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ABSTRACT. The aim of this paper is to study the convergence of solutions
of the following second order difference inclusion

exp;i1 Uit1 + 0; exp;i1 wi—1 € ¢;A(u;), =1

up =z €M, supd(ui,z) < —+oo,

i>0

to a singularity of a multi-valued maximal monotone vector field A on
a Hadamard manifold M, where {c¢;} and {6;} are sequences of positive
real numbers and z is an arbitrary fixed point in M. The results of this
paper extend previous results in the literature from Hilbert spaces to
Hadamard manifolds for general maximal monotone, strongly monotone
multi-valued vector fields and subdifferentials of proper, lower semicon-
tinuous and geodesically convex functions f : M —] — co,+00]. In the
recent case, when A = Jf, we show that the sequence {u;}, given by
the equation, converges to a point of the solution set of the following
constraint minimization problem

Min ()

Keywords: Maximal monotone operator, multivalued vector field, con-
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1. Introduction

Let H be a real Hilbert space equipped with the inner product (.,.) and
norm || - ||. Let A be a nonempty subset of H x H, to which we refer as a
(nonlinear) possibly multivalued operator in H. A is called monotone if and
only if (y2 —y1, 22 — 1) = 0, for all [x;,y;] € A, i = 1,2. A monotone operator
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On the convergence of solutions to a difference 1046

A is said to be maximal monotone if A, regarded as a subset of H x H, is not
properly included in any other monotone subset of H x H.

Given any function f : H —]—o00, +00] with domain D(f), its subdifferential
is defined as a multi-valued operator df, where

Of () ={we H| f(x) - fly) < (w,x—y), Vy € H}.

The function f is called proper if and only if there exists z € H such that
f(z) < 4o00. Tt is a well-known result that if f is a proper, convex and lower
semicontinuous function, then Jf is a maximal monotone operator. We refer
the reader to the book by Morosanu [12] in order to understand monotone
operators and subdifferentials of convex functions in Hilbert spaces.

Let A be a maximal monotone operator in H. The second order evolution
equation

p)u”(t) +r(t)u'(t) € Au(?),
1) w(0) = o, sup u(t)]| < +oo,
(24

has been studied by many mathematicians for existence, periodicity and asymp-
totic behavior of solutions (see for instance [5,10-12] and references therein).
Equation (1.1) has applications not only in ordinary and partial differential
equations, but also in optimization. In fact, under suitable conditions, the tra-
jectory of the solution of (1.1) converges to a zero of the maximal monotone
operator A, which is a minimum point of f, when A = 0f, where f is a convex,
proper and lower semicontinuous function (see [5,10,11]). The second author of
this paper has showed in [10,11] that equation (1.1), in the special case p(t) =0
and r(t) = ¢ = 0, gives a better rate of convergence to a minimum value of
f than the first order evolution equation of monotone type (steepest descent
method). In order to extract an algorithm to approximate a singularity of a
monotone vector field or to solve unconstraint minimization problem

Minf (@),

where A = Jf, as well as for applying in partial differential equations (see [1])
and in discrete modelings (see [13-15]), we consider the discrete version of (1.1).
Discrete analogue of equation (1.1) may be written in the following form:

Ujt1 — (1 + Qz)ul +6,u;_1 € ciAui,
(12) up ==, sup |lu] < +oo,
>0
where A is maximal monotone operator and {¢;} and {6;} are positive real
sequences. There are a lot of investigations for existence and asymptotic be-
havior of solutions to (1.2), which the reader can find them in [9,12,13] and
in their appeared references. In [9] the author has proved the weak and strong
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convergence of solutions to (1.2) with the best conditions on parameters {c;}
and {6;} and he also has given some results for the rate of convergence.

In this paper, we consider an analogue equation of the equation (1.2) on
Hadamard manifolds. Then we get convergence results for solutions to this
equation, which are similar to the obtained results for solutions to the equation
(1.2) in [9].

2. Some tools of Riemannian geometry

Here we remind some indispensable backgrounds about Riemannian mani-
folds from [8,16].

Let M be a connected m-dimensional Riemannian manifold, with a Rie-
mannian metric (.,.) and the corresponding norm denoted by || . ||. For p € M
the tangent space at p is denoted by 7,M and the tangent bundle of M by
TM = UpeM T,M. A vector filed A is a mapping from M to T'M which maps
each point p € M to a vector A(p) € T,M. Let p and g be two points in M,
and 7 : [a,b] — M be a piecewise smooth curve joining p to gq. The length of v
is defined as

b
L) = [ 16 lat
a
and the Riemannian distance d(p, q) is defined by
d(p,q) = inf{L(y)|v : [a,b] — Mis a piecewise smooth curve with y(a) = p,v(b) = ¢},

which induces the original topology on M.

Let V be the Levi-Civita connection on M associated with the Riemannian
metric (.,.), and v be a smooth curve in M. A vector filed A is said to be
parallel along v if V44 = 0. A smooth curve 7 is a geodesic, if + itself is
parallel along . If v is a geodesic, then || is constant. When ||¥|| = 1, v is
said to be normalized. A geodesic joining p to ¢ in M is called minimal if its
length is equal to d(p, q).

A Riemannian manifold M is complete if for each p € M all geodesics
emanating from p are defined on whole of R. If M is complete, then by the
Hopf-Rinow theorem, any pair of points in M can be joined by a minimal
geodesic.

Let M be a connected and complete Riemannian manifold. The exponential
map exp,, : Tp,M — M at p is defined by exp,(v) = v,(1) for each v € T, M,
where 7, (.) is the geodesic with v, (0) = p and ¥, (1) = v. Then exp,,(tv) = 7,(t)
for each real number t.

Throughout the paper we assume that M is a complete, simply connected
Riemannian manifold of non-positive sectional curvature of dimension m, which
is called a Hadamard manifold of dimension m.



On the convergence of solutions to a difference 1048

Proposition 2.1. ( [16, p. 221]) Let p € M. Then exp, : T,M — M is a dif-
feomorphism, and for any two points p,q € M there exists a unique normalized
geodesic joining p to q, which is, in fact, a minimal geodesic.

An immediate consequence of Proposition 2.1 is that d(p, q) =]|| expp_1 qll,
for any two points p,q € M. Proposition 2.1 shows that any m-dimensional
Hadamard manifold has the same topology and differential structure as the
Euclidean space R™. In fact, Hadamard manifolds and Euclidean spaces have
some similar geometrical properties. One of them is described in the following
proposition.

By definition, a geodesic triangle A(p1paps) of a Riemannian manifold is a
set consisting of three points p1, p2 and p3, and three minimal geodesics joining
these points.

Proposition 2.2. ([16, p. 223])(Comparison theorem for triangles) Let A(p1p2ps)
be a geodesic triangle. Denote by ~y; : [0,1;] — M the geodesic joining p; to pit1,
and set l; == L(v;), o; = Z(%:(0), —¥i—1(li—1)), where i = 1,2,3 (mod 3).
Then

a1 +ag + a3z <,

(2.1) l? + li2+1 — 2341 cos gy < l?_l.
Since
(exp,.t pirexpyt | Pita) = d(pi, pis1)d(Pit1, piva) cOS iy,
the inequality (2.1) may be rewritten as follows
(22) d*(pi,piv1) + d*(Piv1, piva) — 2(exp, L, pirexp, .t piva) < d*(pit2, pi)-

Now we are going to remind some definitions which extends some notions of
the monotonicity, from the corresponding notions in Hilbert spaces (see [3,4]),
to multi-valued vector fields on Hadamard manifolds. Let X(M) denote the
set of all multi-valued vector fields A : M — 2TM such that A(z) C T, M for
each x € M and the domain D(A) of A is closed and convex, where D(A) is
defined by

D(A) = {z e M: A(z) # o).

Definition 2.3. ( [3]) Let A € X(M). Then A is said to be
(i) monotone if the following condition holds for any z,y € D(A),

(2.3) (u,exp; y) < (v, — exp;1 x), Yue A(z),ve Aly):

(ii) strongly monotone if there exists p > 0 such that, for any z,y € D(A),
we have

(2.4)  (u,exp;ty) — (v, — exp;1 z) < —pd*(z,y), Yu€ A(x),v € A(y) :
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(iii) mazimal monotone if it is monotone and the following implication holds
for any x € D(A) and v € T, M,
(2.5)
((u,exp, ty) < (v, —exp;1 x), Vy e D(A) and Yv € A(y)) = u € A(z).

Definition 2.4. ([3]) Let A € X(M) and xo € D(A). Then A is said to be

upper Kuratowski semicontinuous at xq if, for any sequences {xx} C D(A) and

{ur} € TM with each uy, € A(xy), the relations lim xy = xg and lim u, = ug
k—o0 k—o0

imply that ug € A(xg). A is said to be upper Kuratowski semicontinuous on M

if it is upper Kuratowski semicontinuous at each point xog € D(A).

In [3, Proposition 3.5] it is shown that each maximal monotone vector field
is upper Kuratowski semicontinuous.

Now we present the equation (1.2) in a Hadamard manifold M as follows.

eXp;il uiy1 + 0; exp;il ui—1 € A(u;), i>1
(2.6) ug =, sup d(u;,x) < 400,
i20
where {c¢;} and {6;} are positive real sequences and x is an arbitrary point
in M.
Throughout the paper, A(u;) denotes the element
a; = (91 cee 01‘)71.

—1 —1
exp,,, wiy1+0; exXp,,; Ui—1

Ci

and

3. General monotone case

In this section we establish some results on the convergence of solutions to
(2.6). We first recall the notion of Fejér convergence and the following related
result from [6].

Definition 3.1. Let X be a complete metric space and K C X be a nonempty
set. A sequence {x,} C X is called Fejér convergent to K if

d(xpni1,y) <d(xn,y), Yye€K and n=0,1,2,....

Lemma 3.2. Let X be a complete metric space and K C X be a nonempty
set. Let {x,} C X be Fejér convergent to K and suppose that any cluster point
of {x,} belongs to K. If the set of cluster points of {x,} is nonempty, then
{zn} converges to a point of K.

The following two lemmas, which are from [9], will be used in the sequel.

Lemma 3.3. ([9]) Let {a,} and {b,} be two sequences of positive real numbers.
If {an} is nonincreasing and convergent to zero and Z:z anby, < +00, then
(>ribr)a, — 0 as n — +oc.
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Lemma 3.4. ( [9]) Let {an} be a sequence of positive real numbers with

Tl = fo0o. If {b,} is a bounded sequence, then liminf a,(byi1—bn) <
n=1"n n +
0.

Lemma 3.5. Let {u;} be a solution to (2.6). Then a;—1d(u;,u;—1) is either
nonincreasing or eventually increasing.

Proof. From the monotonicity of A and (2.6), we have

—1 —1 1
(expy,., Wit2 + 0it1€XPy, | Uiy XDy, Uj)

1
-1 —1 -1
< Z<eXpu1- Uip1 + 0 exXpy, Ui_1, — €XPy, Uiy1).
3

Cit+1

Since ||exp, ' y|| = |lexp, ! 2| = d(z,y), for all z,y € M, it follows that

1 0; 1 0;
(3.1)  —d(uit1,ui) — id(uiaui—l) < d(Uit2, uit1) — st
Ci Ci Ci+1 Ci+1

for all ¢+ > 1. If {a;—1d(u;,u;—1)} is not nonincreasing, then there exists
j = 1 such that a;d(uji1,u;) > aj—1d(u;,u;—1) and by (3.1) the sequence
{ai—1d(ui, ui—1)}i>; is increasing. O

d(ig1,ui),

Lemma 3.6. Suppose that u; is a solution to (2.6) and p € A=*(0). Then
d(u;,p) is nonincreasing or eventually increasing. Moreover, if ijolo 0,---0; =
+oo, then d(u;,p) and a;—1d(u;,u;—1) are nonincreasing and a;—1d(u;, w;—1)
converges to zero as i — +00.

Proof. From the monotonicity of A and (2.6), we get
(3.2) (exp;_1 Uir1 + 0; eXp;i1 Uj—1, exp;i1 p) < 0.

Consider the geodesic triangles A(u;1iu;p) and A(u;u;—1p). By inequality
(2.2) of the comparison theorem for triangles and inequality (3.2), one obtains
that

(3.3)

d2(ui+1,p) — d2(ui,p) + 91(d2(ui_1,p) - dQ(UZ,p)) 2 dz(ui+1, ul) + 6‘id2(ui, Ui—l) 2 0.
If d(u;, p) is not nonincreasing, there is j > 0 such that d(u;,p) < d(w;+1,p).
By (3.3) the sequence {d(u;, p)}i>; is increasing.

For the second part of the lemma, multiplying (3.3) by a;, we get

ai—1d? (ui, uio1) < ai(d®(uigr,p) — d*(ui, p) — aim1(d® (us, p) — d*(ui—1,p)).
Summing from i = k to m, we get

> aicad (ui uim1) < am(d? (ums1,p) — & (wm, p)) — ar—1(d (uk, p) — d*(wi—1,p))-
i=k

Taking liminf when m — 400, by our assumption and Lemma 3.4,

liminf am(dz(um+17p) - d2(umup)) <0,

m——+o0
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then we get
+oo

(3.4) > aid?(uiyuimy) < ag—1(d?(ug—1,p) — d*(ug, p)).
i—k

Inequality (3.4) implies that {d?(uy, p)} is nonincreasing and 3% a; ! a2, d>(u;,

u;—1) < +00. The assumption on {6;} implies, liminf a;—1d(u;,u;—1) = 0. By
1——+o00

Lemma 3.5 a;_1d(u;, u;—1) is nonincreasing and therefore lim a;_1d(u;,u;—1) =
1——+00

0. ]

Theorem 3.7. Suppose that u; is a solution to (2.6) and A=(0) # @. If
0; = 1 and liminf ic;a; > 0, then {u;} converges to a singularity of A.

1——+00
Proof. We show that the sequence {u;} is Fejér convergent to A~1(0) and
any cluster point of {u;} belongs to A~1(0), then one gets the result by
Lemma 3.2. Suppose that p € A=1(0). The assumption on {6;} implies that
oo, 01++-0; = +oo. Then by Lemma 3.6, d*(u;, p) is nonincreasing, i.e. {u;}
is Fejér convergent to A=1(0).
To complete the proof, we only need to prove that any cluster point of {u;}
belongs to A71(0). Let g be a cluster point of {u;}. Then there exists a sub-
sequence {ix} of {i} such that u;, — ¢. Since a; < 1, inequality (3.4) implies
that

Zai—1d2(ui7ui—1) < d*(up—1,p) — d*(ug, p).
i—k

Summing from k£ = 1 to m and letting m — 400, we get

Zzai—1d2(umui—1) < d?(ug,p) — 1(p)* < +00,
k=1 izk

where I(p) = lim d(upm,p). Then

m——+o0

Zka;laidQ(ukH,uk) < +o0.
k=1
By Lemma 3.6, apd(ug41,uy) is nonincreasing and convergent to zero. Then
by Lemma 3.3, we get
<Z ka;1> aZ2d*(upy1,un) — 0= (Z k) aZd®(upy1,un) — 0.
k=1 k=1
Therefore na,d(un+1,un) — 0. By (2.6), ncpan|A(uy)|| = 0 as n — +o00. The
assumption implies that A(u,) — 0asn — +o00. Thus A(u;, ) — 0as k — +oo.

This shows that 0 € A(q) because A is upper Kuratowski semicontinuous at ¢,
that is, ¢ € A71(0). O
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Theorem 3.8. Suppose that u; is a solution to (2.6) and A=Y(0) # @. If
0<0; <1, Zfil 01---0; = +o00 and liminf ic; > 0, then {u;} converges to a

1—+00

singularity of A.

Proof. The process of the proof is similar to that of Theorem 3.7. Just, to get
A(un) — 0 as n — +o00, we need to show that nd(un,u,—1) = 0 as n — +o0.
Inequality (3.4) implies that

o0
> @ (i) < d*(up—1,p) — d*(ug, p),
i=k
because q; is increasing. Summing from k = 1 to +00, we get
o0
deQ(uk,uk,l) < d?(uo, p) — U(p)* < d*(uo,p) < +o0,
k=1

where [(p) = lim d(ug,p). Therefore lim d*(ug,ur—1) = 0. By Lemma 3.6
k—4o00 k—4o00

ak—1d(ug,uk—1) is nonincreasing and ay, is increasing, so d(ug, ug—1) is nonin-

creasing. Now, by Lemma 3.3, (3} _; k) d?(un, tn—1) — 0, then nd(u,, un—1) —

0 as n — +o00. The rest of the proof is similar to that of Theorem 3.7. g

Theorem 3.9. Let A € X(M) be a mazimal monotone operator and A=1(0) #
@. Assume that u; is a solution to (2.6) and Y .o, 01---0; < co. If ¢; satisfies
one of the following assumptions

(1) liminf ie; > 0,

i—-+00
(2) limsup ¢; > 0,
1—+o00
then u; — p as i — +oo, where p € A~ (0); moreover, d(ui,p) = O(3 5>, 01+ 0r).

Proof. 1If d(u;,p) is nonincrasing, from (3.3), we get
(3.5) d*(ug uim1) < d*(ui—1,p) — d*(us, p).

Otherwise, by Lemma 3.6, d(u;,p) is eventually increasing and by (3.3), we
obtain

(3.6) d*(wig1,ui) < d*(uivr,p) — d*(ui, p)
for large 4. Summing (3.5) and (3.6) from ¢ = 1 to 400, we get

(3.7) ZdQ(uiH,ui) < +o0.

i=1
On the other hand, multiplying inequalities (3.5) and (3.6) by ¢ and taking
liminf, by Lemma 3.4, we get

(3.8) limanf id*(uiy1,u;) = 0.

1——+00
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Summing (3.1) from n = k to n = m — 1, we obtain

1 1 0 O,
(3.9)  —d(upr1, ur) — —d(Umi1, tm) < —d(tp k1) — —2d(U, U —1)-
Ck c c c

m k m

Taking liminf as m — +oo, if liminf \/mc, > 0, then by (3.8), we get

m——+o0
(3.10) d(uk_H, uk) < de(uk, Ug—1)-

If limsup c,, > 0, then there exists a subsequence c¢,,; > ¢y > 0. Substituting
m by m; and letting j — 400, by (3.7), we get again (3.10). For each n > m,
(3.10) implies

n—1

n—1
(311) d(uruum) g Z d(Uk+1,Uk) < d(ulvuo) Z 91 .. 'Hk:-
k=m

k=m

It follows that wu, is Cauchy, and therefore u,, — p € M. Now we prove that
p € A71(0). Suppose that y € D(A) and v € A(y). By the monotonicity of A,
(2.6) and the inequality (2.2) of the comparison theorem for geodesic triangles
A(upt1tny) and A(upun—1y), we have

(v, —expylun) = (Alun), exp,) y)

1

= 7<CnA(un)anp;,1y>
Cn '

= a(exp;nl Up+1 + On exp;: Up_1, exp;: Y)
1

2 f[d2(un7y) - d2(u7l+17y) - an(dQ(uYL—la y) - dZ(’an,y))]
—v/n Vn

> 7d n s Un _enid ny Yn— N»
(A dt1,0) = b Sl 1)

where N = sup d(u;,y). If liminf \/nc, > 0, from the above inequality and

20 n—-+00
by (3.8), we get (v, fexpyflp) > 0. If limsup ¢, > 0, there is a subsequence

n—-+oo
Cn; = co > 0; substituting n; for n in the above inequality, letting j — oo,

then using (3.7), we get (v, fexpyflp> > 0. Since A is maximal monotone,
then p € A=1(0). Now by letting n — +oco in (3.11), we get

+oo
d(un,p) < d(ug, u1) Z 01 0.
n==k

It implies d(tm,p) = O35, 0+ 04). O
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4. Strongly monotone case

In this section we study the convergence of solutions to (2.6), when A is
strongly monotone. We study the convergence of u; with the same assumptions
of Theorem 3.7 and 3.8 on {6;} and {c;}, and the rate of convergence of u; to
the unique element of A=1(0).

Theorem 4.1. Let A € X(M) such that A=1(0) # @. Suppose that A is
strongly monotone and w; is a solution to (2.6). If §; > 1 and Zfil icia; =
+00, thenu, — p € A71(0) asn — +oo; moreover d?(un,,p) = o((Y 1, icia;) ™).

Proof. Since strong monotonicity implies strict monotonicity, and A=1(0) # &,

there exists a unique element p in A~1(0) by [3, Proposition 4.1]. By (2.6) and
strong monotonicity of A, we have
1 -1, =1 -1 o2 .

l<eXpui Ui4-1 + 01 expui u1—17expui p> < ,Dd (ulap)7 Vi 2 1.
Consider the geodesic triangles A(u;1iu;p) and A(u;u;—1p). By inequality
(2.2) of the comparison theorem for triangles and inequality (3.2), we have
1
§(d2(ui+lvp) — d*(ui, p) + 0i(d*(ui-1,p) — d*(ui, p))) > peid® (us, p).
Multiplying by a;, and summing from ¢ = k to m, we get

Py ciaid®(ui,p) < %(am(dQ(uerlvp) — d*(tm, p)) — ax—1(d” (uk, p) — d*(ur—1,p)))-
i=k

Taking liminf when m — 400, by our assumption and Lemma 3.4,

liminf apm(d*(um+1,p) — d*(tm,p)) <0,

m—+00
then we get
= 1
(4.1) chiaidz(ui,ui,l) < iak,l(d2(uk,1,p) — d*(ug, p)).
i=k

Summing from k& = 1 to 400, since ar < 1 and d(ug,p) is nonincreasing, we
obtain

oo
(4.2) ZiciaidQ(ui,p) < 400.
i=1
By the hypothesis, we have liminf d*(u;,p) = 0. Since by Lemma 3.6, d(u;, p)
1—+o00
is nonincreasing, then u; — p as ¢ — +o0o. The rate of convergence is a
consequence of (4.2) and Lemma 3.3. O

Theorem 4.2. Let A € X(M) such that A=1(0) # @. Suppose that A is
strongly monotone and u; is a solution to (2.6). If 0 < 0; <1, 372,61 ---0; =
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+00 and Y ;o ic; = +oo, then u, — p € A™*(0) as n — +oo; moreover
& (un,p) = o((3i_yici) ).

Proof. Let p be the unique element of A=1(0). By the strong monotonicity of
A and our assumption on 6;, from (4.1), we get

(d*(ug—1,p) — d*(ur, p))-

N —

+oo
PZ cid® (i, ui—q) <
i—k

Summing from k =1 to +o0, we get

(4.3) ZicidQ(ui,p) < 400.
i=1
The rest of the proof is similar to that of Theorem 4.1. O

5. Subdifferential case

Recall that M is a Hadamard manifold. We remind some definitions and
facts about functions of M to | — oo, 00| from [17]. A map f: M —]—o0, +o0]
is said to be proper if its domain, defined by D(f) = {x € M | f(x) < oo}, is
nonempty. A subset C' C M is said to be convex if for any two points x and
y in C, the geodesic joining x to y is contained in C. The domain of f, is a
closed convex subset of M. A proper map f is said to be geodesically convex
if for any geodesic v of M, the composition function f o~y : R —] — 0o, +0o0] is
convex; that is,

(fom(ta+ (1 —-1)b) <tfoy(a)+ (1—t)foy(b),
for any a,b € R and 0 < ¢t < 1. The domain of a lower semicontinuous and
geodesically convex function f is a closed convex subset of M.
The subdifferential of a map f : M —] — 0o, +00] is the set-valued mapping
Of : M — 2TM defined by
Of(x) ={u € T,M : (u,exp,y) < f(y) — f(x), Yy € M}, Vxc M.
The subdifferential df(x) at a point z € M is a closed convex (possibly empty)
set. Let D(0f) denote the domain of df defined by
DOf)y={xe M: 0f(x) £ o}.

If D(0f) # @, the subdifferential df(-) is a monotone and upper Kuratowski
semicontinuous multi-valued vector field, and if D(f) = M, then O0f is a max-
imal monotone vector field (see [3, Theorem 5.1]). Consider the following con-
straint minimization problem

(5.1) Minf(z),

which M is the constraint set. Let Sy denote the solution set of (5.1), that is
Sp={eveM: f(x) < [f(y), Vye M}
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It is easy to check that
r€Sp&0edf(x).

Let M be an embedded submanifold in the Euclidean space R"™, for some
positive integer n. Suppose that f : R” — R is a smooth map. Considering the
minimization problem (5.1) on the constraint set M, the function f may be
geodesically convex on M, but not on R™, as one can see in Example 5.3. Then
the following Theorems 5.1 and 5.2 give an iterative method for approximation
of a minimum point of f on M.

Theorem 5.1. Suppose that u; is a solution to (2.6) with A = Jf, where
f: M =] —o00,+00] is a proper, geodesically convex and lower semicontinuous
function with the solution set Sy # @. If 0; > 1 and Zj_:of ic;a; = +00, then
{u;} converges to a point p € Sy. Moreover, f(u,)— f(p) = o((> i, icia;)™1).

Proof. We first verify that {u;} is Fejér convergent to Sy. Let p € Sy. The
assumption on {f;} implies that Y . 6;---6; = +00. Then by Lemma 3.6,
d*(u;,p) is nonincreasing, i.e. {u;} is Fejér convergent to A=1(0). Thus by
Lemma 3.2, to complete the proof, we only need to prove that any cluster
point of {u;} belongs to Sy. For this purpose, we first show that {f(u;)} is a
nonincreasing sequence, and f(u;) — f(p), as i — +oo.

By the subdifferential inequality, Lemma 3.6 and (2.6), we have

flu) = fluica) < (0f (us), —expy,, ui1)

1 _ _ _
(5.2) = g<eXpu,-1 Uiy + 0 expy, w1, —exp,, ui_1)
1

<

o (aid(uH_l, Ui) — ai_ld(ui, ui_l))d(ui, ui_l) § 0.

Let p € Sy. Making use again of the subdifferential inequality and (2.6), we
get

aici(f(wi) — f(p))

N

ailexp, ' wit1 + 0 exp, " ui_1,—exp, ' p)
1 20 20 2 2 (s
< §(a’7f(d (ul“rl?p) —d (uhp)) - aiil(d (ui7p) —d (U’l*l?p)))’

Summing from i = k to m, taking liminf when m — 4oo and then again
summing from k = 1 to +o0, by Lemmas 3.4 and 3.6, since a; < 1, we obtain

+o00o
(53) Y ician(f(w) = f(9) < 3 (o, p) < +x.

By the hypothesis, liminf (f(u;) — f(p)) = 0. Since by (5.2) {f(u;)} is non-
i—400
increasing, ‘“T f(u;) = f(p). Let g be a cluster point of {u;}, then there is
11— +00

a subsequence {i;} of {i} such that u;, — ¢ as j — +o0o. Hence by the lower
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semicontinuity of f, we have

flq) < liminf f(ui;) = f(p).

Jj—+oo

Since p € Sf, we have f(q) < f(z), for all € M, that is, ¢ € S¢. The rate of
convergence of f(u;) to f(p) is a consequence of (5.3) and Lemma 3.3. O

Theorem 5.2. Suppose that u; is a solution to (2.6) with A = Jf, where
f: M =] —o00,400] is a proper, geodesically convex and lower semicontinuous
Junction with the solution set Sy # @. If0 < 6; < 1, :;of 01---60;, = 40
and Y7 ic; = +oo, then {u;} converges to a point p € Sy. Furthermore
Fun) = fp) = o((37y ici) 7).

Proof. By (5.2) and Lemma 3.6, {f(u;)} is nonincreasing. Let p € Sy. Making
use again of the subdifferential inequality and (2.6), we get

aici(f(uwi) — f(p)

a; (exp;_1 ui+1 + 6; exp;1 U1, — exp;i1 D)
1
< glai(d (wisa,p) — d*(ui, p)) — i1 (d* (ui, p) — d*(ui-1,p))).

Summing from ¢ = k to m, and taking liminf when m — 400, by Lemma
3.4, we get

N

+oo too
ag—1 Zci(f(ui) - f(p) < Zaicz-(f(uz-) - f(p)) < %akfl(dz(ukﬂ,p) — d*(uk, p)),

(where in the first inequality we used the assumption 0 < §; < 1 which implies
that a; is increasing). Summing again from k = 1 to 400, we obtain

+00
(5.4) Y ici(f(w) = f(p) < +oc.
=1

The assumption implies that liminf (f(w;) — f(p)) = 0. Since by (5.2) {f(wi)}

1— 400
is nonincreasing, so _liT f(ui) = f(p). If us; — q as j — +o00, then
11— 100 -

liminf f(us;) > f(q).

j—+oo
Hence f(p) = AliT f(u;) = f(g). This implies that ¢ € Sy. The rest of the
11— 400
proof is similar to that of Theorem 5.1. O

Here we present an example of a second order difference inclusion on the
Minkowski model of the two dimensional hyperbolic space, which is a Hadamard
manifold with nonzero sectional curvature.

Example 5.3. Let E?! denote the vector space R® endowed with the sym-
metric bilinear form (which is called the Lorentz metric) defined by (z,y) =
T1y1 + Toys — T3ys, where x = (21, 22,23) and y = (y1,¥2,y3). Let H> =
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{x € E*' : (x,2) = —1, 23 > 0}, which is the upper sheet of the hy-
perboloid {z € E?! : (x,2) = —1}. Then H?, with the induced metric,
is a two dimensional Hadamard manifold with sectional curvature K = —1

(cf. [2] and [7]). Furthermore, the normalized geodesic 7, of H? starting
from x (7,(0) = x) have the equation 7,(f) = (cosht)x + (sinht)v, where
v = 4,(0) € T,H? is the tangent unit vector of 7, in the starting point. Hence
exp(tv) = (cosht)z + (sinh ¢)v, for each unit vector v € T, H", and

5.5 exp Ly = arccosh(—(z,
(5.5) Py Y (—(z.y X

for all x,y € H,.
Assume that the map f : E>»! — R is given by the equation

5
3
Then f is geodesically convex on H? (its Hessian is positive definite on H?).
Now, fix an arbitrary point ug = = in H? and suppose that {u;} is a sequence
in H? satisfying in the second order difference inclusion (2.6), for 6; =1, ¢; = 1
and A = gradf. By using (5.5), the equation becomes

1
(x1,22,23) — 5(33% + 2+ )x3.

Wip1 4+ (i, uip1)uq
(uiyuit1)2—1

Wi—1+ (Ui, Ui—1)Us

A (ui,ui—1)2—1

arccosh(—(u;, 1)) + arccosh(—(u;, u;—1))

— gradf(u;),i > 1
sup{d(u;,up)li = 0} < +oo,

where gradf(u;) = (u;iiuis, UioUiz, uiz® — 1), for each u; = (u;1, uio, uig) € H2.
This is a system of nonlinear equations which its solution set may be estimated
by numerical methods. It is easily seen that Sy = {(0,0,1)}. Hence, by
Theorem 5.1, u; — (0,0,1) and f(u;) — (%) = o(ﬁ)
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