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ABSTRACT. In this paper we use a class of stochastic functional Kolmogorov-
type model with jumps to describe the evolutions of population dynamics.
By constructing a special Lyapunov function, we show that the stochas-
tic functional differential equation associated with our model admits a
unique global solution in the positive orthant, and, by the exponential
martingale inequality with jumps, we discuss the asymptotic pathwise
estimation of such a model.
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1. Introduction

Predator-prey behavior is a very common biological interaction in nature.
To describe such behavior, one of the most general mathematical models is the
n-dimensional Kolmogorov-type system on R"™

AX (1) = diag(X1 (1), - , X (0) (X (0)d,

where X = (X1, , X,)T, f = (f1,-+, fn)T, Xi(t) represents the population
size of species ¢ at time ¢ and f;(X (¢)) denotes the inherent net growth rate of
the i-th species, depending on the population size of each species.

From the practical point of view, the most realistic model should include
some hereditary characteristics such as after-effect, time-lag and time-delay
appearing in the variables, where functional differential equations give a math-
ematical formulation for such systems. Tang and Kuang [13] discussed the
permanence of n-species Kolmogorov-type functional differential system

(1.1) AX;(t) = Xi(O) f(X)dt, i=1,-- ,n.
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For more details on the asymptotical stability, periodic solution, extinction and
permanence of (1.1), we refer the reader to, e.g., [6,12,13].

However, the deterministic models assume that parameters in the systems
are all deterministic and irrespective of environmental fluctuations, while, from
the biological point of view, there are some limitations in mathematical model-
ing of ecological systems. Moreover, population dynamics in the real world
is affected inevitably by environmental noise. Wu and Hu [16] stochasti-
cally perturbed system (1.1) and discussed the following stochastic functional
Kolmogorov-type population dynamics

AX (1) = diag(Xy (1), -, Xn(£)[F(X)dt + G(X,) AW (2)].

We should also point out that Mao, Marion, and Renshaw [9] formulated a
proper starting point to investigate stochastic n-dimensional Lotka-Volterra
system, and revealed that the environmental noise can suppress a potential
population explosion. For some recent progress with respect to stochastic delay
population dynamics and hybrid Lotka-Volterra ecosystems, we refer to, e.g.,
[2,11,15,17,18].

Furthermore, the population may suffer sudden environmental shocks, e.g.,
earthquakes, hurricanes, epidemics, etc. However, model (1.1) cannot explain
the phenomena above. To explain these phenomena, introducing a jump pro-
cess into underlying population dynamics is one of the important methods. So
in this paper we introduce the following stochastic functional Kolmogorov-type
population dynamics with jumps
(1.2)

{dX(t) — diag(X, (1), , Xn(t)) [F(Xt)dt + [y H(X,-, u)N(dt, du)}
Xo =€ e Dy, ([-7,0;R%)

to describe the evolutions of population dynamics.

We will first introduce some definitions and notation. Let (2, F, {F;}+>o0,
P) be a probability space, where F is a o-algebra on the outcome space 2, P
is a probability measure on the measurable space (2, F), and {F;};>0 is a
filtration of sub-c-algebra of F, where the usual conditions are satisfied, i.e.,
(Q, F,P) is a complete probability space, and Fy contains all P-null sets and
Fi = Fi, =4y Fs- Recall that a path X : [-7,0] — R" is called cadlag if it
is right-continuous having finite left-hand limits, where 7 € (0, c0) is referred
to as the delay or memory. Let 2 := D([—7,0];R"™) stand for the family of
all R™-valued cadlag paths on [—7, 0], endowed with the Skorokhod topology.
For a cadlag function X : [—7,00) — R™ and ¢t > 0, let X; € 2 be such
that X;(0) = X(t +0),0 € [-7,0]. D% ([-7,0];R") means the family of
all bounded, Fp-measurable, D([—7,0];R"})-valued random variables, where
R7? = {z = (z1, - ,2,)T € R"|z; > 0}. For (1.2), N(dt,du) is a real-valued
Poisson counting measure with characteristic measure A on measurable subset
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Y of [0,00) such that [,(1 Au?)A(du) < oo, N(dt,du) := N(dt,du) — A\(du)dt,
F:D(]-7,0;R") - R" and H : D([-7,0];R") x Y — R™.

For population dynamics with jumps, we refer to Bao et al. [3] and Bao and
Yuan [4], where both F' and H are independent of the past history, and, in
particular, are linear in [3].

In reference to the existing results in the literature, our contributions are as
follows:

e We use stochastic functional Kolmogorov-type model with jumps to
describe the evolutions of population dynamics, which suffer sudden
environmental shocks;

e We show by the classical Lyapunov function argument that stochas-
tic functional differential equation associated with our model admits a
unique global solution in the positive orthant. In particular, our estab-
lished theory also demonstrates that jump processes can also be applied
to suppress solution explosion for functional differential equations.

e We verify by the exponential martingale inequality with jumps that
population size is at most of polynomial growth almost surely.

2. Global positive solution

Since the vector X = (X1, X, -+, X,,)T denotes the population sizes of the
n interacting species, it is natural to require the solution of (1.2) not only to
be positive but also not to explode in finite time. Therefore, in this section we
intend to claim that (1.2) has a unique global solution in the positive orthant.
Throughout the paper, we impose the following assumptions.

(H1) There exists Ly > 0 such that
F(g) — F(@)] + / H (p,u) — (6, u)?A(du) < Lyl — 6|,

where , ¢ € D([—7,0]; R") with [¢]loc V |]lcc < k.
(H2) Hi(p,u) > —1for p € D([~7,0;R} ), u € Yandi=1,---,n.

Since the coefficients don’t satisfy linear growth condition or weak coercivity
condition, e.g., [14, Theorem 2.3], though they satisfy local Lipschitz condition,
the solutions of (1.2) may explode in finite time. Khasminskii [5, Theorem
4.1, p. 85] gave a Lyapunov function argument, which is a powerful test for
nonexplosion of solutions and generalized to delay SDEs in, e.g., [7,8] . In the
sequel, we shall follow similar arguments to those of [5,7,8] to show that (1.2)
has a unique global positive solution {X (¢)};>0 under appropriate conditions.

To this end, we further assume that, for some p € (0,1) and any ¢ €
D([-7,0};R"), there exist ai,az,f1,B2,71,72,0; > 0,5 = 1,---,5, where
a1 > ag,fB1 > Po, 11 = 72 and B1 > max{p,a1,71}, and probability mea-
sures p1, pa2, p3 on [—T,0] such that
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(H3) |F(p)] <6, (14101 + /2, o(6)[2p1(d0)):

(H4) Ji(o.p) 1= Jyl(1+ Filp >>p—1—pHi<so7u>Wdu>352—63|so<0>|ﬂ1+
51 17, 10(6)]pa(d);

(H5) Ji(p,p) i= [y [Hilp,w) = (1 + Hy(p, u)] Adu) < 05 (1 + |(0) ] +

JE 19(O)]ps(a6) ).

Theorem 2.1. Under (H1)-(H5), for any initial condition & € DY,
([=7,0];R%), (1.2) has a unique global solution {X (t)};>0 € R a.s.

Proof. Since both the drift term and the jump-diffusion term associated with
(1.2) are locally Lipschitzian, for any initial condition & € D% ([—7,0};R?),
(1.2) admits by a standard truncation argument, e.g., [10, Theorem 3.4, p. 56],
a unique local solution X (t),t € [0, 7.), where 7. is the explosion time defined
by 7. :=inf{t > 0: | X ()| = co}. To show that X (¢) is not only positive but
also global, for some kg > 0 such that ||¢]|cc < ko and each k > ko, define a
stopping time

=inf{t € (0,7.) : X;(¢) ¢ (1/k, k), for some i =1,2,--- ,n}.

Due to the fact that 74 is increasing as k T oo, the limit 7o, = limg_y o0 7%
exists and 7o, < 7, a.s. Thus, to show that the local solution X (¢) on the time
interval [0, 7.) is positive and global, it is sufficient to verify 7., = co. Define
the standard Lyapunov function

n

(2.1) V(z):=) (af —1—plnmz;), xR}, pe(0,1).

i=1

For arbitrary 7" > 0, applying the It6 formula yields that
T NT
EV(X(mx AT)) =V(X(0)) + E/ LV (X)dt,
0

where, for ¢ € D([—7,0];R?}),

V(p) i=pY (¢1(0) = DF(p)+ > Jilop +pY Ji(e,p
i=1 i=1 i=1
Recall the fundamental inequalities
n
(2.2) (=D g < fo <p=BVOpe . 2 e R, Vg >0,
i=1
and

(2.3) 2"yt < kr+ (1 —rw)y, z,y€Ry, we(0,1).
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Thus, (H3), (H4)and (H5), together with (2.2) and (2.3), give that for any
t<Tm, AT

/UZV(XS) /Otz s) + 1)|F(X,)|ds
/ (52 — 3| X(s)|* + 64 /_ 0|Tx(s +0)[2(d0)) X7 (5)ds

+n55/0 (1+|X(s)|ﬂ +/0 \X(s+9)wzp3(d9))ds

-7

SCAt(1+|X(S)|p)(1+‘X(s)‘o‘l +/O \X(s+6)\a2p1(d9))ds

-7

+ [CI P alx @b 1K+ 01 () X2 )0
i [ (11X + [ XG40 pa(a0))as
< [{-ax@r « o+ x@P + X

HIX P X P fas = [ T

where we have also utilized

t 0 0 t
S A S A S s S
| [ G < [ 1x@Pao+ [ xr

for any constant S > 0 and some probability measure p. On the other hand,
since the leading term of polynomial J(s) is negative, there exists K > 0 such
that J(s) < K. Hence it follows that

(2.5) EV(X(m AT)) < V(X(0)) + KT.
Define for each u > 0
p(u) :==1inf{V(z) 1 2; > wor x; < % for some i =1,2,--- ,n}.
Note that p(u) — oo as u — co. Then we obtain from (2.5) that
p(k)P(r, <T) SE(WV(X (1)) re<r) SEV(X (1 AT)) < V(X(0)) + KT.
Letting k — oo yields
Pt <T)=0.
Since T is arbitrary, we must have
P(Teo = 0) =1
and (1.2) admits a unique global solution {X (t)};>0 € R’}. O
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Next we construct an example to demonstrate that Theorem 2.1 is applica-
ble.

Example 2.2. Consider a stochastic population dynamics model with jumps
on R

AX(t) = X (1) [(a FOX(t) + X (t — 7))dt

+/O°° {Ix@-)1 +/_OT X ((t+0)-)["a0 fuN (dt, du)],

where a,b,c € R,a,y > 1, 8> aVy, [;(1Vu)A(du) < oo, and [ u?A(du) <
oo. For arbitrary ¢ € D([—7,0];Ry) and u € (0, 00), let

(2.6)

F(p) = a+bg"(0) + ep*(~7) and H(,u) = (|(0)]” +/ [p(0)]"d8)u.

Then (2.6) can be written in the framework of (1.2). By the elementary

inequality (a + b)? < 2a? + 2b2, for any [|¢|s V [|¢]|ee < k, we get that there
exists Ly > 0 such that

F(g) — F@) + / | H(p,u) — H(w)PA(dw)
= b (0) — 6% (0)) + e(” (—7) — 6% (—7)[*
Oou B _ B ” 0 v o
+ / () — [6(0)°) + / (0O = ¢(0)a0
< W2 (0) — 67(0)2 + 262|0™ (—7) — 6% (=)
"2 (dw)| 0P (0) — 6P (0)2 “2A(du
+2/0 A(du)|p? (0) — 67 (0)| +2/0 A(du)

< Lille — ¢||%.

2

A(du)

2

/_ (o@)" — $(O)")do

So (H1) holds. It is trivial to see that (H2) is true due to u € (0,00), and
(H3) holds with 6, = |a|V|b|V]c|, &1 = aa = o and p; being the Dirac measure
on the point —7. Moreover, for arbitrary ¢ € D([—7,0];R+) and p € (0,1),
observe by the elemental inequality (a + b)* < a®+b" a,b > 0,k € (0, 1), that

= [0+ He) =1 - pH A
- [H{( w{ 4 (10 4f Te@ra0)) "= 1= p (o) +f Te@)"a0)u}xaw)
< [T{(e0r + ([ 1eras) )y -p(1or + [ leras)ulr

-7
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By virtue of 8 > v > 0, we choose § € (1, 3/7). Applying the Young inequality
(2.3) and the Holder inequality leads to

(/i & (0)0)" = ((/ﬁ0 w”(o)de)é)”/é < 571/5*1(/0 & (00 +C

-7

0
< s/ ©*(0)do+ C, € (0,1).
Hence

Jp.p) < —p / A (du) (0 + / "1+ Cu)A(du) + / P A (du) (0

[eS) 0
-|-E/ up)\(du)/ ©°7(0)d0,
0 -7
and therefore (H4) follows. Note that for > 0, we have In(1 + ) > 0, thus

T(p.p) = / " [H(p,u) — In(1 + H(gp, u)] A(du)

— /Ooo {(\@(0)\5 + /_OT |<P('9)Wd€)u

—1In {1 + (|<p(0)\5 + /_OT |go(e)|”de)u} } A(dw)
< [Twraneor+ [Tua [ jeora

Then (H5) follows due to 8 > ~.

Note that (H4) excludes the case 83 = 1. For such case, we replace (H4)
by the following one: There exist 8 > a1 V 1, 85,054,045 > 0 with §5 > ) and
probability measure p5 on [—7,0] such that for ¢ € D([—,0];R")

(H4') [y [(14+Hi(p, w)"—1=pHi(p, u)|\(du) < 84—04; (0)+6; [ o7 (6)ph(d6).

Theorem 2.3. Under (H1)-(H3), (H4') and (H5), for any initial condition
¢ € DY ([-7,0];R"), (1.2) has a unique global solution {X(t)};>0 € R7} a.s.

Proof. Since the proof is very similar to that of Theorem 2.1, we here only give
an outline to point out the corresponding differences. Note from (2.2) and (2.3)
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that

Z/ — 85 XPTP(5) + 64 XP (s / X5 s—l—@)m(d@))ds
< Z/ P+ﬁ + p—iélﬁxp"'ﬁ ))d8+ /B 4
SZ/ 53Xp+6 (s) + p_izlﬁXerB( )der 564 Z/ﬂ— KTXP+B s)dspa(d6)

s—(as—&;)/o S XPH(s)ds + 2 / S X ()
=1

T =1

(s + 0)p2(d)ds

t
< (8- 8 / X (5)[P*Pds + C.
(0]

Then, following the argument of (2.4) we derive from (H3), (H4') and (H5)
that

/O " LV(X.)ds

SP/ZX” )+ 1)|F(X,)|ds
/ Z (8 — 35X (s) + / i X (s + 0)p(d6) ) XI (s)ds

+n65/0 (1+|X(s)|"“+/_ |X(s+9)|72p3(d9))ds
< / { = @ = SIXE PP+ O+ X ()P + X ()] +]X (5)P**) bds.

The desired assertion follows by carrying out a similar argument of the second
half part of Theorem 2.1. O

Remark 2.1. Following the argument of Theorem 2.1 and taking the Young
inequality (2.3) into consideration, we can also deduce that, for any initial
condition ¢ € D% ([—7,0];R%), (1.2) has a unique global solution {X (t)}:>0 €
R a.s. under the assumptions: for ¢ € D([—,0];R"})

7 ( |<61(1+Z|¢ Ik [ o pnan):

T =1

/ (14 Hi(,u)? — 1 — pHi(p, )] A(du)

< 6 — 80 |51+64/ S 10(0) 7 s (A0

T =1
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/Y [Hi(ip,u) — In(1 + Hi(p, )] Mdu)

< o1+ i O+ [ S @ pu(as)),

T =1
where m € N, a1, g, Boi, V14, @215 61, - -+, 05 > 0, 1 > (max{aq; pvVmax{ag; }V
max{fBa; } Vmax{vyy;} V max{ys;}) and py, pa;, p3; are probability measures on
[—7,0].

Remark 2.2. By the argument of Theorem 2.1 and that of [4, Theorem 2.2,
under some appropriate conditions Theorem 2.1 can also be generalized to
population model

dX(t) =
diag(X1(t), -, Xn(t)) [F(Xz)dt + G(X:)dW (1) +/ H(X,-,u)N(dt, du)] ,

where W is an m-dimensional Brownian motion.

Remark 2.3. Theorem 2.1 and Theorem 2.3 demonstrate that Lévy noise can
also be applied to suppress solution explosion for functional differential equa-
tions. Therefore we can utilize jump processes to investigate stabilization prob-
lems for functional differential equations, which will be reported in the forth-
coming paper.

3. Pathwise analysis
Theorem 3.1. Let (H1)-(H5) hold. Assume further that there exist dg > 0
and k € (0, 81) such that
0

31 [ 100Qe) + Qe wlnd) < 601+ 10" + [ lo(0)1"a8).

where, for p € (0,1) and ¢ € D([—7,0];R%}),

n

Qo) = Y1+ Hilgw))"eh(0)/ Y- 2H(0).

i=1
Then the solution X (¢),¢ > 0, of (1.2) has the property

oo IX @)

msup — <0, a.s.

t—o00

(3.2)

Proof. Observe from Theorem 2.1 that (1.2) admits a unique global positive
solution. Let

V(z) = fo, r € RY.
i=1
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By the It6 formula

e InV(X(t) :1nV(5(0))+/0 es{an(X(s))Jr V()’(’(S)) > XP(s)F(X.)

(3.3) +/Y(an(Xs,u)— min(s)Hi(Xs,u)y\(du)}ds

+/0t/YeS InQ(Xs_,u)N(ds,du).

Applying the exponential martingale inequality with jumps, e.g., [1, Theorem
5.2.9, p. 291], for any «, v, T > 0, we have

P{w: sup {/Ot/YeS InQ(X,-,u)N(ds,du)

0<t<T

_ é/:/y (@ (Xew) = 1 = ae" N Q(Xe,w) )M (du)ds } > v} < e,

Choose T' =k, = ce % and v = 2¢"'eF Ink, where k € N, e € (0,1/2), in the
above equation. Since Y 7o k™2 < 00, we can deduce from the Borel-Cantelli
lemma that there exists a measurable subset 2y C Q with P(€2) = 1 such that
for any w € £y we can find an integer ko(w) > 0 such that

(3.4)
/Ot /Y e’ InQ(X,—,u)N(ds,du)

561—’“ /ot/Y (Qses_k(XS,u) —1—ee® " an(Xs,u))A(du)ds,

where 0 <t <k and k > ko(w). Hence, for w € Qp, 0 <t < k and k > ko(w),

(3.5)
e mV(X(t) <InV(E0) + 2 e Ink

+/O es{an(X(s))+m;Xf(5)Fi(Xs)

+/Y(an(Xs,u)—ﬁiX?(s)Hi(Xs,u)))\(du)}ds

561*’“/0 /Y(QEES%(XS,u) -1 —ees_kan(Xs,u)))\(du)ds
=:InV(€(0)) + 2 " Ink 4+ Jy (¢) + Ja(t) + J3(t).

< 2e YeF Ink +

+

Recall the inequalities
mhex<zx—1, z>0,

and

(3.6) (a+b)? <a® +b° a,b>0,6c(0,1).
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Then, by the Holder inequality, (2.2) and (H3) it follows that
(3.7)

Jl(t)S/Otes{‘/(X(s))—‘,—V()?(s))(i f”(s))1/2(iFi2(XS))1/2}ds
g/otes{v(x(s)wv()ﬁ(s))i PP s
{

:/Otes V(X(s)) + plF(X,)| pds
S/ot es{nl—P/QlX(s)|P+p5<1+|X(5)|a1 +/i \X(s+9)\azp1(d0)) }ds.

Next, applying the inequality Inz < z — 1 and using (H4), we deduce that
(3.8)

// log Q(X,u) — Q(X,,u) + 1

+Q(Xs,u) — % ;Xf(S)Hi(Xs,u) — 1}>\(du)ds

s /t/es{Q(stW - V(;g(s)) in’(s)Hi(Xs,u) ~ 1}A(du)ds
/ V(X(s)) Z/ (1+ Hi(Xs, )" = 1 — pH;(Xs, u))A(du) }X”

s/ V@i 2(52—53|X(s)|51+54/i |X(s+9)|’82p2(d0))}Xf’(s)ds

/ {6 — 051X (s )|51+54/ X (s + 0)] pa(de) }ds.

Furthermore, in the light of a Taylor’s series expansion

Eer—k

3t = S5 [ [ Q¥ 0@ (X, A uyas

6287]@

(39 =5 [0 Q)@ (X )} g0z M) ds

Eer_k

| [ @mQee. 0pQ (. w)iies s,

where 7 lies between 0 and €. On the other hand, for n € (0,3) note that
Q" < 1 whenever 0 < Q < 1, and that Q7 < Q% with Q > 1. Hence, by the
inequality

(3.10) Inz <4(zi — 1), z>1,
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we get from (3.9) that

. Ity < S /0/Y{(an(XS,u))Q+16Q(Xs,u)})\(du)ds

t 0
gsaﬁae%*’@/ {1+|X(s)|"+/ X (s +0)["d0 }ds.
0

-7

Substituting (3.7), (3.8) and (3.11) into (3.5) gives that for any w € Qq,
0<t<kandk>kow)

e mV(X(t) <InV(E0) + 2 e Ink

+A es{nl—p/2|X(S)|p—|—p5(l+ | X (s)[*
0
[ XG0 )
i 0
s —(53|X(S)|Bl +64/ ‘X(S+9)‘52p2(d0)

n 85@2(1 X (s)]" + [ 1X (s +9)|“d0)}ds

<InV(£0)) +2 ' Ink + Ce'

for some C' > 0, where in the last step we have used the fact that the polynomial
in the integrator is bounded since the leading term of the polynomial is negative.
Thus, for any w € Qp, k — 1 <t <k and k > ko(w),

ﬁ I V(X(1) < ﬁ{c 4 e nV(E(0)) + 2c et Ink}.

Taking k 1 co and using (2.2) yields that

(3.12) lim sup

a.s.
t—roo In

n(X()) _ 2
t = pe’

Then the desired assertion (3.2) follows by letting ¢ 7 % and noting that
limy o0 2% = 0. O

Remark 3.1. From (3.12), we conclude that the population size is at most of
polynomial growth almost surely.
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Remark 3.2. For Example 2.2, by (2.3), (3.10) and the nonnegative property
of H(p,u), we get that

Am«mm%wf+wanMw>
S/MU&ﬁWMU+QWWHM&O
0
gcA {1+ Q(p, u)}A(du)

< c/ooo{1 + (14 H(p, )" IA(du)
_ c/ooo {1 + {1 + (le(0) + /_OT |ga(e)|”d9)ur} A(du),

where C' > 0 is some constant. By the elemental inequality (a + b)* < a® +
b, a,b> 0,k € (0,1), we have

/mﬂmm%wf+m%wnww

< c/ {1+ )" + (/_0 |¢(0)|Vd9)p]up}A(du).

T

By virtue of 8 > v > 0, we choose ¢ € (1, 3/7]. Applying the Young inequality
(2.3) and the Holder inequality leads to

(/_OT so”(e)de)p - ((/_0 W(e)de)a)p/é < 571/5*1(/_(1 scﬂ(e)dze)‘S e

0]
/'wﬁwme+c,se<an.

INA
™

Hence

/m«mm%wf+m%Mme

0
<c/ (1 + uP)A(duw) +c/ A(du)|o(0 |p’5+50/ du)/ ©>7(6)d6,

and therefore (3.1) follows.
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Remark 3.3. Note from (H4’), the Holder inequality and (3.6) that

/V {Z/ 1+ Hi(Xs,u))” =1 = pHi(Xs, u)A(du) }Xp

/"‘/4X(8 {8V (X)) - X ()

+ 5 V(X(s)) Z X2 (s +0)ph (de)) }ds

-7

< /Ot {5; - V()(S(ié(s))‘x(sﬂw + 5 /iznjxf(sw)p;(de))}ds

=1
t 0 p
< [ sz [ ix@rPao - BB g Y
0 -7

Then, if §5 > §4n*7P, following the argument of Theorem 3.1, we conclude
that (3.2) still holds under (H1)-(H3), (H4'), (H5) and (3.1).

Remark 3.4. In this paper we discuss the existence and uniqueness of global
positive solution for a class of functional stochastic population dynamical sys-
tems with jumps and carry out the corresponding pathwise analysis. However,
for model (1.2), even for the case independent of after-effect, the extinction
problem remains as an interesting open problem currently under investigation.

Acknowledgments

We are indebted to the referee for his/her valuable comments which have greatly
improved our earlier version.

REFERENCES

[1] D. Applebaum, Lévy Processes and Stochastics Calculus, Cambridge University Press,
Cambridge, 2009.

[2] A. Bahar and X. Mao, Stochastic delay Lotka—Volterra model, J. Math. Anal. Appl.
292 (2004), no. 2, 364-380.

[3] J. Bao, X. Mao, G. Yin and C. Yuan, Competitive Lotka—Volterra population dynamics
with jumps, Nonlinear Anal. 74 (2011), no. 17, 6601-6616.

[4] J. Bao and C. Yuan, Stochastic population dynamics driven by Lévy noise, J. Math.
Anal. Appl. 391 (2012), no. 2, 363-375.

[5] R. Khasminskii, Stochastic Stability of Differential Equations, Translated from the Rus-
sian by D. Louvish. Monographs and Textbooks on Mechanics of Solids and Fluids:
Mechanics and Analysis, 7, Sijthoff & Noordhoff, Alphen aan den RijnGermantown,
1980.

[6] S. Liu and L. Chen, Permanence, extinction and balancing survival in nonautonomous
Lotka—Volterra system with delays, Appl. Math. Comput. 129 (2002), no. 2-3, 481-499.

[7] X. Mao and M. J. Rassias, Khasminskii-type theorems for stochastic differential delay
equations, Stoch. Anal. Appl. 23 (2005), no. 5, 1045-1069.

[8] X. Mao, A note on the LaSalle-type theorems for stochastic differential delay equations,
J. Math. Anal. Appl. 268 (2002), no. 1, 125-142.



737

9
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

18]

Tan, Hou, Yang

X. Mao, G. Marion and E. Renshaw, Environmental Brownian noise suppresses explo-
sions in population dynamics, Stochastic Process. Appl. 97 (2002), no. 1, 95-110.

X. Mao, Stochastic Differential Equations and Applications, Horwood Publishing Lim-
ited, Chichester, 2008.

X. Mao, C. Yuan and J. Zou, Stochastic differential delay equations of population dy-
namics, J. Math. Anal. Appl. 304 (2005), no. 1, 296-320.

S. Ruan and D. Xiao, Global analysis in a predator—prey system with nonmonotonic
functional response, SIAM J. Appl. Math. 61 (2001), no. 4, 1445-1472.

B. Tang and Y. Kuang, Permanence in Kolmogorov—-type systems of nonautonomous
functional differential equations, J. Math. Anal. Appl. 197 (1996), no. 2, 427-447.

M. K. von Renesse, M. Scheutzow, Existence and uniqueness of solutions of stochastic
functional differential equations, Random Oper. Stoch. Equ. 18 (2010), no. 3, 267-284.
F. Wu, Unbounded delay stochastic functional Kolmogorov-type system, Proc. Roy. Soc.
Edinburgh Sect. A 140 (2010), no. 6, 1309-1334.

F. Wu and S. Hu, Stochastic functional Kolmogorov—type population dynamics, J. Math.
Anal. Appl. 347 (2008), no. 2, 534-549.

C. Zhu and G. Yin, On hybrid competitive Lotka—Volterra ecosystems, Nonlinear Anal.
71 (2009), no. 12, €1370-e1379.

C. Zhu and G. Yin, On competitive Lotka-Volterra model in random environments, J.
Math. Anal. Appl. 357 (2009), no. 1, 154-170.

(Li Tan) SCHOOL OF STATISTICS, JIANGXI UNIVERSITY OF FINANCE AND ECONOMICS, NAN-

CHANG, 330013, CHINA
RESEARCH CENTER OF APPLIED STATISTICS, JIANGXI UNIVERSITY OF FINANCE AND ECONOM-
1cs, NANCHANG, 330013, CHINA

E-mail address: t1tanli@126.com

(Zhenting Hou) SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY,

CHANGSHA, 410075, CHINA

E-mail address: zthou@csu.edu.cn

(Xiaoxia Yang) SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY,

CHANGSHA, 410075, CHINA

E-mail address: yangxiaoxia0731@163.com



	1. Introduction
	2. Global positive solution
	3. Pathwise analysis
	References

