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1. Introduction and preliminaries

Let H be the class of all functions analytic in the unit disc U = {z € C :
|z2| <1} and fora € Cand n € N,let Hla,n] ={f € H: f(z) = a+apz"+...}.
Let

A, ={feH: f(z)=z+an12" + ..},
and set A := A;. We say that the function f € H is subordinate to the function
g € H in the unit disc U (written f < g) if there exists an analytic function
w in U with w(0) = 0 and |w(2)| < 1 for all z € U such that f(z) = g(w(z))
in U. If g is univalent in U, then the following equivalence relationship holds
true:
f(z) < g(2) & f(0) = g(0) and f(U) C g(U).

For f(z) = Y07 an2™ and g(z) = Yo7 b,2", the Hadamard product (or
convolution) of f and g is defined by

oo
(f*xg)(z) = Z anbpz".
n=0
Recently, Komatu [5] introduced a certain integral operator I,» defined by
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at

(1'1) Ia/\f(z) = F()\)

If f € A, is of the form f(z) = 2+ 32, ., arz*, then it is easy to see from
(1.1) that

1
/ £9-2(log %)A—lf(tz)dt (zeUa>0,)>0,f € A
0

I f(2) =z + Z a—|—k ))‘akzk.

k=n
We now introduce the operator L. (b, c, z) : A, — A, by

+1
1.2 L2 b,c,z z+ a4 ARk f(z
(12 (.2 k;ﬂ DL ()

where A > 0,b,a € C, Re(a) > —1,¢ € C—{0,—-1,-2,...}. In view of (1.2), for
f €A, and z € U it follows that
(1.3)  2(L3(bye,2) f)' () = (L+ @) L3 (b ¢, 2) f(2) = aLgt (b, e, 2) f(2),
and
(L4)  2(La(be2)f) (2) = BLR(b+ 1,¢,2) f(2) — (b= 1)Lg(b, ¢, 2) f ().
Furthermore let @ be the set of all analytic and univalent functions on the set
U/E(f), such that f’(¢) # 0 for all ¢ € OU/E(f). where

E(f) = {¢ €U s lim J() = oo},

z—

The subclass of @ for which f(0) = a is denoted by Q(a). We shall need the
following definition and lemmas to prove our results.

Definition 1.1. A function p(z,t) : U x [0,00) — C is called a subordination
(or Loewner) chain if p(-,t) is analytic and univalent in U, for all ¢ > 0 and
p(-,t1) < p(-,t2), for all 0 < t; < to.

The next lemma gives a sufficient condition so that the function p(-,t) to be
a subordination chain.

Lemma 1.2. (see [9, p.159]) Let
plz,t) = ar(t)z + az(t)2* + ... (ar(t) #0,¢ > 0),
with a1(t) # 0 for allt > 0 and lim;_, o |a1(t)] = o0

Suppose that p(.,t) is analytic in U for all t > 0, and p(z,-) is conlinuously
differentiable on [0,00) for any z € U. If p(z,t) satisfies

op(z,t)/0z s
Re< 7310(2 t)/6t>>0 (z€U,t>0),

and
[p(z,t)| < kolax(t)], |z] <rog<1,6>0
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for some positive constants ko and ro, then, p(z,t) is a subordination chain.

Lemma 1.3. (see [7]) Suppose that the function v : C2 x U — C satisfies the
condition

Yliz,y; z) <9,

forrealz, y < —n(#) and for all z € U. If the function (z) = 14+a,z"+...
is analytic in U and

Re{y(o(2), 2¢'(2); 2)} > 6,
then Re{yp(z)} > 0 in U.

Lemma 1.4. (see [8]) Let q € Hla,1] and ¢ : C*> — C. Also set

#(q(2),2¢'(2)) = h(z) (z€U).
If P(z,t) := ¢(q(2),tzq' (%)) is subordination chain and p € Hla,1]NQ(a), then

h(z) < ¢(p(2), 20/ (2))
implies that
q(z) < p(2).
Furthermore, if $(q(2), 2¢'(z)) = h(z) has a univalent solution q € Q(a), then
q is the best subordinate.

Making use of the principle of subordination between analytic functions,
many authors (see for example [4,6-8]) obtained some interesting subordination-
preserving properties for certain subclasses of the class A;. In the present paper
we aim to investigate the subordination and superordination-preserving prop-
erties of the integral operator L) (b, c, z)f in the class A,. Our results extends
many results obtained by other authors (see for example [1-3]). Throughout the
following section we assume that b € C,A >0 and c € C - {0,—-1,-2,-3,...}.

2. Main results
Our first result involve the integral operator L) (b, ¢, z).

Lemma 2.1. Let f be in the class An, (L)Y(b,c,2)f) (2) # 0 for all z € U
and a € C with Re(a) > 0. If

2(La(b, e, 2) )" ()
(2.1 R@{” (L2 2) ) (2) }> ’
then

2L (b, e, 2) f)"(2)
(2.2) Re{” (L2 (b e 2)f)(2) }>O
where
(2.3) 5:n1+|a|2—|1—“2|

4Re(a)
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Proof. Let f € A, and
2(LATY(b, ¢, 2) ) (=
0 o =14 TGN
(La™ (byc,2) ) (2)

It is easy to see that p is analytic in U and p(z) = 1 + b, 2" + by 12" + ...
Taking the logarithmic differentiation in (2.4) and using identity (1.3) in the
resulting equation, we get that

! A "
. poy e VE ARG NE)
a+p(z) (La(b,c, 2) f) ()
To make use of Lemma 1.3 we consider the function

w(r,s):r—&—r_k%—i—é.

In view of (2.1) and (2.5) we have Re{¢(p(z), zp'(z)} > 0. Furthermore for
z € R and y < (1 + 2?) we have
yRe(a) k

. , y
Re{y(iz,y)} = Re{iz + otz b } la + iz[? o= 2la + iz|?’

where

k = (nRe(a) — 26)2* — 46Im(a)x — 25|a|* + nRe(a).
But in view of the value of ¢ given by (2.1), we know that k is a perfect square,
which implies that

Re{¢(iz,y)} <0 (x eR,y < —nl +2xQ)
Now by Lemma 1.3, we deduce that
Re(p(2)) >0 (2 € U),
this completes the proof. O

Lemma 2.2. Let f be in the class Ay, (LyT(b,c,2)f) (2) # 0 for all z € U
and a > —1. If

2(LA(b, e, 2) ) (= 1+a
(26) Rl A ey > e+

then

- N {\/Z(Lé+1(b,c, () i +a)} _Vita

(Lat'(b,c,2) ) (2) 2
Proof. Let f € A, and set

(2.8) p(z) =

% Lo AL b )
1+a

(La™(b,c,2)f)(2)
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Then it is clear that p is analytic in U and p(z) = 1 + b, 2™ + b2 + ...
Taking the logarithmic differentiation in (2.8) and using identity (1.3) in the
resulting equation, we obtain

(1+a) 2, o 2P'(2) 2(La(b,c,2) f)" ()
2.9 SV A p2)r 2 =1 .
e A e (L(be.2) ) )

To make use of Lemma 1.3 we consider the function

_(1+a) 2s (1+a)
P(r,s) = 1 (1+T)2+1+r n

then by (2.6), (2.9) we have Re{¢(p(z),zp'(z)} > 0. Furthermore for € R
- 2

and y < 5*(1 + 2*) we have

) ~ (I+a) 9 Yy (1+a)
Re{y(iz,y)} = 1 (1-=z )+2R61+ix +n 1
(1+a) 9 n(1l + x?) (1+a)
1-— -2 — <0
< U gyt S
Now in view of Lemma 1.3, we get that
Re(p(z)) >0 (2 €U),
this completes the proof. O

By putting A = 0,0 = ¢ = 1 and a = 0 in the Lemma 2.2 we obtain the
following corollary which is generalization of well known result in the literature.

Corollary 2.3. Let f be in the class A, and f(z) #0 for all z € U. If

21"(2) |
relt s n g
then
e
A TE

Theorem 2.4. Let f,g € A,,a € C,Re(a) > 0 and (L)1 (b, ¢, 2)g) () # 0. If
2(La(b,¢,2)g)" (2)
(La (b, ¢, 2)g)' (=)

where § is defined in (2.3). Then the relation

Re{l + } > -0,

Ly(bc.2)f < Ly(b,c, 2)g
implies
Lyt b, e,2)f < LyT (b, 2)g.
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Proof. Let F,G and p be defined by
G/l(z)
G'(z)
In view of Lemma 2.1, we have Rep(z) > 0. From definition of G and L) (b, ¢, 2)g
and taking differentiation of G we conclude
G'(2)
G(2)
But Rep(z) > 0 implies that the function G is convex (univalent) in U. We
can assume, without loss of generality, that G is univalent on U and that
G'(¢) #0(¢] =1). To prove F < G, we let function L(z,t) be defined by
a 1+t
T aG(z) + sz’(z) =ai(t)z + ...

It is easy to see that L(z,t) is analytic in |z| < 1, for all ¢ > 0. It is also
continuously differentiable on [0, 00), for each |z| < 1. According to (2.11), we
have L(z,0) = L) (b, ¢, 2)g(2). From (2.12) we obtain

(2.10)  F(z) := L) (b,¢,2)f, G(2) := LXTY(b, ¢, 2)g, p(z) :==1+

(2.11) G(2)(z Y+a=(1+a)L)(bc 2)g(z).

(2.12) L(zt) =

oL a 1+t t
2.1 =22 0,4) = ) =1+ ——
(213) @) = 5o (08) = [+ G 0) = 1+ £ 0
and lim;_, |a1(¢)| = co. A simple calculation yields
OL(z,t)/0z G"(z)

) = Rea+ (1+t)Re(1+ ) = Rea + (14 t)Rep(z) > 0.

(s OL(z,t) /0t G'(2)

Since G is convex and normalized in the unit disk, therefore the following well-
known growth and distortion sharp inequalities (see [9, p.45,48]) are true:
r r

(2.1 Loclos i <
and
T ’ r .

Now by making use of (2.14) and (2.15) in the relations (2.12) and (2.13) we
obtain

1Lz, t)] _ |allG(2) + (1 +1)]2G'(2)]

lay (¢)] — la+ 1+t
T |a|+1+t< T la| +1+t
“(1=7r)2la+1+t| - Q1-r)2Re(a)+ 1+t
If we define h(t) = % it is easy to see that h is a decreasing function

for t > 0, and so

la| +1
M) < Re(a)+1°
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Therefore from above inequality we conclude that
|L(z,1)]| < la| + 1 r
la1(t)] ~ Re(a) +1(1—r)?

Hence both assumptions of Lemma 1.2 hold. Now by Lemma 1.2 we obtain
that L(z,t) is a subordination chain. From Definition 1.1, it follows that

L)(b,c,2)g(2) = L(2,0) < L(z,t) (t > 0),

|z| <7t >0.

which implies
(2.16) L(¢,t) & L(U,0) = L)(b, ¢, 2)g(U) (¢ € OU,t > 0).
Suppose that F' £ G. Then there exists zg € U,{y € AU such that F(z9) =

G(¢o) and F(|z| < |20]) € G(U). Hence by Jack’s Lemma we have zoF’(zp)
(14 t)oG'(¢p) with ¢ > 0. From (2.12), we obtain

a 1+t
1+aG(CO)+<01+a

a
=—F
1+a (ZO)+Zol+a

= La(b,c,2)f(20) € Ly (b, c, 2)g(U).
But this is contradicts (2.16), and thus we deduce that F' < G. O

L(Co,t) = G'(¢o)

F'(2)

By setting b=c =1 and A = 0 in the Theorem 2.4 we obtain.
Corollary 2.5. Let a € C,Re(a) >0 and f,g € A,. If

9" (2)
g'(2)

1+ a]* — |1 —a?|

)>-n 4Re(a) ’

Re(1+

then

1 § 1 §
f<g= ta/ t* L (t)dt < ta/ t* g (t)dt.
z 0 z 0

Corollary 2.6. Leta >0 and f,g € A,. If
2(Ly(b, ¢, 2)9)" (2)

Re(1 —0
U+ b gz )~ 7
then
Ly(bye,2)f < La(b,e,2)g = Lyt (b, 2) f < Lyt (b, ¢, 2)g,

where

—% 0<a<l

01 =
— 5 a>1.

By putting b =c =1 and A = 0 in the Corollary 2.6 we have
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Corollary 2.7. Leta >0 and f,g € A,. If
29" (2)

R+ 20w

)> —(51,

then

where
-4 0<a<l

n a>1.

" 2a
By using similar arguments as in the proofs of Lemma 2.1 and Theorem 2.4
we obtain the following results and we omit details.

Lemma 2.8. Let f be in the class Ay, (L) (b, c,2)f) (2) # 0 for all z € U and
beC,Re(b) > 1. If

ALab+1,6,2))"(2) |
(2.17) Re{lJr (Lab+1,¢,2)f) (2) }> &
then
2(L) (b e,2) )" (2)
(2.18) Re{” (LA (b.e, 2) ) (2) }>0
where
(2.19) 5, = pit =1 — (62— b)]

ARe(b 1)
Theorem 2.9. Let f,g € A, (L) (b,c,2)g) (2) # 0 and b € C, Re(b) > 1. If

2(La(b+1,¢,2)9)"(2)
(La(b+1,¢,2)9)(2)
where dy is defined in (2.16). Then

LMb41,¢,2)f < LMb+1,¢,2)g = L)(b,c,2)f < L) (b, ¢, 2)g.

Re{l +

}> —0o,

By putting b=c=2 and A = a =1 in the Lemma 2.8 we get the following
result.

Corollary 2.10. Let f(z) =z+ Y .2, apz® € A, satisfies the condition

zf"(2), _ —n
ZERAER

2
then the function h(z) =2 [ f(t)dt = 2+ Y pr 11 ,%Hakzk is convez.

Tz

Re(1 +
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Theorem 2.11. Let f,g € A, (L)T1(b,¢,2)g) (2) # 0 and a € C with Re(a) >
0. If

2(La(b, ¢, 2)g)" (2)
(La(b, ¢, 2)g)' (=)
where § is defined in (2.3) and if L) (b,c, 2)f is univalent and L)1 (b,c,2)f €

Q(0) then
Ly(b,c,2)g < Ly(b,c, 2)f = Lyt (b,e,2)g < Ly (b ¢, 2) f.

and L)Y (b, c, 2)g is the best subordinate.

Re{l +

}> -4

Proof. Let the functions F, G and p be defined by (2.10). From Lemma 2.1 we
get

Re(p(2)) >0 (2 € U).
Next, to arrive at our desired result, we show that G < F. For this, let the
functions L(z,t) and ¢(r, s) are defined by

(2.20) L(z,t) = ¢(G(2),t2G'(2))
T 1+a 1+a

Then it is easy to see that L(z,t) is analytic in |z| < 1, for all ¢ > 0. It is also
continuously differentiable on [0, 00), for each |z| < 1. From (2.20) we obtain

oL a t a+t

G(z) + 2G'(z) =a1(t)z + ... (z €U).

p— — ! —
e2)  w) =200 =L+ e = 2 4o
and lim;_, o, |a;1(t)] = co. A simple calculation yields
OL(2,t)/0z G"(z)
Re(z 8L(z,t)/8t) Rea + tRe(1 + B ) = Rea + tRep(z) > 0

Since G is convex and normalized in the unit disk, therefore by using similar
argument of Theorem 2.4 we obtain

Lz, )] _ |allG(2)] +t]=G"(2)]

la ()]~ la+1|
< r o lal+t < r la] + ¢ .
“(1=r)?]a+t| ~ (1—7r)2 Re(a) +t
If we define k(t) = RLa(lj)it it is easy to see that k is a decreasing function for
t >0, and so
la] + 1
k) < ————.
)= Re(a) +1
Therefore from above inequality we conclude that
DOl v

lar(t)] — Re(a) (1 —7)?



On sandwich theorems 1192

Hence both assumptions of Lemma 1.2 hold. Now by Lemma 1.2 we obtain that
L(z,t) is a subordination chain. Now following the same as proof of Theorem
2.4 we conclude G < F and Moreover, G is best subordinate. g

By suitably combining Theorems 2.4 and 2.11 we obtain the following Sand-
wich type theorem.

Corollary 2.12. Let f,gr € An,(k =1,2) and a € C with Re(a) > 0. If

Z(Lé(b7 S Z)gk)//(z)
(Lé(b’ ) Z)gk)/(z)

where § is given by (2.3) and if the function (L) (b,c,2)f)(2) is univalent and
(Lot (b, e, 2)f)(2) € Q(0), then

Lbye,2)g1 < LY(b, e, 2)f < La(b, ¢, 2)go

Re(1 + > —0

implies
Lyt by, 2)g1 < Lt (boe,2)f < Lt (be,2)go-
By setting b =c =1 and A = 0 in the Corollary 2.12 we obtain

Corollary 2.13. Let a € C,Re(a) > 0 and f,gr € A (k = 1,2). If [ is
univalent and LL(1,1,2)f € Q(0). Then

i) | Ll =1 e

Re(l + 9,.(2) 4Re(a)

mmplies
1+a/ t" gy (t)dt < 1+a/ t* 7 f(t)dt < 1+a/ t* " go(t)dt.
z  Jo z® 2% Jo

0

g =<f<g=

Corollary 2.14. Let a > 0 and f,gr € An,k = 1,2. If f is univalent and
LL(1,1,2)f € Q(0). Then

G 0<a<l1

implies

1 = 1 z 1 z
gL < f<gs= ; / " gy (t)dt < ;a/ " r(t)dt < ;a/ t*ga(t)dt.
0 0 0
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