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Abstract. In the present paper we study convolution properties for sub-

classes of univalent harmonic functions in the open unit disc and obtain
some basic properties such as coefficient characterization and extreme
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1. Introduction

A continuous function f = u+iv is a complex valued harmonic function in a
simply connected complex domain D ⊂ C if both u and v are real harmonic in
D. It was shown by Clunie and Sheil-Small [5] that such harmonic function can
be represented by f = h+g, where h and g are analytic in D. Also, a necessary
and sufficient condition for f to be locally univalent and sense preserving in D

is that
∣∣∣h′

(z)
∣∣∣ > ∣∣∣g′

(z)
∣∣∣, (see also, [2, 9, 10] and [20]).

Denote by H the family of functions f = h + g , which are harmonic uni-
valent and sense-preserving in the open unit disc U = {z ∈ C : |z| < 1} with
normalization f(0) = h(0) = f ′

z(0)− 1 = 0 and h, g are of the form:

(1.1) h(z) = z +

∞∑
n=2

anz
n, g(z) =

∞∑
n=1

bnz
n (0 ≤ |b1| < 1; z ∈ U).

Also denote by TH the subfamily of H consisting of harmonic functions
f = h+ g of the form:

(1.2) h(z) = z −
∞∑

n=2

anz
n, g(z) =

∞∑
n=1

bnz
n (an, bn ≥ 0; 0 ≤ |b1| < 1; z ∈ U).
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Let

(1.3) ϕ(z) = z +
∞∑

n=2

ϕnz
n (ϕn ≥ 0;n ∈ N = {1, 2, ...}),

be a given analytic function in U , then(
ϕ(z) + ϕ(z)

)
∗
(
h(z) + g(z)

)
= z +

∞∑
n=2

ϕnanz
n +

∞∑
n=1

ϕnbnz
n

(ϕ1 = 1; 0 ≤ |b1| < 1; z ∈ U),(1.4)

where ∗ is the convolution operation.
Later on, variouse subclasses of H have been introduced and studied by

several authors (see e. g. [2, 11–14]). We shall show in this note that these
subclasses are special cases of the general class H0 (ϕ, λ, σ, α) giving in the
following definition.

Definition 1.1. Let ϕ(z) be given by (1.3). A harmonic function f = h+ḡ ∈ H
where h and g are given by (1.1) belongs to the class H0 (ϕ, λ, σ, α) if

Re


(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

)
(1− λ)

(
(h ∗ ϕ) (z) + σ(g ∗ ϕ) (z)

)
+ λ

(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

)
>α

(1.5) (0 ≤ α < 1; 0 ≤ λ ≤ 1; |σ| ≤ 1; z ∈ U) ,

We note that
(i)H0

(
Hs

q [α1], λ, 1, α
)
= Rs,q

H ([α1], λ, α) (whereH
s
q [α1] is the Dziok-Srivastava

operator [6]) (see Murugusundaramoorthy et al. [12]);
(ii)H0

(
Hs

q [α1], 0, 1, α
)
= Rs,q

H ([α1], α) (whereH
s
q [α1] is the Dziok-Srivastava

operator [6]) (see Al-kharsani and Al-Khal [2]);

(iii) H0
(

z
(1−z) , λ, 1, α

)
= S∗

H(λ, α) (see Ozturk et al. [14]);

(iv) H0
(

z
(1−z) , 0, 1, α

)
= S∗

H(α) and H0
(

z
(1−z)2 , 0,−1, α

)
= KH(α) (see

Jahangiri [10]);

(v) H0
(

z
(1−z) , 0, 1, 0

)
= S∗

H and H0
(

z
(1−z)2 , 0,−1, 0

)
= KH (see Silverman

[19]).
Now we denote by HP 0 (ϕ, λ, σ, k, α) a general class of various subclasses of

harmonic parabolic starlike functions introduced and studied by several authors
(see e. g. [8, 16,17] and [21]).

Definition 1.2. Let ϕ(z) be given by (1.3). A harmonic function f = h+ḡ ∈ H
belongs to the class HP 0 (ϕ, λ, σ, k, α) if

Re

{
(1+keiγ)(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))

(1−λ)((h∗ϕ)(z)+σ(g∗ϕ)(z))+λ(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))
− keiγ

}
> α
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(1.6) (0 ≤ α < 1; 0 ≤ λ ≤ 1; |σ| ≤ 1; k ≥ 0; γ real;z ∈ U) .

We note that

(i) HP 0

(
z +

∞∑
n=2

nmzn, λ, (−1)m, 1, α

)
= S∗

H (m + 1,m, λ, α) (see Sudha-

rasan et al. [21]);

(ii) HP 0
(

z
1−z , λ, 1, 0, α

)
= S∗

H , (λ, α) (see Ozturk et al. [14]));

(iii) HP 0
(

z
1−z , 0, 1, 1, α

)
= GH(α) (see Rosy et al. [16]).

In this paper, we obtain necessary and sufficient convolution conditions for
the classes H0 (ϕ, λ, σ, α) and HP 0 (ϕ, λ, σ, k, α) , sufficient coefficient bounds
for functions in these two classes, these sufficient coefficient conditions are
shown to be also necessary for functions with negative coefficients. Finally we
determined growth estimates and extreme points for the class TH0 (ϕ, λ, σ, α) =
H0 (ϕ, λ, σ, α)∩TH. The class TH0 (ϕ, λ, σ, α) includes as special cases several
subclasses studied in [9] and [19].

2. Main results

We now derive the convolution characterization for functions in the class
H0 (ϕ, λ, σ, α) .

Theorem 2.1. Let f = h + ḡ ∈ H and ϕ(z) be given by (1.3), then f ∈
H0 (ϕ, λ, σ, α) if and only if

(h ∗ ϕ)∗

[
z + (1−λ)(x+2α−1)

2(1−α)
z2

(1− z)2

]
−σ(g ∗ ϕ)∗

[ x+α−λ(x+2α−1)
1−α

z − (1−λ)(x+2α−1)
2(1−α)

z̄2

(1− z̄)2

]
̸= 0

(2.1) (|x| = 1; |z| ̸= 0).

Proof. A necessary and sufficient condition for f = h + ḡ to be in the class
H0 (ϕ, λ, σ, α), with h, g of the form (1.1), is given by (1.5). Since(

z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)
)

(1− λ)
(
(h ∗ ϕ) (z) + σ(g ∗ ϕ) (z)

)
+ λ

(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

) = 1

at z = 0, the condition (1.5) is equivalent to

1

1− α

{
(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))

(1−λ)((h∗ϕ)(z)+σ(g∗ϕ)(z))+λ(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))
− α

}
̸= x− 1

x+ 1

(2.2) (|x| = 1;x ̸= −1; 0 < |z| < 1).
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By a simple algebraic manipulation, (2.2) yields

0 ̸= (x+ 1)
[
z (h ∗ ϕ)′ (z)− σz(g ∗ ϕ)′(z)

]
− α(x+ 1)

[
(1− λ)

(
(h ∗ ϕ) (z) + σ(g ∗ ϕ) (z)

)
+λ

(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

)]
− (x− 1)(1− α)

[
(1− λ)

(
(h ∗ ϕ) (z) + σ(g ∗ ϕ) (z)

)
+λ

(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

)]
= (h ∗ ϕ) ∗

[
2(1− α)z + (1− λ) (x+ 2α− 1) z2

(1− z)
2

]

− σ(g ∗ ϕ) ∗

[
2[x+ α− λ(x+ 2α− 1)]z − (1− λ) (x+ 2α− 1) z̄2

(1− z̄)
2

]
.

The latter condition together with (1.5) establishes the result (2.1) for all |x| =
1. □

Remark 2.2. Taking λ = 0 and b1 = 0 in Theorem 2.1 we obtain the result
obtained by Ali et al. [3, Theorem 2];

(ii) Taking λ = 0, σ = 1, α = 0 and ϕ =
z

1− z
, in Theorem 2.1 we obtain

the result obtained by Ahuja et al. [1, Theorem 2.6];

(ii) Taking λ = 0, σ = 1, α = 0 and ϕ =
z

(1− z)
2 , in Theorem 2.1 we obtain

the result obtained by Ahuja et al. [1, Theorem 2.8].
Necessary coefficient conditions for harmonic starlike functions were ob-

tained in [5] (see also [18]).
Using the convolution characterization, we now derive a sufficient condition

for harmonic functions to belong to the class H0 (ϕ, λ, σ, α) .

Theorem 2.3. Let f = h + ḡ ∈ H and ϕ(z) be given by (1.3), then f ∈
H0 (ϕ, λ, σ, α) if

∞∑
n=2

n(1− αλ)− α(1− λ)

(1− α)
|an| |ϕn|+ |σ|

∞∑
n=1

n(1− αλ) + α(1− λ)

(1− α)
|bn| |ϕn| ≤ 1.
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Proof. For h and g given by (1.1), (2.1) gives∣∣∣∣∣(h ∗ ϕ) ∗

[
z + (1−λ)(x+2α−1)

2(1−α)
z2

(1− z)2

]
− σ(g ∗ ϕ) ∗

[ x+α−λ(x+2α−1)
1−α

z − (1−λ)(x+2α−1)
2(1−α)

z̄2

(1− z̄)2

]∣∣∣∣∣
=

∣∣∣∣∣z +
∞∑

n=2

{
n+ (n− 1)

(1− λ) (x+ 2α− 1)

2(1− α)

}
anϕnz

n

−σ

∞∑
n=1

{
n
x+ α− λ(x+ 2α− 1)

1− α
− (n− 1)

(1− λ) (x+ 2α− 1)

2(1− α)

}
bnϕnz

n

∣∣∣∣∣
≥ |z|

[
1−

∞∑
n=2

n(1− αλ)− α(1− λ)

(1− α)
|an| |ϕn| − |σ|

∞∑
n=1

n(1− αλ) + α(1− λ)

(1− α)
|bn| |ϕn|

]
.

The last expression is non-negative by hypothesis, and hence by Theorem 2.1,
it follows that f ∈ H0

p (ϕ, λ, σ, α) . □

Remark 2.4. i) Taking λ = 0 and b1 = 0 in Theorem 2.3 we obtain the result
obtained by Ali et al. [3, Theorem 3];

(ii) Taking λ = 0, σ = 1, α = 0 and ϕ =
z

1− z
, in Theorem 2.3 we obtain

the result obtained by Ahuja et al. [1, Corollary 2.7];

(iii) Taking λ = 0, , σ = 1, α = 0 and ϕ =
z

(1− z)
2 , in Theorem 2.3 we

obtain the result obtained by Ahuja et al. [1, Corollary 2.9].

Theorem 2.5. Let f = h + ḡ ∈ H and ϕ(z) be given by (1.3), then f ∈
HP 0 (ϕ, λ, σ, k, α) if and only if

(h ∗ ϕ) ∗

z +
(1−λ)[(x+1)keiγ+x+2α−1]

2(1−α) z2

(1− z)
2


− σ(g ∗ ϕ) ∗

 (x+1)keiγ+x+α−λ((x+1)keiγ+x+2α−1)
1−α z − (1−λ)[(x+1)keiγ+x+2α−1]

2(1−α) z̄2

(1− z̄)
2


̸= 0 (|x| = 1; |z| ̸= 0).

Proof. A necessary and sufficient condition for f = h + ḡ to be in the class
HP 0 (ϕ, λ, σ, k, α), with h, g of the form (1.1), is given by (1.6). Since(

1 + keiγ
) (

z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)
)

(1− λ)
(
(h ∗ ϕ) (z) + σ(g ∗ ϕ) (z)

)
+ λ

(
z (h ∗ ϕ)′ (z)− σz (g ∗ ϕ)′ (z)

) − keiγ = 1

at z = 0, the condition (1.6) is equivalent to

1

1− α

{
(1+keiγ)(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))

(1−λ)((h∗ϕ)(z)+σ(g∗ϕ)(z))+λ(z(h∗ϕ)′(z)−σz(g∗ϕ)′(z))
− keiγ − α

}
̸= x− 1

x+ 1
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(2.3) (|x| = 1;x ̸= −1; z ̸= 0).

By a simple algebraic manipulation similar to that used in Theorem 2.1, we
obtain the desired result. □

Proceeding similarly as in Theorem 2.3, the following sufficient condition for
the class HP 0 (ϕ, λ, σ, k, α) is easily derived.

Theorem 2.6. Let f = h + g ∈ H and ϕ(z) be given by (1.3), then f ∈
HP 0 (ϕ, λ, σ, k, α) if

∞∑
n=2

n[(k + 1)− λ (k + α)]− (1− λ) (k + α)

(1− α)
|an| |ϕn|+

|σ|
∞∑

n=1

n[(k + 1)− λ (k + α)] + (1− λ) (k + α)

(1− α)
|bn| |ϕn| ≤ 1.

Theorem 2.7. Let ϕ(z) be given by (1.3) and f = h+ g where h, g are given
by (1.2). Then f ∈ TH0 (ϕ, λ, σ, α) if and only if

(2.4)
∞∑

n=2

n(1− αλ)− α(1− λ)

(1− α)
|an| |ϕn|+ |σ|

∞∑
n=1

n(1− αλ) + α(1− λ)

(1− α)
|bn| |ϕn| ≤ 1.

Proof. If f belongs to the class TH0 (ϕ, λ, σ, α), then (1.5) is equivalent to

Re


(1−α)z−

∞∑
n=2

[n(1−αλ)−α(1−λ)]anϕnz
n−σ

∞∑
n=1

[n(1−αλ)+α(1−λ)]bnϕnz
n

z−
∞∑

n=2

[(1−λ)+nλ)]anϕnzn+σ

∞∑
n=1

[(1−λ)−nλ]bnϕnzn

 > 0,

for z ∈ U . Letting z → 1− through real values yields condition (2.4). □
Conversely, for h, g given by (1.2), we have

(h ∗ ϕ) ∗

[
z + (1−λ)(x+2α−1)

2(1−α)
z2

(1− z)2

]
− σ(g ∗ ϕ) ∗

[ x+α−λ(x+2α−1)
1−α

z − (1−λ)(x+2α−1)
2(1−α)

z̄2

(1− z̄)2

]

≥ |z|

[
1−

∞∑
n=2

n(1− αλ)− α(1− λ)

(1− α)
|an| |ϕn| − |σ|

∞∑
n=1

n(1− αλ) + α(1− λ)

(1− α)
|bn| |ϕn|

]
which is non-negative by hypothesis, this completes the proof of Theorem 2.7.

Remark 2.8. (i) Taking σ = 1 and ϕ(z) = z +
∞∑

n=2
Γn−1(α1)z

n, where

Γn−1(α1) =
(α1)n−1...(αq)n−1

(β1)n−1...(βs)n−1(1)n−1

(q ≤ s+ 1, αi ∈ C(i = 1, 2, ..., q) and βj ∈ C\Z−
0 (j = 1, 2, ...),(2.5)
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in Theorem 2.7 we obtain the result obtained by Murugusundaramoorthy et al.
[13].

Corollary 2.9. Let ϕ(z) = z +
∞∑

n=2

ϕnz
n with ϕn ≥ ϕ2(n ≥ 2), and |σ| ≥

2−α(1+λ)
2+α(1−3λ) . If f ∈ TH0 (ϕ, λ, σ, α) satisfies 2−α(1+λ)

2+α(1−3λ)

(
1+α(1−λ)

1−α

)
|b1| < 1, then

for |z| = r < 1,

|f(z)| ≤ (1 + |b1|) r +
1− α

(2− α(1 + λ))ϕ2

(
1− 1 + α(1− λ)

1− α
.
2− α(1 + λ)

2 + α(1− 3λ)
|b1|

)
r2

and

|f(z)| ≥ (1− |b1|) r −
1− α

(2− α(1 + λ))ϕ2

(
1− 1 + α(1− λ)

1− α
.
2− α(1 + λ)

2 + α(1− 3λ)
|b1|

)
r2.

The function

f(z) = z + b1z +
1− α

(2− α(1 + λ))ϕ2

(
1− 1 + α(1− λ)

1− α
.
2− α(1 + λ)

2 + α(1− 3λ)
b1

)
z2

and its rotations show that the bounds are sharp.

The following covering result follows from the left side inequality in Corollary
2.9.

Corollary 2.10. Let f ∈ TH0 (ϕ, λ, σ, α) , the{
w : |w| < 1− 1− α

(2− α(1 + λ))ϕ2
−
(
1− 1 + α(1− λ)

(2 + α(1− 3λ))ϕ2

)
|b1|

}
⊂ f(U).

Theorem 2.11. Let h1(z) = z, hn(z) = z− (1−α)
(n(1−αλ)−α(1−λ))ϕn

zn, and gn(z) =

z+ (1−α)
σ(n(1−αλ)+α(1−λ))ϕn

z̄n (n ≥ 1). A function f ∈ TH0 (ϕ, λ, σ, α) if and only

if f can expressed in the form f (z) =

∞∑
n=1

(λnhn + γngn) , where λn ≥ 0, γn ≥

0, λ1 = 1−
∞∑

n=2

λn −
∞∑

n=1

γn.

In particular, the extreme points of the class TH0 (ϕ, λ, σ, α) are {hn} and
{gn} , respectively.

Proof. Let

f (z) =
∞∑

n=1

(λnhn + γngn)

= z −
∞∑

n=2

λn
(1−α)

(n(1−αλ)−α(1−λ))ϕn
zn +

∞∑
n=1

γn
(1−α)

(n(1−αλ)+α(1−λ))ϕn
z̄n.
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Since
∞∑

n=2

n(1− αλ)− α(1− λ)

(1− α)
λn

(1− α)

(n(1− αλ)− α(1− λ)ϕn
ϕn

+ σ

∞∑
n=1

n(1− αλ) + α(1− λ)

(1− α)
γn

(1− α)

σ (n(1− αλ) + α(1− λ)ϕn
ϕn

=
∞∑

n=2

λn +
∞∑

n=1

γn = 1− λ1 ≤ 1,

it follows from Theorem 2.7 that f ∈ TH0 (ϕ, λ, σ, α).

Conversely, if f ∈ TH0 (ϕ, λ, σ, α), then an ≤ (1−α)
(n(1−αλ)−α(1−λ))ϕn

and bn ≤
(1−α)

(n(1−αλ)+α(1−λ))ϕn
.

Set λn = n(1−αλ)−α(1−λ)
(1−α) anϕn, γn = (n(1−αλ)+α(1−λ))σ

(1−α) bnϕn, λ1 = 1−
∞∑

n=2

λn −

∞∑
n=1

γn, then

∞∑
n=1

(λnhn + γngn) = z −
∞∑

n=2

anz
n +

∞∑
n=1

bnz̄
n = f(z).

This proves Theorem 2.11. □

3. Applications

We can derive new results by taking ϕ(z) as follows:

1- ϕ(z) = z +
∞∑

n=2

[
1+ℓ+γ(n−1)

1+ℓ

]m
zn (see [4, 7] and [15] with p = 1), where

ℓ > −1, γ ≥ 0 and m ∈ Z = {0,±1,±2, ...}.
2- ϕ(z) = z +

∞∑
n=2

Γn−1(α1)z
n (see [6]), where Γn−1(α1) is given by (2.5).
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