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1. Introduction

A common problem in functional analysis is whether a given linear func-
tional defined on a vector lattice of real-valued functions is representable as an
integral with respect to some suitable regular measure. It is known in literature
as Riesz-Radon problem on description of Radon integrals as linear function-
als. There is an extensive literature on this problem; see [5,8,17-20] and the
references therein. Let Cp,(X) denote the space of all real-valued bounded con-
tinuous functions on a topological space X. A Hausdorff space X is said to be
C-distinguished when C,(X) separates the points of X. In this paper, we first
introduce locally convex function spaces Cy (X) and C, (X) whose duals can be
identified with a topological vector space of (not necessarily bounded) Radon
measures. Then, we show that a Riesz type representation theorem holds for
these function spaces.

The paper is organized as follows. In Section 2, we give the definition of
the topological vector space M (X) and prove some of its basic properties. We
define locally convex space C~'b(X ) in Section 3, and show that the dual space
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On the dual of certain locally convex function spaces 1004

of Cy(X) can be identified with M(X) in a natural way. Finally, in Section 4,
we consider the same study for the space Cp(X).

2. Topological vector space of unbounded Radon measures

In this section we fix some terminologies and notations. All terminologies
concerning the theory of measure and integration will be as in [2]. We also
introduce and study topological vector space M (X), where X is a Hausdorff
topological space.

The o-algebra generated by the open subsets of X is called the o-algebra of
Borel sets and is denoted by B = B(X). We denote by K = K(X) the family
of all compact subsets of X. A (positive) Radon measure is a Borel measure
p o B(X) — [0,00] such that u(C) is finite for each C' € K(X), and p is
inner-regular; that is,

u(B) = sup{ p(C) : € C B, C € K(X) }.
The set of all positive Radon measures on X is denoted by MT(X). We also
let
MF(X) = {ne MHX): u(X) < o},
My(X) = {pu—v:pveM (X))
As usual we denote the total variation measure associated with u by |u|, and

we let ||| = |u|/(X). Then My(X) with the norm ||.|| is a Banach space.
Let ~ be the binary relation on M (X) x M¥(X) defined by

(u,v) ~ (p',v) ifand only if p+v =v+
for each (u,v),(1,v') € MT(X) x MT(X). The inner-regularity and the
finiteness on compacta of the elements in M+ (X) show that ~ is actually an
equivalence relation on M (X) x M (X). We denote by [u, ] the equivalence
class of (p,v) € M+ (X) x MT(X). Then we define M(X) as the set of all
these equivalence classes. For each [u,v], [1/,v'] € M(X) and A € R, let us
define
[ V] + W' V] = [n+ 1/ v+ V]
and
o P ifA>0,

Al v] = { [Av,A\u]  otherwise.

It is clear that these operations are well-defined and turn M (X) into a vector
space over R, which contains M, (X) as a subspace. This vector space has been
introduced by the second named author in [13,14]; see also [20] in which it is
called bimeasure.

Finally, let P : M(X) — M(X) be defined as

Pr ([, v]) = |lpxx — vkl
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for each [p,v] € M(X) and each K € K(X), where (uxx)(B) = u(K N B) for
B € B(X). We always equip M (X) with the weakest topology on M (X) for
which each Pk is continuous.

The following lemma is an immediate consequence of our definitions.

Lemma 2.1. Let X be a Hausdorff space. Then the following hold.

(i) A net ([ta,Val)a 0 M(X) converges to [u,v] if and only if for each
K € K, the net (la XK —Va XK )a CONVETgEs to pxXx —VX i in the Banach
space My(X).

(ii) M(X) is a real Hausdorff topological vector space.

Let us recall the definition of the projective limit of a family of locally convex
spaces. Let (A, <) be a partially ordered set and {X, : @ € A} be a family of
locally convex spaces, and for o < 3, denote by f, g a continuous linear map
of Xz into X,. Further suppose that fo, = fag o fgy for all & < 8 < v and
faa be the identity map on X, for all & € A. Then the projective limit of the
family (Xq, fa,5) is defined as

Im(X,, fo.s) = {(za) € HpeaXa 1 o = fap(xs), whenever o < f};
o

for more details see for example [15].
We also need the definition of a content. A Radon content is a set function
A: K(X) — [0,00) for which, for all C,Cy € K(X) with C; C C5, we have

)\(02) — )\(Cl) = sup{)\(C) : Ce IC(X),C C (s \ Cl}
Let A be a Radon content. Then the set function A\; : B(X) — [0, 00]
defined for each B € B(X) by
At(B) =sup{\(C) : CCB,CeKk(X)}

is called the Radon part of A. For more details see [2,7].
In the sequel, whenever we need, we suppose that the family IC has been
partially ordered by the inclusion.

Lemma 2.2. Let X be a Hausdorff space, and let ¢px 1 + My(L) — My(K)
be the restriction map for compact subsets K and L with K C L. Then the
mapping 0 : p— (uxr) is a bijection from M+ (X) onto limy (M, (K), ¢x.1).

Proof. The mapping {2 is injective because the elements of M+ (X) are inner-
regular. Next we show that Q is surjective. Let (uX) € limyx (M, (K), ¢x.1)
be arbitrary and define

AMF) =sup{p®(FNK) : K€K}

for all FF € K. It is not so hard to verify that X\ is a Radon content. Now
Theorem 2.1.4 in [2] or Theorem 2.1 in [7] shows that A has a unique extension
to a Radon measure, say p. It is clear that Q(u) = (uf€). O
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For a subset K of X, we let
Mg (X) = {p € My(X) : supp(u) € K}
and
Cr(X) = {fxx : [ € C(X)},

where supp(p) denotes the support of the measure . When X is a locally
compact space we also let

Ci(X) ={f € Ce(X) : supp(f) C K},

where C.(X) is the Banach space of all real-valued continuous functions on X
with compact support. We endow Mg (X) and Ck (X) with their usual norms.

Lemma 2.3. Let X be a C-distinguished space, and let K € K. Then

(i) Mg (X)={pe My(X):Yf e Cp(X), supp(f) € X\K, [ fdu=0}.
(ii) Mg (X) = Ck(X)* as Banach spaces.

Proof. To prove (i), let u € My(X)\ Mg (X). Then supp(p)N(X\ K) # 0. Put
v = |p|xx\k, since X \ K is an open set, then v # 0 and supp(v) C X \ K.
Thus there exists a compact subset L C X \ K such that v(L) > 0. But
KNL =0, and since by our assumption X is C-distinguished, then there
exists a real-valued function f € Cy(X) such that f(X) C [0,1], f(K) = {0}
and f(L) = {1}; see Lemma 2.2.1 in [2]. Hence

[raw = [ sl
e X\K
2 fdv=uv(L)>0.
L
Therefore (i) is immediate.
(ii) Tt is immediate from Theorem 16.10 in [7]. O

Proposition 2.4. Let X be a C-distinguished space. For compact subsets
K7L C X with K C L, let QbK,L : ML(X) — MK(X) and wK,L : CL(X)* —
Cr(X)* be the restriction maps. Then

M(X) = lm(Mg (X), éx.1) = Um(Cx (X)", ¥, L),
as topological vector spaces. If, further, X is a locally compact space, then
M(X) = lim(C (X)", 6re.)
Proof. Let ® : M(X) — limg (Mg (X), ¢k, 1) be defined as [u,v] — (uxx —
vxk)- A similar argument to the proof of Lemma 2.2 shows that ® is bijective.

This together with Lemma 2.1 clearly shows that ® is a linear topological
isomorphism.
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Define ¥ : limK(MK(X), QZ)K,L) — th(CK(X)*ﬂ/)K,L) by (uK) —> (IMK)7
where I, (f) = fX fdu®. Notice by Lemma 2.3, that U is well-defined. Now
it is easy to see that W is a linear topological isomorphism.

Finally, to prove M(X) = limg(C%(X)*,¥k,r) in the case where X is
locally compact, notice first that C%(X)* = Mg (X) as Banach spaces and
then apply the first part. O

3. Locally convex space 51,(X)

In this section, we first introduce a locally convex space of functions closely
related to the space Cp,(X), and then show that its dual can be identified with
the topological vector space M(X).

By Cy(X) we shall denote the vector space generated by the set {fyx :
feCy(X), K € K(X)}. A subset F of linear functionals on Cy(X) is called
uniformly 7i-smooth, if for each K € K(X), each € > 0 and for any net (fq)a

in Cy(X), with fo, \( f and f € 5;,(X)+, there is g such that
[F(faxx) = F(fxx)l <e

for all F' € F and a > ag. Here, f, N\, f means (f,), is a decreasing net and
fa(x) = f(x) for each x in X. A single linear functional F is 7;-smooth if the
one point set {F'} is uniformly 7;-smooth.

The following lemma enables us to define a locally convex topology on C(X).

Lemma 3.1. Let F be a uniformly 7j,-smooth set of linear functionals on
Cy(X). Then the mapping Pr : Cp(X) — [0,00) defined by

Pr(g) =suwf{|F(g)l : F € F} (g€ Cy(X))
is a seminorm on Cp(X).
Proof. Let g = fxx € Cy(X) where f € Cp(X)t and K € K(X). Since the

sequence (1/nf), tends to zero, then the uniformly 7,-smoothness of F implies
that there exists a ng € N such that

1
F(fxx)] <1
for each F' € F and all n > ngy. Hence
Pr(fxr) =sup{|F(fxx)| : F € F} <ng,

so clearly P is a seminorm on Cy(X). O

We denote by ~ the locally convex topology on éb(X ) generated by the
family of all seminorms {Pr}x where F is a uniformly 74-smooth set of linear

functionals on Cp(X), i.e., the topology of uniform convergence on the uni-
formly 7i-smooth sets of the linear functionals on Cy,(X). By C,(X) we mean
the space Cy(X) equipped with the v topology.
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Proposition 3.2. Let F be a vy-equicontinuous set of linear functionals on
Cy(X). Then F is uniformly 1-smooth.

Proof. Let F be a 7y-equicontinuous set of linear functionals, then there is a
uniformly 7,-smooth set F; of linear functionals such that F € F7°, where F7
denotes the polar of the set F1. Let (fa)a be a net in Cp(X) with fo, N, 0
and € > 0, then %foé ¢ 0. So, for each K € K, there exists ag such that
|H(%faXK)| <1 for all @ > ap and all H € F;. But this means that %faXK €
Fp and so |F(L faxk)| < 1forall @ > ag and all F € F. Hence |F(foxk)| < ¢
for all & > g and all F' € F, and so F is uniformly 7;-smooth. O

By a linear functional on 5'1,(X ) is y-continuous if and only if it is a 74-
smooth linear functional.

A subset A of a vector lattice is called solid if whenever z € A and |y| < |z]
then y € A. The solid hull of A is the smallest solid set containing A. A
vector space topology on a vector lattice is locally solid if there is a base of
solid neighborhood of zero. For a convenient account of locally convex vector
lattices, see [1].

Proposition 3.3. The solid hull of a uniformly 7i-smooth set of linear func-
tionals on Cyp(X) is also uniformly Tj,-smooth.

Proof. Suppose that F is a uniformly 74-smooth set of linear functionals on
Cy(X). Tt is sufficient to show that {F* : F € F} is uniformly 7-smooth;
see [11]. On the contrary, suppose that there exist ¢ > 0, K € K and a net
(fa)a in Cp(X) such that fo N\, 0 and sup{F*(faxx) : F € F} > ¢ for all
a. Let ap be fixed, then there exists F' € F such that F*(f,,xx) > €. Now
F(faoXx) =sup{F(g) : 0 < g < fauXx}, and so there exists g € Cp(X) such
that 0 < g < faoxx and F(g) > e. By the 7-smoothness of F' we can find
a g1 € Cp(X) such that 0 < gixx < faoxx and F(gixx) > F(g9) —e. Let
e1=F(gixx) — F(g) +€ > 0. Now ((foa —g1)")a (0, where @ > «g. So, by
the 7-smoothness of F, there exists oy > g such that |F((fa, — 91)Txk)| <
F(g1xk) —e1. Let h = max(fs,,91). Then

F(hxk) = F(oixk + (far —91) xk)
= F(oixk)+ F((fo. — 1) xK)
> €1.

Thus, for each «ag, there exist h € Cp(X), F € F and a1 > ap such that
far Sh < fo, and F(hxx) > e1. Let D be the set of all functions h such that
there exist &« < 8 and F € F such that fz3 < h < f, and F(hxk) > 1. Then
the set D can be directed downward to zero. Since F is a 7i-smooth set, there
exists h in D with |F(hxk)| < €1 for all F' € F. This contradiction proves the
assertion. O
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From Proposition 3.3 it follows that the v topology is locally solid.
Let us recall that the strict topology S on Cy(X) is defined as the locally
convex topology generated by the seminorms

Py(g) = sup{ p(z)|g(z)| : x € X },

as ¢ varies through the set of all the positive bounded Borel measurable func-
tions on X vanishing at infinity. It is well-known that the dual space (Cy(X), §)
can be identified with M;(X), the Banach space of all finite regular Borel mea-
sures on X. For more details see [4, 6].

Lemma 3.4. Let X be a C-distinguished space. Suppose that F' is a positive
linear functional on Cy(X). Then, for any K € K(X), the functional Fi
defined on Cy(X) as Fx(f) = F(fxk) is B-continuous.

Proof. Assume that (fa)a is a uniformly bounded net in Cp(X) such that
converges to zero uniformly on compact subsets. Then, for each compact set
K and € > 0, there exists ag such that

|[faxklloo <€

for all @« > g . Hence —exx < faxx < exx and by the positivity of F
we have F(f,) — F(xx). By Proposition 2.8 in [10], it follows that Fk is
[-continuous. O

Lemma 3.4 enables us to define the map ¢k : CN'W(X)* — Cg(X)* by
qx (F) = Fg, for each K € K(X). We endow C.,(X)* with the weakest topol-
ogy for which each ¢x is continuous.

We need the following easy lemma.

Lemma 3.5. Let X be a C-distinguished space. If f is a positive Borel mea-
surable function on X and p € M+ (X) then

/ fdu=sup{/ s@du:OSwa,soec},
X X
where C={p: @ =31 aixk,, Ki € K,a; €R,i =1,...,n}.

The following result gives a representation for positive y-continuous linear
functionals on Cp(X).

Proposition 3.6. Let X be a C-distinguished space. Let F' be a positive ~y-
continuous linear functional on Cy(X). Then there exists a unique measure

pw € M*(X) such that
F(g)=/ gdp
X

for all g € Cy(X).
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Proof. For each K € K, define Fx(f) = F(fxk) for any f € Cy(X). By
Lemma 3.4, F is S-continuous on Cp(X). Hence there exists a unique measure
e € M, (X) such that

Fre(f) = /X Fdux

for each f € Cp(X); see Theorem 6.3 in [4]. Moreover, by Lemma 2.5 of [3], we
have

pi(C) =nf{Fr(f) : feC(X), f=2xk} (CeK)

Now, let C' be a compact subset of X with C' C K. Then the set A = {f €
Cy(X) @ fic = 1} can be directed downward to xc. Indeed, A = {fa}a so
that o > B if and only if f, < fg pointwise, where A is a directed set. If
a,f € A, min(fa, fg) = fy for some v € A and v > «, 8. Thus A = {fa}a is
a net of continuous functions with f, \, x¢. Now ~-continuity of F' implies
that Fi(fo) — Fr(xc). We conclude that px(C) = F(xc¢) for all compact
subsets C, K with C' C K.

For K € K, define A(K) = F(xk). We will show that A is a Radon content.
To show this, suppose that K1, K5 are in K with K; C K5. Then

AME2) = A(K1) = Fxk,) — Fxx,)

[ Uk, (K2) — pir ok, (K1)

Pr,ur, (Ko \ K1)

= sup{pr,ur,(C): C C K3\ K;,C € K}
sup{F(x¢): C C Ky \ K;,C € K}

= sup{\C): CeK,CCKy\ K},

as required.

Let u be the Radon part of \. Then p € M+ (X) is a unique Radon measure
on X such that u(K) = A\(K) for all compact subsets K; see Theorem 2.1 in [7]
or Theorem 2.1.4 in [2].

Now we show that F'(g) = fX gdu for all g € &,(X). On the one hand, by
applying Lemma 3.5, for each f € C’; (X) and K € K, we obtain

/fXKd,U = sup{/ wdutwécawéfXK}
X X
= sup{F(p): p€C,p < fxk}

F(fxr)-

IN
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On the other hand,

F(ll flixr) — /X fxx du

IFIMK) — /X S dp

/ (Ul = Fxa) du
X

F(l[flIxx = fxx)
= F(lflixx) = F(fxx),

IN

and hence
F(fo)S/Xfodu-

From the above, we conclude that
F(fxk) = / fxx dp.
X

Hence F(g) = fX gdu for all g € C~'b(X). The uniqueness of p easily follows
from the inner-regularity of u as usual. O

Example 3.7. Let F be a nonprincipal ultrafilter on N. Then for any bounded
sequence (ay, ), of real numbers there is a unique a = lim,,¢ » a,, which is defined
so that for any ¢ > 0 the set {n € N : |a, —a| < €} is in F. Consider
X = [0,1]. Then F(g) = lim,_xg(1/n) for g € Cy([0,1]) defines a positive
linear functional. The functional F' is not represented by any Radon measures,
in particular not by &g since h = xq03 € Cy([0,1]) and F'(h) = 0, which is
impossible. Note that F' is norm-continuous on 5'1,([0, 1]) but not y-continuous.
In fact, f, — X[/2,1] in the y-topology, but (F(f,)), does not converge to
F(xp1/2,1)) = 0, where f, is defined as

[ 1/n if1/2<xz <1,
fn(x)—{ 21/n—Dz+1 f0<z<1/2.

We now state the main theorem of this section.

Theorem 3.8. Let X be a C-distinguished space. Then the mapping @ :
[, V] = F, — F, is a topological linear isomorphism from M(X) onto Cy(X)*,
where

Fu(g) = /X gdu (g€ Gy(X)).

Proof. To show that ® is well-defined let € MT(X) and let (f4)q be a net
in Cp(X) such that f, \ 0. Fix agp and put f’, := fo, — fa for @ > ag. Thus
L 7 fae In Cp(X). From Theorem 2.1.5 of [2], it follows that (uxx)(f',)
(XK )(fap) for each K € K. That is F), is Tx-smooth. Hence, by Proposition

3.3, F, € C,(X)*.
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It is easy to see that ® is linear and injective. The mapping @ is also
surjective. Indeed, let F' € CN'W (X)* be arbitrary. In view of Lemma 4.3. in [9]
and Proposition 3.3, we can write F = F* — F~ where F'* and F~ are positive
functionals in 57 (X)*. From Proposition 3.6, it follows that there are unique
measures i, o € MT(X) such that

F+(9)=/ngu1,F‘(g)=/ngu2 (g € Cy(X)).
Thus
() =F" —F =F,

where p = [u1,p2] € M(X). Finally, we show that ® and its inverse are
continuous. Suppose that ([fa,Va])a is @ net in M(X), then, by Lemma 2.1,
([, Va])a converges to [u,v] in M(X) if and only if
HaXK — VaXK — UXK — VXK

in My(X) for each compact subset K. This is also equivalent to that

FNaXK — Fooxx = FMXK = Foxx
in 6V(X)*. This happens if and only if

F, —-F, —F,—F,.

Whence @ is homeomorphism. O

In the following, C5(X) will denote the space C.(X) be equipped with the
~ topology.

Corollary 3.9. Let X be a locally compact space. Then
M(X) = C5(X)",
as topological vector spaces.
Proof. In view of Theorem 3.8, it is sufficient to show that the restriction map
[:Cy(X)" — C(X)”

is a linear topological isomorphism. For this, the only thing remains to prove
is that T' is injective, then the rest is straightforward. Let f € C.(X) and
K = Supp(f). Then, from the Urysohn Lemma it follows that

fxrx =inf{g € CF(X): g > fxr}
Now, by Theorem 2.1.5 in [2] and Theorem 3.8, we infer that

F(fxx) =sup{F(g) : g € C(X), g = fxx}-
From which we conclude that I' is injective. O
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We conclude this section by an example which shows that there exists a
linear functional on Cy(X) which is continuous if C,(X) has the supremum
norm, but not continuous for the ~ topology.

Example 3.10. Let V = {g € Cy(R) : lim,_,+ g(z) exists} and F: V — R
be defined by F(g) = lim,_,o+ g(x) for each g € V. Let V and 5b(R) equipped
with the supremum norm. Then V C éb(R) and F' € V*, so there is a positive
functional F' € Cy(R)* such that F|y = F, ||F|| =1 and F ¢ GV(R)*, which
shows that C,(R)* S Cy(R)*. 1In fact, let C' be the Cantor set. Then y¢ €
Cy(R)\V, which proves the first assertion. For the second assertion, suppose, on
the contrary, F € CNV.Y (R)*. Thus, by Proposition 3.8, there exist u,v € MT(R)
such that F(g) = [, gdpu— [ gdv for g € Cy(R). Let K C (0,00) be a compact
subset. Then

u(K) —v(K) = F(xx) = F(xx) = 0.
Similarly, u(K) = v(K) for each compact set K C (—00,0). Also u({0}) —
v({0}) = F(x40y) = 0. Therefore, u = v and F = 0, which is a contradiction.

4. Locally convex space 6b(X)

We begin with some definitions. By a sood we mean a bounded Borel mea-
surable function ¢ : X — [0, 00) with compact support. We denote by Sd(X)
the set of all soods on X. We also denote by ab(X ) the vector space generated
by the set {fv : f € Cp(X), ¥ € Sd(X)}. That space actually consists of all
bounded Borel measurable functions on X with compact support.

Let 7 be a subset of linear functionals on @(X). Then 7 is said to be
uniformly 7¢-smooth, if for any net (f,)o in Cp(X) such that f, N\, f with
f € Cy(X)*T and 1 € Sd(X), then for each £ > 0 there is ag such that

[ (fath) = I(fP)l < e

for all I € Z and o > «g. A linear functional F' on ab(X ) is called 75-smooth
whenever the set {F'} is uniformly 7,-smooth.

Let Z be a uniformly 7,-smooth set of linear functionals on Cy(X), and let
Pz : Cy(X) —> [0,00) be defined by

Pz(g) =sup{|l(g)| : I €I}

for each g € éb(X ). Tt is straightforward to see that Pz is a seminorm on
@(X ). Then by o topology on CA’b(X ) we mean the locally convex topology
generated by the seminorms Pz. We write C, (X) for the space Cy,(X) equipped
with the o topology.

We omit the proof of the following proposition because it is similar to the
proof of Proposition 3.2.
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Proposition 4.1. A linear functional on @(X) is o-continuous if and only if
it is Tg-smooth.

Thus the dual of C,(X) consists of 7,-smooth linear functionals.

Lemma 4.2. Let X be a C-distinguished space, and let ¥ € Sd(X) and I be

a positive linear functional on Cyp(X). Then Iy(f) :== I(fv) is a B-continuous
functional on Cp(X).

Proof. Suppose that I is a positive linear functional on Cy(X), and (fa ) be a
net in Cp(X) such that f, — 0 in S-topology. Then, by definition, ||fo®| — 0
for each ¢ € Sd(X). Let K be a compact subset such that ¢ = ¢¥xk, then the
positivity of I gives

1Ly (fo)l = (@ fo)l = H(fatoxx)l < [l fat T (xx),

for all @. Hence I is B-continuous on Cp(X). O

The Lemma 4.2 allows us to define a topology on éU(X )*. In fact, we equip
C,(X)* with the weakest topology which makes qy - Cr(X)* — Ca(X)*
continuous for each ¢ € Sd(X), where ¢, (I) = I.

The next theorem is our main result in this section.

Theorem 4.3. Let X be a C-distinguished space. Then the mapping ¥ :
M(X) — Co(X)* defined by ¥([u,v]) =1, — I,,, where

o) = [ adn. (9 X))
18 a linear topological isomorphism.

Proof. Let us first prove that ¥ is well-defined. Given pp € M*(X), let I,(g) =
J gdp for each g € 6;,(X). Suppose that (fq)a be anet in Cy(X) with f, N\, 0.
Set f', = fao — fa for a > ag, where o is an arbitrary but fixed index. Thus
L fae- Since pt is a Radon measure for ¢ € Sd(X), by Theorem 2.1.5
of 2], we deduce that

/X f1 d(p) — /X Fa (612,

which means that I,(¢f,) — 0. Consequently, I,(¢fo) — 0. That is I is
Ts-smooth and, by Proposition 4.1, I € a,(X)*, as required.

It is easy to verify that W is injective. Now, we are going to prove that W is
surjective. Let I € a,(X )* be an arbitrary element. A similar argument as in
Proposition 3.3 shows that the o topology is locally solid. Now invoke Lemma
4.3. in [9] to decompose I as I = I — I~ where I't, I~ € C,(X)* are positive
functionals. Since the restrictions of It and I~ to CN'b(X) belong to 5’7 (X)*,
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Proposition 3.6 implies that there exist unique measures 1, 2 € M+ (X) such
that

I*(g):/xgdul,l’(g):/nguz (g € Cy(X)).
In particular,
It (xk) = m(K), I" (xx) = p2(K) (K € K).

We will show that I = I,,, —1,,,. To show this, we first assume that g € Ch (X)
be a positive function. Then, by Lemma 3.5, we get

/gdm = Sup{zaml(Ki):0<90:—ZaiXKi<g,s0€C}
X i=1

=1
= sup{/T(p):0<p<g}
pel

< It(g).

Let g € &,(X) and K = supp(g). Then ¢’ = ||g||xx — g is a positive function
in Cp(X), and so

/ g dpy <I*(g").
X

From the above, it follows that

/X gdm > I*(g) (g€ Gy(X)).

By replacing g with —g in the above inequality, we obtain

I*(g):/ gdp.
X
Similarly,

I () = /X gdm (g€ Gy(X)).

Thus, we proved that I =1, —1I,,.

Finally, we are required to prove that ¥ is continuous. To prove this, suppose
([#as Va])o be a net in M (X) which converges to zero. Then the net (poxx —
Vo XK )a converges to zero in My(X) for each compact subset K in X. Given

P € Sd(X) and f € Cp(X) with || f]] <1 and K = Supp(v), we have

L, () — Lo, (f0)] = \ [ vtava~ [ vrav,

‘/wad(uax;c)—/xwfd(vaxm‘

IN

/ 0| dlptaxic — vaxxcl
X

< Yl lpaxx — Vaxk|l-

N
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From which, we conclude that the net ¥([pa,va]) = I,

h: — 1, converges to
zero in C,(X)*; i.e.,, ¥ is continuous.
Conversely, assume (I,)q, where I, = I, pwe — dv,, be a net converges to

I:=1,—-1,in Cy(X)*. Then for each compact set K in X we have

I(axr = vaxx) = (uxr = VXK = 1 Tpaxse = Tvaxs) = Quxie = Do) s
so that [a, Va] = [, ¥] in M(X). This completes the proof. O
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