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Abstract. In this paper, we study some properties of analytic extension
of a nth roots of M -hyponormal operator. We show that every analytic
extension of a nth roots of M -hyponormal operator is subscalar of order

2k+2n. As a consequence, we get that if the spectrum of such operator T
has a nonempty interior in C, then T has a nontrivial invariant subspace.
Finally, we show that the sum of a nth roots of M -hyponormal operator
and an algebraic operator of order k which are commuting is subscalar of

order 2kn+ 2.
Keywords: nth roots of M -hyponormal operator, Bishop’s property (β),
subscalar operator, invariant subspace.
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1. Introduction and Preliminaries

Let H be a complex separable Hilbert space and let B(H) denote the algebra
of all bounded linear operators on H. If T ∈ B(H), we shall write R(T ) for
the range space of T .

One of recent trends in operator theory is studying natural extensions of
hyponormal operators. So we introduce some of these non-hyponormal opera-
tors. The operator T is said to be M -hyponormal if there exists a real positive
number M such that

M2(T − λ)∗(T − λ) ≥ (T − λ)(T − λ)∗ for allλ ∈ C.
It is known that the class of M -hyponormal operators contains the class of
hyponormal operators. There is a vast literature concerning M -hyponormal
operators (see [3, 10, 12], etc.). We say that an operator T ∈ B(H) is a nth
roots of M -hyponormal operator, if Tn is an M -hyponormal operator for some
positive integer n. In Example 2.1, we give an example of a nth roots of
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M -hyponormal operator which is not an M -hyponormal operator. Therefore,
this class gives good reasons for the future studied. In order to generalize
these classes we introduce analytic extension of a nth roots of M -hyponormal
operator defined as follows:
Definition 1.1 An operator T ∈ B(H1⊕H2) is said to be an analytic extension

of a nth roots of M -hyponormal operator, if T =

(
T1 T2

0 T3

)
is an operator

matrix on H1 ⊕ H2 where T1 is a nth roots of M -hyponormal operator and
F (T3) = 0 for a nonconstant analytic function F on a neighborhood D of
σ(T3).

Let z be the coordinate in the complex plane C and let dµ(z) denote the
planar Lebesgue measure. Fix a complex (separable) Hilbert space H and a
bounded (connected) open subset U of C. We shall denote by L2(U,H) the
Hilbert space of measurable functions f : U → H, such that

||f ||2,U = (

∫
U

||f(z)||2dµ(z)) 1
2 < ∞.

The Bergman space for U is defined by A2(U,H) = L2(U,H)∩O(U,H) where
O(U,H) denotes the Fréchet space of H-valued analytic functions on U with
respect to uniform topology. Note that A2(U,H) is a Hilbert space. Now
we define a special Sobolev type space. Let U be a bounded open subset
of C and m be a fixed nonnegative integer. The vector valued Sobolev space
Wm(U,H) with respect to ∂ and of order m will be the space of those functions

f ∈ L2(U,H) whose derivatives ∂f, . . . , ∂
m
f in the sense of distributions still

belong to L2(U,H). Endowed with the norm

||f ||2Wm =
m∑
i=0

||∂i
f ||22,U

Wm(U,H) becomes a Hilbert space contained continuously in L2(U,H). A
bounded linear operator S on H is called scalar of order m if it possesses a
spectral distribution of order m, i.e., if there is a continuous unital morphism
of topological algebras

Φ : Cm
0 (C) → B(H)

such that Φ(z) = S, where z stands for the identity function on C, and Cm
0 (C)

stands for the space of compactly supported functions on C, continuously dif-
ferentiable of order m, 0 ≤ m ≤ ∞. An operator is subscalar if it is similar
to the restriction of a scalar operator to an invariant subspace. Let U be a
(connected) bounded open subset of C and let m be a non-negative integer.
The linear operator Mf of multiplication by f on Wm(U,H) is continuous and
it has a spectral distribution of order m, defined by the functional calculus

ΦM : Cm
0 (C) → B(Wm(U,H)), ΦM (f) = Mf .

Therefore, Mz is a scalar operator of order m.
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An operator T ∈ B(H) is said to have Bishop’s property (β) if for every open
subset G of C and every sequence fn : G → H of H-valued analytic functions
such that (T − z)fn(z) converges uniformly to 0 in norm on compact subsets
of G, fn(z) converges uniformly to 0 in norm on compact subsets of G.

An operator T ∈ B(H) is said to be analytic if there exists a nonconstant
analytic function F on a neighborhood of σ(T ) such that F (T ) = 0. We say
that an operator T ∈ B(H) is algebraic if there is a nonconstant polynomial p
such that p(T ) = 0. If an operator T ∈ B(H) is analytic, then F (T ) = 0 for
some nonconstant analytic function F on a neighborhood D of σ(T ). Since F
cannot have infinitely many zeros in D, we write F (z) = G(z)p(z) where G is
a function that is analytic and does not vanish on D and p is a nonconstant
polynomial with zeros in D. By Riesz-Dunford calculus, G(T ) is invertible and
then p(T ) = 0, which means that T is algebraic (see [2]). When p has degree
k, we say that T is analytic with order k throughout this paper.

In 1984, Putinar showed in [11] that every hyponormal operator is subscalar,
and then in 1987, Brown used this result to prove that a hyponormal operator
with rich spectrum has a nontrivial invariant subspace (see [1]). There have
been a lot of generalizations of such beautiful consequences (see [5–8]). In this
paper, we study various properties of analytic extension of a nth roots of M -
hyponormal operator. We show that every analytic extension of a nth roots of
M -hyponormal operator is subscalar of order 2k + 2n. As a consequence, we
get that if the spectrum of such operator has a nonempty interior in C, then
it has a nontrivial invariant subspace. Finally, we show that the sum of a nth
roots of M -hyponormal operator and an algebraic operator of order k which
are commuting is subscalar of order 2kn+ 2.

2. Analytic Extension of a nth Roots of M-hyponormal Operator

In this section we show that every analytic extension of a nth roots of M -
hyponormal operator has a scalar extension. For this we start with an example
of a nth roots of M -hyponormal operator which is not an M -hyponormal op-
erator.
Example 2.1. If T ̸= 0, consider the following operator matrix

B =

[
0 T
0 0

]
.

Then B is a nth roots of M -hyponormal operator, but it is easy to show B is
not an M -hyponormal operator.

Lemma 2.1. (See [8, Theorem 3.1].) For a bounded disk D in the complex
plane C, there is a constant CD such that for an arbitrary operator T ∈ B(H)
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and f ∈ W 2k(D,H), we have

||(I − P )f ||2,D ≤ CD

2k∑
i=k

||(T − zk)∗∂
i
f ||2,D

where P denotes the orthogonal projection of L2(D,H) onto the Bergman space
A2(D,H).

Lemma 2.2. [11] Let T ∈ B(H) be a hyponormal operator and let D be a
bounded disk in C. If {fn} is a sequence in Wm(D,H)(m > 2) such that

lim
n→∞

||(z − T )∂
i
fn||2,D = 0

for i = 1, 2, . . . ,m, then lim
n→∞

||∂i
fn||2,D0 = 0 for i = 1, 2, . . . ,m− 2 where D0

is a disk strictly contained in D.

Lemma 2.3. Let T ∈ B(H1⊕H2) be an analytic extension of a nth roots of M -

hyponormal operator, i.e., T =

(
T1 T2

0 T3

)
is an operator matrix on H1 ⊕ H2

where T1 is a nth roots of M -hyponormal operator and T3 is analytic with
order k and let D be a bounded disk in C containing σ(T ). Define the map
V : H1 ⊕H2 → H(D) by

V h = 1⊗ h+ (T − z)W 2k+2n(D,H1)⊕W 2k+2n(D,H2)(= 1̃⊗ h)

where

H(D) := Wm(D,H1)⊕Wm(D,H2)/(T − z)Wm(D,H1)⊕Wm(D,H2)

and 1 ⊗ h denotes the constant function sending any z ∈ D to h, where
m=2k+2n. Then V is one-to-one and has closed range.

Proof. Let hn = h1
n ⊕ h2

n ∈ H1 ⊕ H2 and fn = f1
n ⊕ f2

n ∈ W 2k+2n(D,H1) ⊕
W 2k+2n(D,H2) be sequences such that

lim
n→∞

||(z − T )fn + 1⊗ hn||W 2k+2n = 0.(2.1)

Then (2.1) implies{
lim

n→∞
||(z − T1)f

1
n + T2f

2
n + 1⊗ h1

n||W 2k+2n = 0

lim
n→∞

||(z − T3)f
2
n + 1⊗ h2

n||W 2k+2n = 0.
(2.2)

By the definition of the norm of Sobolev space and (2.2), we obtain lim
n→∞

||(z − T1)∂
i
f1
n + T2∂

i
f2
n||2,D = 0

lim
n→∞

||(z − T3)∂
i
f2
n||2,D = 0

(2.3)

for i = 1, 2, . . . , 2k + 2n. Since T3 is analytic with order k, there exists a
nonconstant analytic function F on a neighborhood of σ(T3) such that F (T3) =
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0. As remarked in section one, let F (z) = G(z)p(z) where G is an analytic
function and does not vanish on a neighborhood of σ(T3) and p(z) = (z−z1)(z−
z2) · · · (z− zk) is a polynomial of order k. Set qj(z) = (z− zj+1) · · · (z− zk) for
j = 0, 1, 2, . . . , k − 1 and qk(z) = 1.

Claim. For every j = 0, 1, 2, . . . , k

lim
n→∞

||qj(T3)∂
i
f2
n||2,Dj = 0

for i = 1, 2, . . . , 2k − 2j + 2n, where σ(T ) ⫋ Dk ⫋ · · · ⫋ D2 ⫋ D1 ⫋ D.
To prove the claim, we will use the induction on j. Since 0 = F (T3) =

G(T3)p(T3) and G(T3) is invertible, then q0(T3) = p(T3) = 0, we have the
claim holds when j = 0. Assume that the claim is true for some j = r where
0 ≤ r < k, i.e.,

lim
n→∞

||qr(T3)∂
i
f2
n||2,Dr = 0(2.4)

for i = 1, 2, . . . , 2k − 2r+ 2n, where σ(T ) ⫋ Dr ⫋ · · · ⫋ D2 ⫋ D1 ⫋ D. By the
second equation of (2.3) and (2.4), we get that

0 = lim
n→∞

||qr+1(T3)(T3 − z)∂
i
f2
n||2,Dr

= lim
n→∞

||qr+1(T3)(T3 − zr+1 + zr+1 − z)∂
i
f2
n||2,Dr

= lim
n→∞

||(zr+1 − z)qr+1(T3)∂
i
f2
n||2,Dr

for i = 1, 2, . . . , 2k − 2r + 2n. Since zr+1I is hyponormal, by applying Lemma
2.2 we obtain that

lim
n→∞

||qr+1(T3)∂
i
f2
n||2,Dr+1 = 0

for i = 1, 2, . . . , 2k−2r+2n−2, where σ(T ) ⫋ Dr+1 ⫋ Dr. Hence we complete
the proof of our claim.

From the claim with j = k, we derive

lim
n→∞

||∂i
f2
n||2,Dk

= 0(2.5)

for i = 1, 2 . . . , 2n, which implies by Lemma 2.1 that

lim
n→∞

||(I − P2)f
2
n||2,Dk

= 0(2.6)

where P2 denotes the orthogonal projection of L2(Dk,H2) onto A2(Dk,H2).
By combining (2.5) with the first equation of (2.3), we have that

lim
n→∞

||(z − T1)∂
i
f1
n||2,Dk

= 0(2.7)

for i = 1, 2 . . . , 2n. From (2.7), we get

lim
n→∞

||(zn − Tn
1 )∂

i
f1
n||2,Dk

= 0(2.8)
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for i = 1, 2, . . . , 2n. Since Tn
1 is an M -hyponormal operator, we obtain from

(2.8) that

lim
n→∞

||(zn − Tn
1 )

∗∂
i
f1
n||2,Dk

= 0(2.9)

for i = 1, 2 . . . , 2n. By using Lemma 2.1 and (2.9)

lim
n→∞

||(I − P1)f
1
n||2,Dk

= 0(2.10)

where P1 denotes the orthogonal projection of L2(Dk,H1) onto A2(Dk,H1).

Set Pfn :=

(
P1f

1
n

P2f
2
n

)
. Combining (2.6) and (2.10) with (2.2), we have

lim
n→∞

||(z − T )Pfn + 1⊗ hn||2,Dk
= 0.

Let Γ be a curve in Dk surrounding σ(T ). Then for z ∈ Γ

lim
n→∞

||Pfn(z) + (z − T )−1(1⊗ hn)(z)|| = 0

uniformly. Hence, by Riesz functional calculus,

lim
n→∞

|| 1

2πi

∫
Γ

Pfn(z)dz + hn|| = 0.

But 1
2πi

∫
Γ
Pfn(z)dz = 0 by Cauchy’s theorem. Hence, lim

n→∞
hn = 0, and so V

is one-to-one and has closed range. □

Now we are ready to prove that every analytic extension of a nth roots of
M -hyponormal operator has a scalar extension.

Theorem 2.4. Let T ∈ B(H1 ⊕H2) be an analytic extension of a nth roots of
M -hyponormal operator. Then T is subscalar of order 2k + 2n.

Proof. Let T =

(
T1 T2

0 T3

)
be an operator matrix on H1 ⊕ H2 where T1 is a

nth roots of M -hyponormal operator and T3 is analytic with order k and let
D be a bounded disk in C containing σ(T ). As in Lemma 2.3, if we define the
map V : H1 ⊕H2 → H(D) by

V h = 1⊗ h+ (T − z)W 2k+2n(D,H1)⊕W 2k+2n(D,H2)(= 1̃⊗ h),

then V is one-to-one and has closed range. The class of a vector f or an

operator S on H(D) will be denoted by f̃ , S̃ respectively. Let M be the
operator of multiplication by z on W 2k+2n(D,H1)⊕W 2k+2n(D,H2). Then M
is a scalar operator of order 2k + 2n and has a spectral distribution Φ. Since

R(T−z) is invariant under M , M̃ can be well-defined. In addition, consider the

spectral distribution Φ : C2k+2n
0 (C) → B(W 2k+2n(D,H1) ⊕ W 2k+2n(D,H2))

defined by the following relation: for φ ∈ C2k+2n
0 (C) and f ∈ W 2k+2n(D,H1)⊕

W 2k+2n(D,H2), Φ(ϕ)f = ϕf . Then the spectral distribution Φ ofM commutes
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with T − z, and so M̃ is still a scalar operator of order 2k + 2n with Φ̃ as a
spectral distribution. Since

V Th = 1̃⊗ Th = z̃ ⊗ h = M̃(1̃⊗ h) = M̃V h

for all h ∈ H1 ⊕ H2, V T = M̃V . In particular, R(V ) is invariant under M̃ .

Since R(V ) is closed, it is a closed invariant subspace of the scalar operator M̃ .

Since T is similar to the restriction M̃ |R(V ) and M̃ is scalar of order 2k + 2n,
T is a subscalar operator of order 2k + 2n. □

In the next corollary, we obtain a partial solution to the invariant subspace
problem for analytic extension of a nth roots of M -hyponormal operator, which
is a generalization of Brown’s result mentioned in section one.

Corollary 2.5. Let T ∈ B(H1⊕H2) be an analytic extension of a nth roots of
M -hyponormal operator. If σ(T ) has nonempty interior in the complex plane
C, then T has a nontrivial invariant subspace.

Proof. It suffices to apply Theorem 2.4 and [4]. □

Corollary 2.6. Let T ∈ B(H1 ⊕H2) be an analytic extension of a nth roots
of M -hyponormal operator. Then T has property (β).

Proof. Since property (β) is transmitted from an operator to its restrictions
to closed invariant subspaces, we are reduced by Theorem 2.4 to the case of a
scalar operator. Since every scalar operator has property (β)(see [11]), T has
property (β). □

Corollary 2.7. Let T ∈ B(H) be a nth roots of M -hyponormal operator. Then
T is subscalar of order 2n.

3. The Sum of a nth Roots of M-hyponormal Operator and an
Algebraic Operator

In this section, we show that the sum of a nth roots of M -hyponormal
operator and an algebraic operator of order k is subscalar of order 2kn+ 2.

Lemma 3.1. Let T = C+A where C is a nth roots of M -hyponormal operator,
CA = AC, A is an algebraic operator of order k, and let D be a bounded disk
in C containing σ(T ). Define the map V : H → H(D) by

V h = 1̃⊗ h(≡ 1⊗ h+ (T − z)W 2kn+2(D,H))

where

H(D) := W 2kn+2(D,H)/(T − z)W 2kn+2(D,H)

and 1 ⊗ h denotes the constant function sending any z ∈ D to h. Then V is
one-to-one and has closed range.
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Proof. Let fn ∈ W 2kn+2(D,H) and hn be sequences in H which satisfy

lim
n→∞

||(T − z)fn + 1⊗ hn||W 2kn+2(D,H) = 0.(3.1)

It follows from the definition of the norm for the Sobolev space and (3.1) that

lim
n→∞

||(T − z)∂
i
fn||2,D = 0

for i = 1, 2, . . . , 2kn+ 2. Since T = C +A,

lim
n→∞

||(C − z)∂
i
fn +A∂

i
fn||2,D = 0(3.2)

for i = 1, 2, . . . , 2kn + 2. Since A is algebraic of order k, q(A) = 0 for some
nonconstant polynomial q(z) = (z − z1)(z − z2) · · · (z − zk). Set q1(z) = (z −
z2)(z − z3) · · · (z − zk). Then it follows from (3.2) that

lim
n→∞

||(C + z1 − z)q1(A)∂
i
fn||2,D = 0(3.3)

for i = 1, 2, . . . , 2kn+ 2. From (3.3), we have

lim
n→∞

||(Cn − (z − z1)
n)q1(A)∂

i
fn||2,D = 0(3.4)

for i = 1, 2, . . . , 2kn + 2. Since Cn is an M -hyponormal operator, we obtain
from (3.4) and the definition of M -hyponormal operator that

lim
n→∞

||(Cn − (z − z1)
n)∗q1(A)∂

i
fn||2,D = 0(3.5)

for i = 1, 2, . . . , 2kn+ 2. By using Lemma 2.1 and (3.5)

lim
n→∞

||(I − P )q1(A)∂
i
fn||2,D = 0

for i = 1, 2, . . . , 2n(k − 1) + 2, where P denotes the orthogonal projection of
L2(D,H) onto A2(D,H). Thus from (3.4), we get

lim
n→∞

||(Cn − (z − z1)
n)Pq1(A)∂

i
fn)||2,D = 0

for i = 1, 2, . . . , 2n(k − 1) + 2. Since Cn has Bishop’s property β [9],

lim
n→∞

||Pq1(A)∂
i
fn)||2,D1 = 0

for i = 1, 2, . . . , 2n(k − 1) + 2 where σ(T ) ⊂ D1 ⊂ D. Hence

lim
n→∞

||q1(A)∂
i
fn||2,D1 = 0(3.6)

for i = 1, 2, . . . , 2n(k−1)+2. By using the induction (that is the same procedure
from (3.2) to (3.6), we obtain

lim
n→∞

||∂i
fn||2,D′ = 0

for i = 1, 2, where σ(T ) ⊂ D′ ⊂ D. It holds by Lemma 2.1 that
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lim
n→∞

||(I − P )fn||2,D′ = 0.(3.7)

By (3.1) and (3.7), we have

lim
n→∞

||(T − z)Pfn + 1⊗ hn||2,D′ = 0.

As the proof of Lemma 2.3, V is one-to-one and has closed range. □

Theorem 3.2. Let T = C + A where C is a nth roots of M -hyponormal
operator, CA = AC, and A is an algebraic operator of order k. Then T is
subscalar of order 2kn+ 2.

Proof. The proof is similar to Theorem 2.4. □

Corollary 3.3. Let T = C + A where C is a nth roots of M -hyponormal
operator, AC = CA, and A is an algebraic operator of order k. If σ(T ) has
nonempty interior in C, then T has a nontrivial invariant subspace.

Proof. It suffices to apply Theorem 3.2 and [4]. □

With the same proof as Corollary 2.6, we can get the following Corollary
3.4.

Corollary 3.4. Let T = C + A where C is a nth roots of M -hyponormal
operator, AC = CA, and A is an algebraic operator of order k. Then T has
Bishop’s property (β).
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