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ABSTRACT. In this paper, we introduce new classes 3, . (a,m, A1, p)
and Ty p.n(a, m, A, 1, p) of p-valent meromorphic functions defined by us-
ing the extended multiplier transformation operator. We use a strong
convolution technique and derive inclusion results. A radius problem and
some other interesting properties of these classes are discussed.
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1. Introduction

Let >_, ,, denote the class of functions of the form

(1.1) f(z)zi%—Zat 2L, (peN={1,2,..};n > —p),

which are analytic in the punctured unit disk
E*={z :ze€Cand 0<|z| < 1} = E\{0}.

For two functions f;(z) € 2, , (j = 1,2), given by

(12) )= 5+ Yy (=12)
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Some properties of extended multiplier transformations 614

we define the Hadamard product (or convolution) of fi(z) and f2(z) b

1 o0

(1.3) (frx f2)(2) = o + D s aazt = (fox f1)(2).
t=n
Let Pi(p) be the class of functions p(z) analytic in E with p(0) = 1 and
2m
R — .
(1.4) / Rp(z) —p do < km, z =re?,
0 IL=p

where k > 2 and 0 < p < 1. This class was introduced by Padmanabhan et al.
n [13]. We note that P;(0) = Py, see Pinchuk [15], Po( p) = P(p), the class
of analytic functions with positive real part greater than p and P»(0) = P, the
class of functions with positive real part. We can write (1.4) as

2m

1 [14+(1—2p)ze

= — . d t

o) =5 [ )
0

where £(t) is a function with bounded variation on [0, 27] such that

27 27
[uty =2 and [ jdute) <.
0 0

From (1.4) we can easily deduce that p(z) € Py(p) if, and only if, there exists
p1(2), p2(%) € P(p) such that for z € E,

(1.5) p(z) = (Z + ;) p1(z) — (Z - ;) p2(2).

For ! > 0, A > 0 and m € Ny = NU {0}, Ashwah [5] defined the multiplier
transformation J;"(A, 1) of functions f € > . b

1 =1+ Mk
(1.6) J (N D f :7; Z<+ —I—p)) a; 2* (1>0; A >0;z € E*).

Obviously, we have

(1.7)
Ty D(T2 A D f(2)) = T T2 (WD f(2) = T2 (D (T (A D f(2),

for all positive integers mq and msy.
We note that
(i) JP(1,1)f(2) = I(m, 1) f(2), see Cho et al [3,4];
(i) J1 (L) f(2) = [mf( ), see Uralegaddi and Somanatha [21].
(#ii) J" (A, 1) f(2) = DY', f(2), see Al-Oboudi and Al-Zkero [1].
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Ashwa [6] defined the integral operator £'(A,1)f(2) as follows:

LyADf(2) = f(2),

LYADf(z) = (%) (%) /0 tG ) r@ydt  (f e > izeE)

L2 f(z) = (%) (%) /0 t GOl D) f(0)dt (f e > izeE)

and, in general,

cponse) = (5)= @ [ gmonso

0
(1.8) = L,(\D) <Z,,(11_Z)> « Ly(\1) (Zp(ll_z)> *
£ (=g )+ 19
|- - - - - m—times — — — —]|
(1.9) (f € an ; meNy; z € EY).

We note that if f(z) € >_ ., then from (1.1) and (1.8), we have

LrNDf(z) = Zip + ; (M) az 2
(1.10) (i > 0 Az_(); peN; meNy; z€ E").
From (1.9), Ashwa [6] obtained the following properties:
(1.10) Az(L T D f(2)) =1L AN D f(2) = (I4+2p) L3N D f(2) (A > 0).
We note that:

L3(L,B)f(2) = Pygf(z), (see Aglan et al. [2])
L2(LA)f(z) = LIf(z) (see Lashin [7)).
Also, we note that (see Ashwah [6])

(4) LyH(1,0) f(2) = L} f(2), where L7 (X, 1) f(z) is given by (1.9).

(i) L3M(1,1)f(2) = L} f(2), where L' f(2) is given by (1.9).
Definition 1.1. Let f(z) € Zp,n. Then, f € Zk7p7n(o¢,m,/\,l,p) if, and only
if,

{a-aeeponsen + Sonweponsey) e ao.

where « is a complex number, k > 2, z € Fand 0 < p < p.
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Definition 1.2. Let f € }_ . Then, f € Tgpn(a,m, A1, p) if, and only if,

{1 =)Ly NN (2) + ("L (N D) f(2))} € Pr(p),

where a > 0,k >2, 2z€ F, and 0 < p <p.

In this paper, we introduce new classes of p-valent meromorphic functions
defined by using the extended multiplier transformation operator. We use a
strong convolution technique and derive inclusion results, a radius problem and
some other interesting properties of these classes are discussed as well.

The interested reader are referred to the research works [5, 6,8, 9, 10, 18, 19, 20].

2. Preliminary results
To establish our main results we need the following Lemmas.
Lemma 2.1. [16]

If p(2) is analytic in E with p(0) = 1, and if A1 is a complex number satis-
fying R(A1) >0 (A1 #0), then

%{p(z) + Alzp/(z)} > f 0<B<1).
Implies
Rp(z) > B+ (1-B)(2y-1),

where 7y is given by

1
'y:'y(%)\l):/ (14" )7t
0

which is an increasing function of ®\1 and % < v < 1. The estimate is sharp
in the sense that the bound cannot be improved.

Lemma 2.2. [17]

If p(2) is analytic in E, p(0) = 1 and Rp(z) > 1, z € E, then for any
function F analytic in E, the function p x F' takes values in the convex hull of
the image of E under F.

Lemma 2.3. [14]
Let p(2) = 1+ byz + byz? + ... € P(p). Then,

2(1—p)

Rp(z) >2p— 1+ )
p(z) > 2p P



617 Muhammad, Hussain and Ul-Haq

3. Main results

Theorem 3.1. Let Ra > 0. Then,
Z (Oé, m, A7 l7 P) - Z (07 m, >\a l7 ;01)7

k.p,;n k.p,n

where p1 is given by

(3.1) p1=p+(1—p)(2y-1),

and
1 o\ —1
7:/ (1+t%?) dt.
0

Proof. Let f € Zk’p’n(a,m, M1, p), and set

32 2RO =0 = (543 ) e - (5o 3) ).

Then, p(z) is analytic in E with p(0) = 1. After a simple computations, we
have

{a-aeeunie + oo = {pe + o).

b
Since f € >, . (,m Al p), so {p(z) + %zp'(z)} € Py(p) for z € E. This
implies that
%{pz(z) + zzp;(z)} >p, i=12.

Using Lemma 2.1, we see that R{p;(z)} > p1, where p; is given by (3.1).
Consequently p € Py(p1) for z € E, and the proof is complete. O

Now, we examine at the converse statement for Theorem 3.1.

Theorem 3.2. Let f € Zk,p,n(o,m, N, p1), for z € E. Then,
e pnlsm AL p) for|z| < R(a,p,n),

where
(3.3) R(a,p,n) = P
ol (p+ )+ \/lal? (p + )2 + p2
Proof. Set
(LN Df(2) = (p—p)h(z) + p, h € Py.

Now proceeding as in Theorem 3.1, we have

{(1 — ) LF DI + ST ADSE) - p} — (p—p) {h(z) + ;zh’(z)} .
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(3.4)
—0-) |G+ {mE+ - G- D {222,

where we have used (1.5) and hy, ho € P, z € E. Using the following well known
estimates, see MacGregor [11],

< 2ptn)

]zh’(z)‘ < R (Hl=r<D), =12,
we have
?R{hl(z) + gzh;(z)} > %{hz(z) - |Z| |Zh;(2)|}
>

2|a (p+n)rom
Rhi() {1 T (1= r2m) }

The right hand side of this inequality is positive if » < R(«,p,n), where
R(a, p,n)is given by (3.3). Consequently it follows from (3.4) that f € 37,  (a,
m, A\, 1, p) for |z] < R(a,p,n).

Sharpness of this result follows by taking h;(z) = ﬁ;ii in (34), 1 =
1,2. O
Theorem 3.3.

Z (a1, m,\, 1, p) C Z(ag,m,)\,l,p) for 0 < as < aj.

k.p,n k.p,n

Proof. For as = 0, the proof is immediate. Let ag > 0 and let f € Zk,p,n(oq, m,
A1, p). Then, there exist two functions Hy, Ho € Py(p) such that, from Defini-
tion 1.1 and Theorem 3.1, we have

{(1 C )LD () + ST, z>f<z>>’} _Hy(2),

p
and
PEPODI() = Ha(2).
Hence,
(3.5)
{0-aErepounse)+ 2onepon )} = 2 mE+a-2)me)

Since the class Py(p) is a convex set, see Noor [12], it follows that the right
hand side of (3.5) belongs to Py (p) and this proves the result. O

Theorem 3.4. Let f € >3, (a,m, A\l p), and let ¢ € > . satisfy the
following inequality:

(z € E).

DN | =

R(="0(2)) >
Then, d) * f € Zk,p,n(oh m, Aa lv p)
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Proof. Let F' = ¢ = F. Then, we have

{(1 — Q) (PLTNDF(2)) + %z”“(ﬁ?(A, l)F(z))’}

{u—aﬂf¢www%£$uJﬁ@»+§ﬁﬁw@*%ﬁ%qunﬂayﬁ
— () * G(2),

where
G(z) = {(1 —a)(ZPLY (N f(2) + %Z”“(%Wv l)f(Z))’} € Pi(p).

Therefore, we have

(#6(2) * G + 1) {0 p) (6(2) = 01(2) + )
& D -0 o) () + )

g1, 92 € P.
Since, R{(2P¢(2))} > %, z € E, and so using Lemma 2.2, we conclude that

F:¢)*f62k7p7n(a7m7)‘alap)' U
Next, we study the interesting properties of the class Ty p.n(c, m, A, 1, p).

Theorem 3.5. Let f € T pn(e,m, A1, p2) and g € T pn(o,m, AL p3), and
let F = fxg. Then, F € Ty pn(a,m, A1, pa),
where

l Lysa 1
. =1-4(1- 1-— 1—-— dul .
3O =14 =) 1= 5o [

Proof. Since, f € Ty pn(a,m, A1, p2), it follows that
H(z) = {(1 = ) (PL TN D f(2) + a(PLY (N D) f(2))} € Pilp2),

and so using identity (1.10) in the above equation, we have

(3.7) (LI D f(2) = sk / txa L H (t)dt.
AO{ 0

Similarly

(3.8) (LA Dg(2) = L sk / txa ~LH*(t)dt,
Ao 0

where H* € Py(p3). Using (3.7) and (3.8), we have

(3.9) (LI (N D F(2) = Aiz—p—ﬁ / txa 1Q(t)dt,

o 0
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where
k1 k1
(310) e =(5+3) a0~ (5-3) e
- )\l—az*%/o 2 N(H « H)dt
Now

) = (3 5) me - (5 - 3) 1)

where h; € P(p2) and h} € P(ps), i=1,2.
Since
hi(z)—ps 1 1
3.11 )= 22 P8 L Z e p(Z
(3.11) () = Bt S e PG
we obtain that (h; * p}) € P(p3), by using Herglotz formula.
Thus,
(3.12) (hi % hi) € P(pa),

with

), 1=1,2,

pa=1—=2(1—=p2)(1 — p3).
Using (3.9), (3.10), (3.11), (3.12) and Lemma 2.3, we have

1
Rq;(z) = i ; uﬁ_lﬂ?{(hi*h;‘)(uz)}du
! ' -1 2(1 — pa)
> — a —_ S
> /\Ol/ouA (2p4 1+1—|—u|z| du
>

A I 2(1 — p4)
— et (2p -1+ 2 ) 4a
/\O‘/OU (p4 * 1+u “

1+u

l L yxa—l
1—4(1- 1-— 1——
(A=p=p) |15z [ e

ul .

From this we conclude that F' € T, n(c,m, A, I, pa), where py is given by (3.6).

We discuss the sharpness as follows:
We take

H(z) — (’“J)H(l—?/w’_(’ﬂ_l)l—(ll;jpz)z

4 2 1—=2 4 2

)

o = (Ea ) LEUse (k110 ot:

4 2 1-=2 4 2

1+z2
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Since,
1+ (1—2py)z 1+ (1—2p3)z 4(1 — p2)(1 — p3)
=1-4(1— 1- .
() (S (1-p)(1-p)+ 1220
It follows from (3.10), that
1ot 1 4(1 = p2)(1 — p3)
; = - 510141 - po)(1 — d
w0 = o [ e {1 - =R,
l 1 yxa—1
— 1—4(1 = p2)(1 = p3) I_E/o 1+udu as z — —1.
This completes the proof. O
Theorem 3.6. Let f(2) € >, ., we consider the integral operator J. defined
by
_ c - ct+p—1
(.13) Lf() = =5 /0 =L f (1) dt
= ivLith * f(z) (¢>0, z€ EY)
o\ cetptt ’ '
If

3.14) {1 =)Ly N DTS (2) + aZPLy T N D f(2))} € Pi(p),
then
(LI NDILF(2) € Pu(B), = € B,

where

(3.15) B=p+1=pCn-1),

and )
" :/ (14+78) " dr.
0
Proof. First of all it follows from the Definition 3.13, that J.f(z) € >_, ,, and

(3.16) 2(LyTH N D Jef(2)) = e(Ly T D F(2) = (e +p) (LT N D T f(2))
Let
(17) (LT ADIAE) = hE) = (4 D) — (5 — Dol
Then, the hypothesis (3.14) in conjection with (3.16) would yield
(= LR DIAEN) + (e ) = {a) + S

c
€ Py(p) for z € E.
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Consequently

h'
{hz(z)—l—OézZ(Z)} € P(p),i=1,2,0<p<p, and z€E.
c

Using Lemma 2.1, with \; = ¢, we have R {h;(z)} > 8, where j3 is given by
(3.15), and the proof is complete. O

Theorem 3.7. Let f € T pn(a,m,\ 1, p), and let ¢ € 3 satisfy the fol-
lowing inequality:

R(o(2)) >
Then, ¢ x f € Tepnla,m, A1 p).

(€ E).

DN | =

Proof. Let F = ¢ * f. Then, we have

{(1 — a)(zp£g+1()\, DF(2)) + azpﬁg(A, l)F(z)} =2P¢(2) x G(z),
where

G(2) = {(1 = ) PLYTHN D f(2) + (P L (AN D) f(2)) } € Pil(p).
Therefore, we have

2Po(2) x G(2)

k k
= (4 D) (6 = 91(2) + 9} — (5 — Db~ 0) ("6(2) * 02(2)) + 0}
91,92 € P.
Since R{(2¢(z))} > 1, z € E, and so using Lemma 2.2, we conclude that
F=¢xf€Tgpnla,m A\l p). O

Theorem 3.8. For 0 < as < aq,
77c,p,n(a17 m, >\a la p) C 776,;0,’1’7,(0427 m, )‘7 la p)

Proof. For ay = 0, the proof is immediate. Let ag > 0and f € Tg p.n (01, m, A, 1, p).
Then,

{1 =) PLPHHAN D f(2) + a22P (L (A D F(2))}

- @ [(“— - 1) (LI F() + (1 — an) (PLPH D F(2)) + a1 (P LT (D F(2))

ay az

- (1_%) Hi(2) + 22 Hy(2), Hy, Hs € Py(p).
al al

Since Py (p) is a convex set, see Noor [12], we conclude that f € Ty p n (a2, m, A, 1, p),
for z € F. O
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