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ABSTRACT. In this paper, we classify the indecomposable non-nilpotent
solvable Lie algebras with N(Ry, m,r) nilradical, by using the derivation
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1. Introduction

The classification of Lie algebras is the most important work in Lie theory.
There are two ways to get the classification of Lie algebras, by dimension or
by structure. The dimension approach have got lots of useful results and have
some interesting applications in general relativity [9]. However, it seems to be
neither feasible, nor fruitful to proceed by dimensions in the classification of Lie
algebras when their dimension are beyond 6 [3]. We then turn to the structure
approach.

In 1966, M. Vergne applied the cohomology theory of a Lie algebra to the
study of variety of nilpotent Lie algebras [16]. From then on, filiform Lie
algebras, especially naturally graded filiform Lie algebras L,,Q., and their
deformations have been central research objects [3]. An R, filiform Lie algebra
is an important filiform Lie algebra, which plays a role in the classification of
rigid Lie algebras [3]. A quasi R, filiform Lie algebra, denoted by N(R,, m,r),
is a sum of R, filiform Lie algebras in some sense [10,12,18].

It is well-known that the sum of two nilpotent ideals of a Lie algebra is
again a nilpotent ideal. Therefore, a Lie algebra possesses a unique maximal
nilpotent ideal, called the nilradical of the Lie algebra [4]. So there is a natural
question: given a nilpotent Lie algebra n, can it determine the solvable Lie
algebras with n nilradical? Generally speaking, this is not true [1,15]. L.
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Snobl have obtained the classification of the indecomposable non-nilpotent
solvable Lie algebras with L,, or @, nilradical [15]. In this paper, we study the
classification of the indecomposable non-nilpotent solvable Lie algebras with
N(R,,, m,r) nilradical and prove that these solvable Lie algebras are unique up
to isomorphism.

A derivation D of a given Lie algebra N is a linear transformation of N
satisfying, for any =,y € N, D([z,y]) = [D(z),y] + [z, D(y)]. If there exists an
element z € N such that D = adz, that is, D(z) = [z, z], V& € N, the derivation
D is called an inner derivation. A derivation which is not inner is called an
outer derivation. It is well-known that the collection DerN of all derivations
of a Lie algebra N is a Lie subalgebra of gl(N), called the derivation algebra
of N. The collection adN of all inner derivations is an ideal of Der N, called
the inner derivation algebra of N. A complete Lie algebra is a Lie algebra
with only inner derivations and trivial center. It first appeared in 1951, in the
context of Schenkman’s theory of subinvariant Lie algebras [14]. In recent years,
different authors have concentrated on classifications and structural properties
of complete Lie algebras, but the problem of finding complete Lie algebras is
still an open problem [5-7,19]. In this paper, we prove that the indecomposable
non-nilpotent solvable Lie algebras with N(R,,, m,r) nilradical are complete.

In this paper, all Lie algebras discussed are finite dimensional complex Lie
algebras. We denote the central descending sequence of a Lie algebra N by
C°N = N,C'N = [N,C*"1N], the automorphism group of N by AutN, the
center of N by C(N).

2. Preliminaries

In this section, we recall some elementary facts about nilpotent Lie algebras,
filiform Lie algebras and complete Lie algebras.

Lemma 2.1. [2] Let N be a nilpotent Lie algebra. Then the following two
assertions are equivalent

(1) {z1,29,...,2,} is a minimal system of generators(msg);

(2) {21 +CIN,..., 29+ C'N, 2, +CI N} is a basis of the vector space N/C'N.

Definition 2.2. [13] A torus on a Lie algebra N is a commutative subalgebra
of DerN which consists of semisimple endomorphisms. A torus is said to be
mazximal if it is not contained in any other torus.

Let H be a maximal tori on a Lie algebra N. Then N can be decomposed
into a direct sum of root spaces with respect to H: N =3 p. Na, where H*
is the dual of the vector space H and N, = {x € N|h(z) = a(h)z,Yh € H}.

Definition 2.3. [18] Let H be a maximal tori on a Lie algebra N. One calls
H-msg a minimal system of generators which consists of root vectors for H.
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Lemma 2.4. [8] Let Hy and Hs be two maximal tori on a Lie algebra N.
Then there exists 0 € AutN, such that Hy = 0H 071,

Since all maximal tori on a Lie algebra N are mutually conjugated, the
dimension of a maximal torus on N is an invariant of N, called the rank of NV,
denoted by rank(N).

Let N be a Lie algebra and DerN its derivation algebra. Define a bilinear
operation in the vector space N + DerN by [h1 + ni, he + na] = [h1, ho] +
hi(n2) — ha(ny) + [n1,n2], where h; € H,n; € N, then N 4+ DerN is a Lie
algebra, called the holomorph of N.

Definition 2.5. [{] A Lie algebra N is called complete if DerN =adN and
C(N) =0.

Definition 2.6. [16,17] Let N be an n-dimensional Lie algebra. N is called
a filiform Lie algebra if dimC'N =n—3i—1,1<i<n— 1.

Definition 2.7. [3] An R, filiform Lie algebra is a (n+1)-dimensional filiform
Lie algebra, defined on a basis {eg,e1,...,e,} by [ep,ei] = €41, 1 <i<n-—1,
le1,ei] = eiya, 2 <i < n—2, the undefined brackets being zero or obtained by
antisymmetry.

By the definition, Ry is a Heisenberg algebra and Rj is isomorphic to Lg,
which has been studied in [15]. We may assume n > 4 in this paper.
Definition 2.8. [I18/ If N = N;+ Na+---+ N,,, where N; 2 R,, 1 <i<m,
and [N;, N;] =0, i # j, then N is called a quasi R, filiform Lie algebra. We
denote the Lie algebra by N(R,,m,r), where r=dimC™ 1N.

The sum N = N;+ No+- - -+ N, is not necessarily direct, so the subalgebras
in the decomposition can have nontrivial intersection.

Lemma 2.9. [18] Let {e;0,€i1,...,€in} be the basis of N; as in Definition

2.7. Then {eip,ei1, - ,€in-1|1 < i < m} is linearly independent. Suppose
{€i0,€i1, -1 €in—1,€q1,n:Eqa,ms - Eqn|l < T < m} is a basis of N(R,, m,T).
Then {eq,.n, €qzn - - »€qu.n} 18 a basis of C""1N.
We may assume that ® = {e10,€20,-.-€mos-- -, €1,n—-1,€2n—15- -5 Emn—1,
. . s .
€1ny€2ns - -, Ern } 1s a basis of N(R,, m,r) and e;, = Z].:1 bji€jn, i > r. Then
(21) (elnve2n"'emn) = (elnaGZn"‘ern)(I B)v

where I is the identity matrix and B = (b;;).

3. On DerN and AutN

In this section, we give the derivation algebra and the automorphism group
of a quasi R, filiform Lie algebra.
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Let o be a linear transformation of N(R,,,m,r) such that

m n—1 T
t t
o€gt = E E cijeij + E Cirein, 1<s<m,t=0,1,
i=1 j=0 i=1

oest = [0€s0,€s,t—1] + [€s0,0€5 1], 1 <m,2<t<n-1,
<r

<s
0€sn = [0’650, es,n—l] + [6507 Ues,n—l]a 1 <s

Theorem 3.1. [18] Let o be as above, em:Z§:1 bji€jn, Ast = (t—1)cS+c51.
Then o is a derivation of N(R,,m,r) if and only if for any 1 < s,p < m,

(31) bjs()\sn - )\]n) = 0,7” < s, 1 < _] < T,
n—2 m T

(3.2) oesn = cioeso + Z ey + Z Cf,(»)n—lei,n—l + Z ¢in,
=2 i=1 i=1

n—1

-
sl sl
(3.3) oeg) = g ciiesi + g Cin€ins
i=1 i=1

s0 _p0 sl _ s0
(34) cp,n—lep” - Cg,n—les7za Cs1 = 2050'

Let p be a linear transformation of N(R,,, m,r) such that

m n—1 T

e = 3 S e+ Yt 15 <m0,
i=1 j=0 i=1

pest = [peso,pesi—1], 1<s<m,2<t<n—1,

PEsn = [pes07p€s,n—1]a 1<s<r.

Theorem 3.2. [18] Let p be as above, e;, :E;:1 bjiejn. Then p is an auto-
morphism of N(R,,m,r) if and only if the following conditions hold.
(1) For any 1 < s < m, there exists only one integer qs,1 < qs < m, such that

n—2 m T
s0 s0 s0 s0
peso = dg g0t E dy.i€qsi t E din—1€in—1+ E din€in,
=2 =1 =1
n—1 T
sl sl
pes1 = E dqsieqsi+ E dmezn
i=1 i=1

(2) There exists a permutation matriz T such that

(91,925 - -y qm) = (1,2,...,m)T.

sO sl s0 7p0 _ gp0 s0
(3) dqs,Oqu,l 7£ 0’ dqs,Odqs,nflerm - dqp,Odqp,n—leqpvn7 1 < 5P < m.
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(4) Let T = (Th T3), where Ty is an m X r matriz, K1 = diag(k1, ko, ..., k),
K2 = diag(kr—O—h kr+27 e akm): ks = (d(SI?,O)n+17 then

(I B)TwK,=(I B)T.K,B.

(5) (dglo)? =dgr 1, dgty =di g =0,1<s<m.

A Lie algebra is called indecomposable if it cannot be decomposed into a
direct sum of its proper ideals.

Lemma 3.3. Let N(R,,m,r) be an indecomposable Lie algebra. If 0 is a
derivation of N(Ry,,m,r), then ciy = cgg fo_r any 1 < i,57 < m. If p is an
automorphism of N(R,,m,r), then df;?,o = df]?,o forany 1 <i,j <m.

Proof. The proof of this lemma is similar to the proof of Lemma 2.2 in [11]. If
Alns A2ny - -+ s Arp, are not all the same, we may assume \;;, = A, 1 <4 < p
orr+1<i<r+k dsp A, p<s<rorr+k<s<m By
(3.1), bjs # 0 implies that bj; = 0 if s, # Agp,7 +1 < 5,6 < m. Then we
B .
have (er-‘rl,na €T+2,n7 e 7emn) = (el’ru €on,y ;ern) ! B2 ) ) Where Bl 15
a px k matrix. This implies that N(R,,, m,r) is decomposable, a contradiction.
S0 Ay, = Aoy, = -+ = A\pp. From ey, = Z;Zl bjiejn,i > 7, we have X, = Aip,.
Since Agp, = (n — 1)cf + ¢t = (n+ 1)cy, we have i) = 028,1 <i,j7 <m.
Similarly, we have the other assertion. (]

If a quasi R, filiform Lie algebra can be decomposed into a direct sum of
some ideals, then every ideal is a quasi R,, filiform Lie algebra again. Hence we
will assume in this paper all quasi R,, filiform Lie algebra are indecomposable.
We will sometimes denote the quasi R,, filiform Lie algebra N(R,,,m,r) simply
by N.

4. The classification of the indecomposable non-nilpotent solvable
Lie algebras with N(R,,m,r) nilradical

In this section, we find a method to determine the indecomposable non-
nilpotent solvable Lie algebras with a given nilpotent Lie algebra nilradical.
Using the method, we classify the indecomposable non-nilpotent solvable Lie
algebras with N(R,,, m,r) nilradical.

We want to extend a given nilpotent Lie algebra n to all possible indecom-
posable non-nilpotent solvable Lie algebra s with n nilradical. Hence we add
further elements {y1,y2,...,¥p} to the basis {z1,z2,...,z,} of n, which to-
gether with {z1,z2, --- ,z,} form a basis of s. Then {y1,y2,...,yp} have the
following properties.

(1). adyi|n, adya|n, - - ,adyy|s are derivations of n.
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It is well-known that the derived algebra of a solvable Lie algebra is contained
in its nilradical, that is, [s,s] C n. So for any 1 < ¢ < p, [y;,n] C n. Hence
adyi |, adya|n, - .., adyp|n are linear transformations of n. From the Jacobi
identity, we have, Vx,y € n,

ady;([z,y]) = [adyi(2), y] + [z, adyi(y)].
Hence adyi |, adyz|n, - - -, ady,|s are derivations of n.
(2). [ady;, ady;] = ad([ys, y,]) € adn, 1 < 4,5 <p.
(3). No non-trivial linear combination of the linear transformations

adyi |, adya|n, - . ., adyp|s is a nilpotent transformation of n.
Suppose that there exist ki, kg, ..., k, € C such that
P
Zki (adyi|n) # 0
i=1

is a nilpotent transformation of n. Let a = n+ C(3>_7_, k;y;). Then from
[a,a] C[s,5] CnCa,

a is a Lie subalgebra of s. Since ad(}_7_, kiyi)|[n = >_5_; ki (ady;|s) is nilpotent
and every inner derivation of n is nilpotent, by Engel’ Theorem, we have a is
a nilpotent Lie algebra. [a,s] C [s,5] C n C a means that a is a nilpotent ideal
of s, which is a contradiction to n is the nilradical of s.

Since no non-trivial linear combination of the linear transformations
adyi |n, adya|n, - . ., adyp|s is a nilpotent transformation of n and every inner
derivation of n is nilpotent, adyi |, adyz|n, - - ,adyp|n are outer derivations of
n.

A set of linear transformations {D1, Da, ..., D,} of a Lie algebra n is called
a linearly nil-independent outer derivations set if

(1). Dy, Dsa,...,D, are outer derivations of n.

(2). [D;, Dj] € adn, 1 < i,j < p.

(3). No non-trivial linear combination of the linear transformations Dy, Da,
..., D, is a nilpotent transformation of n.

From the above discussion, we can get a way to find the indecomposable
non-nilpotent solvable Lie algebras with n nilradical. We may find all linearly
nil-independent outer derivations set {D1, Do, ..., D,} of n. Define a bilinear
operation in the vector space spanned by n and {D1,Ds,...,D,} as follows

(4.1) [z, 2] = Z a%xb [Ds, Dy] = Z byadxy, [Ds, x;] = Dy(z;),

k=1 u=1

where z;,2; € {21,22,...,2,},Ds, Dy € {Dy,Ds,...,Dp} and af; are the
structure constants of n. Then we determine b}, to make the bilinear operation
to be Lie brackets.

In fact, this Lie algebra is a Lie subalgebra of the holomorph of n.
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Different linearly nil-independent outer derivations sets may correspond to
isomorphic Lie algebras, so redundancies should be eliminated.

Lemma 4.1. Let {D1,Ds,...,Dp} be a linearly nil-independent outer deriva-
tions set of n. Define the Lie algebra s by (4.1). Then for any p € Autn, the
linear map 7 : s — 5 defined by

7(2:) = p(z:), 7(adw;) = pladas)p™ ", 7(D;) = pDjp~ ', 1<i<n, 1 <j<p
s an automorphism of s.

Proof. We can check directly,

Tlzi,z5] = Zamp T) = p Za”xk i), p(5)] = [7 (i), 7(25)];

7[Ds, Dy = ZbgtT(admu) = Zbgtp(admu)p_l = p[Dth]P_l

= [pDsp~ ,thp 1] = [T( s), (D)l
p(Ds(2:)) = p(Dsp™ ' p(:)) = (pDsp™")plai)
= [pDsp™", plwi)] = [1(Ds), 7(@:)].

Hence 7 is an automorphism of s. O

T[DS, mz]

Actually, for any p € Autn, the linea map
7(x) = p(x),7(D) = pDp~ ! Yz € n,D € Dern

is an automorphism of the holomorph of n.

From the above discussion, to eliminate the different linearly nil-independent
outer derivations sets which correspond to isomorphic Lie algebras, we can

(1). Add any inner derivations of n to the linearly nil-independent outer
derivations set of n.

In fact, for any z1,z2,...,2, € n, the Lie subalgebra of the holomorph
of n spanned by {D; + adz1, D2 + adzs,..., D, + adz,} and n is the same
with the Lie subalgebra of the holomorph of n spanned by {D1,Ds,..., Dy}
and n. Hence adding any inner derivation of n to the linearly nil-independent
outer derivations set of n will not change the indecomposable non-nilpotent Lie
algebra s.

(2). Use the automorphism of n to simplify the linearly nil-independent
outer derivations set of n.

Now we return to determine the indecomposable non-nilpotent solvable Lie
algebras with N(R,,, m,r) nilradical.

Lemma 4.2. Let N be an indecomposable R,, filiform Lie algebra. Then any
non-empty linearly nil-independent outer derivations set of N contains exactly
one element.
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Proof. Suppose that there are two elements D1, D5 in a linearly nil-independent
outer derivations set of N. From Theorem 3.1 and Lemma 3.3, we have the
matrices of Dy and Dy with respect to the basis ¢ are lower triangular matrices
and the diagonal entries are

(e50(D1), ..., S0(D1),2¢20(D1), -, 2¢30(D1), -, (n+ 1)eSg(D1), . .., (n + 1)eig(D1))
and
(c30(D2), ..., cs0(D2), 2¢50(D2), . .., 2¢50(D2), ..., - .., (n+ 1)el(D2), ..., (n + 1)elg(D2))

respectively. Hence we have c)(D1) Dz —c5)(D2)Ds is a nilpotent derivation, a
contradiction. So there exists only one element in the linearly nil-independent
outer derivations set of V. g

We will denote

Asiepo - 07 1 S p S m, Asiept = 6spes,t+i7 1 S p S m, 1 S t S n,
BsiepO = 6spei,n71> 1< p < m, Bsiept = 07 1< p <m, 1<t< n,
Csiepo = Osp€in, 1<p<m, Csiept =0, 1<p<m,1<t<n,
Dsiept = 0sp€in, 1<p<m, Dsep =0, 1<p<m,t#1

hi(est) = (t+1est, 1<s<m,0<t<r

Lemma 4.3. Let N be an indecomposable R,, filiform Lie algebra and {D1}
be a linearly nil-independent outer derivations set of N. Then by adding an
inner derivation of N to Dy, the linearly nil-independent outer derivations set
becomes {D}, where

m n—1 m m m T m T
D =hy + Z Z asiAsi + Z Z bsiBsi + Z Z csiCsi + Z Z dsiDsi
s=11i=2 s=11=1,i#s s=11i=1,i#s s=11i=1

and g, bsi = bys, Cs4,ds; € C.

Proof. Since D, is a derivation of N, from Theorem 3.1,

n—2 m r
s0 s0 s0 s0
D1 (es0) = c5pes0 + § Coi€si + E Cim—1€in—1+ E CinCin,
=2 =1 i=1

n—1 r
D _ sl sl .
l(esl) - Cg; €si + CinCin-
i=1 i=1

Adding D; by the inner derivation

m n—1

. s0 sl
™= E E Csiv1ades; — ciradeso,

s=1 1=1
we have

m T
s0 s0 s0
(D1 +7eso = cloeso + D €O jeim1t D Cnein,
i=1,i#s i=1,i#s
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n—1 n—2 T
s0 sl
(D1 + mesy = E cSles — E Csit1€s,i+2 + g CinCin-
i=1,i#2 i=2 im1

Since Dy + 7 is a derivation of N, using

(Dl + 7T)est = [(Dl + 7T>6507 es,tfl] + [6307 (Dl + 7-‘—)68,1571]7 2 S t S n,

we have
n—t n—t+1
0 1
(D1 + mes = (t+ 1)cies — Y cilesjme+ Y cilesjp-1,2<t<n.
j=3 j=3
Hence
m n—l
50
Dy+m=cQhi + v — (1= di)es) Ai
s=1 z:2
m m T
0 1
5 DD SIFIITS S DIFTEIES 9D SN
s=1i=1,i#s s=14i=1,i#s s=1i=1
Since D; + 7 is a derivation, we have c;?n_lepn = cg?nflesn. Let D = D;jg’f.

Then D satisfies the lemma. *

Lemma 4.4. Let N be an indecomposable R,, filiform Lie algebra and {D}
be a linearly nil-independent outer derivations set of N defined in Lemma 4.3.
Then there exists p € AutN such that

pDp™ ' =hi+ Y > biBa+> Y. ¢hCu+ Y Y diDa,

s=1i=1,i#s s=1i=1,i#s s=1i=1
* * *
where a¥;, aj;, bk, = b5, ck., d%, € C.

Proof. From Theorem 3.2, we have for any 1 < s < m, py =1+ %GSQASQ €
AutN (which is the case T = I,d3) = d5f = 1, d%} = %asg and the other
coefficients are all 0 in Theorem 3.2). Because %asgAsg is nilpotent, we may
assume that

1
(501821482) 7& O ( a52A52)k+1 =0.

Then we have
k

1 .
P1 = Z(_§a52A52)1-
i=0
For any 2 < 7,1 <p < m, we have hyA;jepo = 0 and for any ¢ # 0,
hiAijept = Oiphieijre = (§ + 1+ 1)0ipeijrt = j0ipei e + (t + 1)0ipeijie-
Hence
hlAij = jA” + Aijhl.
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Using this equation, we have

p1(h1 + as2As2)py
1 k
=(I+ 560321452) (h1 + as2As2) Z; as2A82

1 1 -
=+ Sasds) <Z 2i(— aszAsz) Z(_§GS2AS2)Zh1

k
1 .
+a32As2 Z(_QGS2A82)Z>

=0

2 hl + as2As2)

k
1
:(I"‘ 5@921452) <Z 27' 7G’S2A82 )
=0 >

k
1
+ <(I + as2As2) Z a32A52
2

(I+ asQA.sQ <Z 27/ _70'52145 + hl + a52A52)

(I+ CLSQAéQ (ZQZ 0,521452 > 2 32A84>'

Therefore,

n—1

p1(h1 + asaAs2)py ' € hy + Z CA,;.
i=3

By direct computation, we have for any 1 <p <m,1 < ¢q <n,

k
1 1 )
(I + 5as2A452)Apg Z(—iaszz‘lsz)z =Apq — 5sp(—§a 2) DA, ooy,
1=0
1 LA ,
I+ §a52A52)x Z(—iasgAsgy =z, Va = By, Cpg; Dpg-

=0

964
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Hence

p1Dp;!

m n—1 m

Z(I + %G/SQA&Q hi + Z Z as;Asi + Z Z bsiBsi

s=1 i=2 s=114i=1,i#s

m T k

+ Z Z cszcsz + Z Z dszDsz Z %GSZASQ)i

s=114=1,i#s s=11i=1 =0

n—1

:(I + %a52A52) hl + as2As2 + Z aszAsz + Z Z atlAtl

t=1,t#s i=2

=hy + Z a5 Agi + Z Z ay; Ay
t=1,t#s 1=2

m

+Z Z biBai+ Y Z c:iCsiJriid:iDsi,

s=11i=1,i#s s=114i=1,i#s s=11i=1

where b}, = b, ci;,d%, € C. Similarly, using these automorphisms pg; = I +

]aSjASJ, we can put to zero first ags, then af, etc. up to aj, ;. Let
" 1, 1, 1
p= 31;[1(1 @ Asn )+ 0] Asn2) o (I + 50s2450).
Then p satisfies the lemma. ]
Cij, D;j is 0 and

Since the product of any two of B;;, Cjj,
b;;Bij + b?ﬁji)
—— 2= | = hy,

b?‘Bij + b*iBji * *
(I + Jf) (hy + b}, Bij + b%:By;) (1 -

C”C C;}-Oij
I+ (h1 +¢5;Cji) — | = hyq,
n n

1+ %P d5Dy) (1 WDy,
toy )t D (1= ) =

by ButhiiBie p oy ¢ , I+ 4i, D = to put

n—1 ’ n n—

n—1

we can use the automorphisms I +

* *
to zero b}, ¢j;, d;;. Hence we have
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Theorem 4.5. Let N(R,,,m,r) be an indecomposable R, filiform Lie algebra.
Then all indecomposable non-nilpotent solvable Lie algebras with N(R,,, m,r)
nilradical are isomorphic to Chy + N(R,,, m,r), where the brackets are

[h1,eij] = (G +1)eij, 1 <i<m,0<j <n,

[es0s €si] = €s,i41,1 <i<n—1,

les1, €si] = €s,i42,2 <1 <n—2,

the undefined brackets being zero or obtained by antisymmetry.

5. The indecomposable non-nilpotent solvable Lie algebras with
N(R,,,m,r) nilradical are complete Lie algebras

In this section, we get a decomposition of the derivation algebra of a Lie
algebra and prove the indecomposable non-nilpotent solvable Lie algebras with
N(R,,m,r) nilradical are complete Lie algebras.

Lemma 5.1. Let h be a mazximal torus on a nilpotent Lie algebra n and the
decomposition of n with respect to b be

n= Z Na,
aEA
where A = {«a € bh*|n, # 0}. Define a bilinear operation in g = b+ n by
[hl + ny, ho + ng] = hl(TLQ) - hg(nl) + [’I’Ll,’ng], where h; € h,n; € n,i = 1,2.
Then g = b+ n is a solvable Lie algebra. If 0 ¢ A and C(g) = 0, then
Derg = adg + D¢
where Dy = {¢ € Derg|o(h) = 0}.

Proof. Let h € h, D € Derg, 8 € A,0 # yg € gg. Suppose

D(h):h/'i'zxom To € N,
acA

D(yg) = n o+ Z y;, y; € n,.
acA
From D([h, ys]) = B(H)D(ys) = [D(h), y3) + [h, D(ys)], comparing the vectors
in ng, we have
B(h)ys = B(h )ys + B(h)ygs.
So B(h') =0,Y8 € A. By C(g) = 0, we have h’ = 0, which means

D(h) = Z Toy Lo € Ng.
acA

Let

/ 1
D =D E — .
+ o) adx,,
a(h)#0
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Then )
D'(h)=D(h)+ > (el = 3 .
a(h)=0

a(h)#£0
For any hy € b, from the above proof, we can assume

D/(hl):Zza: Z Zo + Z Zo-

a€A a(h)=0 a(h)#0

By [h, h1] = 0, we have [D'(R), hi] = [D(h1), h], which implies that

— Z alhy)x, = — Z a(h)zq — Z a(h)zq = — Z a(h)zq.

a(h)=0 a(h)=0 a(h)#0 a(h)#0
Hence
Z a(hy)xe = Z a(h)zq = 0.
a(h)=0 a(h)#0
We have

[D'(h),h1] =0, Vhy €.
By 0 ¢ A, we get D'(h) € h. But

D'(h)y= Y .,

so D' (k) = 0. Hence Derg = adg + Do.

O

Lemma 5.2. Let N be an indecomposable quasi Ry, filiform Lie algebra and hq

be a linear transformation of N, whose matriz with respect to ® is diag(1,1, ...

)

1,2,2,...,2,...,n+1,n+1,....,n+1). Then rank(N) =1 and H = Chy is a

mazimal torus on N.

Proof. From Theorem 3.1, h; €DerN. Let H be a maximal torus on N such
that hy € H. Yh € H, since [h1,h| = 0, the matrix of h with respect to ® is
diag(Aq, Aa, ..., Apt1), where A;; 1 < i < n are m x m matrices and A,
is a r x r matrix. This means in the expansion of hey,y with respect to the
basis ®, all the coefficients of e;;, j > 0 are zero. But on the other hand, since

h € H C DerN, by (3.2),

n—2 m r
heso = cif(h)eso + 3 e (h)esi + Y % 1(Wein—1+ > cim(h)ein.
i=2 i=1 i=1
Therefore, hesg = c9(h)eso. Similarly, hes; = cii(h)es;. Since cii(h)
2¢59(h) and cﬁgzcgg, 1 < 4,j < m, the matrix of h with respect to ® is
cso(h)diag(1, 1, -+ ,1,2,2,-++,2,--- ;n+1,n+1,--- ,n+1).
Hence dimH=1 and rank(N)=1, H = Ch; is a maximal torus on N.
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Theorem 5.3. Let N(R,,, m,r) be an indecomposable quasi R,, filiform Lie al-
gebra. Then the indecomposable non-nilpotent solvable Lie algebras with N(R,,,
m, r) nilradical are complete Lie algebras.

Proof. Denote by g the indecomposable non-nilpotent solvable Lie algebras
with N(R,,,m,r) nilradical in Theorem 4.5. Let H = Chy be the maximal
torus in Lemma 5.2. Suppose the decomposition of N(R,,,m,r) with respect

to H is
N =3 Na.
a€EA
It is obvious that 0 ¢ A and C(g) = 0. Hence we have,
Derg C adg + Dy.
For any Dy € D¢ and 0 # z,, € N, set
Dy(z4) = n o+ Z xga,
BeA
where ' € H,z3 € Ng. Yh € H, from
Dolh; xa] = [Do(h), wa] + [h, Do(2a)] = [h, Do(2a)],

we have

BEA BeEA BeEA
By 0 ¢ A, we have a # 0. So R =0, and if 8 # a, xg = 0. Thus Do(N,) C N,.
Since Dy € DerN, by (3.2),

n—2 m

Do(eso) = 0(Do)eso + > e (Do)esi + D ¢i1(Do)ein—1+ Y cin(Do)ein.

=2 =1 i=1
Therefore, Dy(eso) = ¢23(Do)eso. Similarly, Do(es1) = c31(Do)esi- It means
that Dol, is a semisimple derivation of N. Thus Dy|y generates a torus on N
and [Dy|n, H] = 0. Because H is a maximal torus on N, we have Dy|y € H.
It means that there exists hg € H such that Dy|y = (adhg)|ny. Noting that
Dy(H) = 0, we immediately have Dy = adhg. Hence D9 C adg and g is a
complete Lie algebra. O

When m = 1, we have the following corollary.

Corollary 5.4. The indecomposable non-nilpotent solvable Lie algebras with
R,, nilradical are isomorphic to Chy + R,,, where the brackets are

[hi, €] = (i+1)e;,0 < i <,

[eo, il = e€ip1,1 <i<n—1,

le1, €] = ei12,2<i<n—2,
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the undefined brackets being zero or obtained by antisymmetry. Moreover, the
indecomposable non-nilpotent solvable Lie algebras with R,, nilradical are com-
plete Lie algebras.

Remark 5.5. Classifications and structural properties of complete Lie algebras
have been studied in a lot of papers, such as [5-7,19]. But these papers dis-
cussed the complete Lie algebra theoretically and gave few explicit examples. So
there are still few examples of complete Lie algebras and the problem of finding
complete Lie algebras is still an open problem. The Lie algebras in Theorem 4.5
and Corollary 5.4 are complete Lie algebras different from the examples given
in [5-7,19]. Hence they can be viewed as new explicit examples of complete Lie
algebras.
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