na(r, G)}

[t
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Obviously, combining the first main Theorem and Remark 2.3, we have

_ 1 1 F
Volrrl) < (E)
e\"r—1) = 2"\ @

- %N(r, %) +S(r, f)
< %N(r, F)+ %N(r, %) + S(r, f)
17— — — 1 — 1

< NI N fE+ )+ N (n55) + N (5 )]
(4.2) +S(r, f) < 2T(r, f) + S(r, f).
Similarly, we obtain

— 1

(4.3) Na(r =) <20(r.9)+ S0.)

Suppose that
T(r,F)+T(r,G) < 2{N2 (r, %) + N (r, F) + Np(r, %) + No(r, G)}

(1.4 b Na(r ) + Vo (rgeg) +S0.) + 50 9).

Then we have from 2.8, 2.10, 3.3-3.6 and 4.2-4.4

(n—=1T(r, )+ (n—-1T(rg) T(r,F)+T(r,G)

14T (r, f) + 14T (r, g) + S(r, f) + S(r, g),
which is a contradiction, since n > 16. By Lemma 2.1, we obtain that

F=0b+1)G+ é‘gﬁ:g, where a # 0,b are two constants. By Lemma 2.3, we

get f(z) = t19(z) or f(2)g(z) = ta, for some constants t; and to that satisfy
=1 and 57 = 1.

<
<

5. Proof of Theorem 1.3

Since

N(T’Fi1)+W(T’G£1)_N11<T’Fi1)
= %N(T’F—1)+%N T’Gl—l)
1
2

(5.1) < =T(r,F)+ %T(r7 G)+ S(r, f)+ S(r, 9).

Then (2.1) becomes
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Combining the first main Theorem and Remark 2.3, we obtain

N@(T’Fl—l) gN(“%)

N(r7 %) + S(r, f)

<N, F)+ N (r, l) +S(r, f)

F
_ — —/ 1 — 1
<N, £(2)) + N(r f(z+)) + N (r, f(z)) +N(n m)
+S(r, f)
(5.2) <AT(r, f) + S(r, f).
Similarly, we get
— 1
(5.3) Ne(r =) <4T(n9) + S(r. ).

Suppose that
1 1
T, F)+T(,G) < 2{Ns(r, F) + No(r, F) + Na (r, 5) + No(r,G)

_ 1 — 1
(5.4) + N(2(T7F_1)+N(2(T,m)}+S(T7f)+5(7”’9)-
Then we obtain from 2.8, 2.10, 3.3-3.6 and 5.2-5.4

=T )+ n-1)T(r,g) < T(rF)+T(rG)
< 207(r, f) +20T(r,g) + S(r, f) + S(r,9),

which is impossible, since n > 22. By Lemma 2.1, we obtain that F =
b+ 1)G+ é'g:;j;, where a # 0,b are two constants. By Lemma 2.3, we
get f(z) = t19(z) or f(2)g(z) = ta, for some constants t; and t5 that satisfy

t?“ =1 and t;”rl =1.
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