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ABSTRACT. In this paper, using the fixed point and direct methods,
we prove the generalized Hyers-Ulam-Rassias stability of the following
Cauchy-Jensen additive functional equation:

(0.1) f<$+y+z)+f(m_y+z>:f(w)+f(2)

2 2

in various normed spaces.
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1. Introduction

A classical question in the theory of functional equations is the following:
When is it true that a function which approzimately satisfies a functional equa-
tion must be close to an exact solution of the equation?. If the problem accepts
a solution, we say that the equation is stable. The first stability problem con-
cerning group homomorphisms was raised by Ulam [45] in 1940. In the next
year, Hyers [23] gave a positive answer to the above question for additive groups
under the assumption that the groups are Banach spaces. In 1978, Rassias [38]
proved a generalization of Hyers’s theorem for additive mappings.

Theorem 1.1. (Th.M. Rassias): Let f : E — E' be a mapping from a normed
vector space E into a Banach space E’ subject to the inequality

1f (@ +y) = f(@) = F)l < (=] + llyl]*)
for all x,y € E, where € and p are constants with ¢ > 0 and 0 < p < 1. Then

the limit L(x) = lim,_ f(g::c) exists for allz € E and L : E — E’ is the
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unique linear mapping which satisfies
2e

1) - L@l < 5= el

forallz € E. Also, if for each x € E the function f(tx) is continuous int € R,
then L is linear.

This new concept is known as generalized Hyers-Ulam stability or Hyers-
Ulam-Rassias stability of functional equations. Furthermore, in 1994, a gener-
alization of Rassias’s theorem was obtained by Gavruta [21] by replacing the
bound €(||z||? + ||y||?) by a general control function ¢(z,y).

In 1983, a generalized Hyers-Ulam stability problem for the quadratic func-
tional equation was proved by Skof [44] for mapping f : X — Y, where X is a
normed space and Y is a Banach space. In 1984, Cholewa [11] noticed that the
theorem of Skof is still true if the relevant domain X is replaced by an Abelian
group and, in 2002, Czerwik [12] proved the generalized Hyers-Ulam stability
of the quadratic functional equation. The reader is referred to ( [1]- [42]) and
references therein for detailed information on stability of functional equations.

In 1897, Hensel [22] has introduced a normed space which does not have the
Archimedean property. It turned out that non-Archimedean spaces have many
nice applications (see [13,27,30,31,36]).

Katsaras [26] defined a fuzzy norm on a vector space to construct a fuzzy
vector topological structure on the space. Some mathematicians have defined
fuzzy norms on a vector space from various points of view (see [20,29]). In
particular, Bag and Samanta [5], following Cheng and Mordeson [10], gave an
idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of
Karmosil and Michalek type [28]. They established a decomposition theorem
of a fuzzy norm into a family of crisp norms and investigated some properties
of fuzzy normed spaces [6].

Definition 1.2. By a non-Archimedean field we mean a field K equipped with
a function (valuation) |- | : K — [0, 00) such that, for all r, s € K, the following
conditions hold:

(a) |r] = 0 if and only if r = 0;

(0) |rs| = |rllsl;

(©) |r + s| < max{|r|,[s[}.

Clearly, by (b), |1] = | —1| = 1 and so, by induction, it follows from (c) that
[n| <1foralln>1.

Definition 1.3. Let X be a vector space over a scalar field K with a non-
Archimedean non-trivial valuation | - |.

(1) A function || - || : X — R is a non-Archimedean norm (valuation) if it
satisfies the following conditions:

(a) ||z|| = 0 if and only if x = 0 for all z € X;
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) ||rz|| = |r|||z|| for all » € K and z € X;
(¢) the strong triangle inequality (ultra-metric) holds, that is,

[+ yll < max{]lz[], ||y][}

for all z,y € X.
(2) The space (X, || - ) is called a non-Archimedean normed space.

Note that ||z, — 2| < maz{||zj4+1 —z;|]| :m <j<n-—1}forallm,n e N
with n > m.

Definition 1.4. Let (X, || - ||) be a non-Archimedean normed space.

(a) A sequence {x,} is a Cauchy sequence in X if {z, 41 —x,} converges to
zero in X.

(b) The non-Archimedean normed space (X, || - ||) is said to be complete if
every Cauchy sequence in X is convergent.

The most important examples of non-Archimedean spaces are p-adic num-
bers. A key property of p-adic numbers is that they do not satisfy the Archimed-
ean axiom: for all x,y > 0, there exists a positive integer n such that = < ny.

Example 1.5. Fix a prime number p. For any nonzero rational number x,
there exists a unique positive integer n, such that z = ¢p"s, where a and
b are positive integers not divisible by p. Then |z|, := p~™ defines a non-
Archimedean norm on Q. The completion of Q with respect to the metric
d(z,y) = |z — yl|p is denoted by Q,, which is called the p-adic number field.
In fact, Q, is the set of all formal series x = > 75 - arp®, where |ay| < p— 1.
The addition and multiplication between any two elements of Q, are defined
naturally. The norm |Y77S arp®|, = p~™= is a non-Archimedean norm on
Qp and Q, is a locally compact filed.

In random stability, we adopt the usual terminology, notions and conven-
tions of the theory of random normed spaces as in [43].
Throughout this paper, let AT denote the set of all probability distribution
functions F' : R U [—o00,400] — [0,1] such that F is left-continuous and
nondecreasing on R and F(0) = 0,F(400) = 1. It is clear that the set
Dt ={F € At : " F(—00) = 1}, where " F(z) = lim;_,,- F(¢), is a subset
of AT. The set AT is partially ordered by the usual point-wise ordering of
functions, that is, F' < G if and only if F(t) < G(¢) for all t € R. For any
a > 0, the element H,(t) of DT is defined by

(0 = {

0, if t<a,
1, if t>a.

We can easily show that the maximal element in AT is the distribution
function Ho(t).
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Definition 1.6. A function 7T : [0,1]? — [0, 1] is a continuous triangular norm
(briefly, a t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢) T(z,1) =z for all z € [0, 1];

(d) T(z,y) < T(z,w) whenever x < z and y < w for all z,y, z,w € [0, 1].

Three typical examples of continuous t-norms are as follows: T'(z,y) =
xy, T(z,y) = max{z +y — 1,0}, T(x,y) = min(z, y).

Recall that, if T is a t-norm and {x,} is a sequence in [0, 1], then T}*  x; is
defined recursively by T 21 = 1 and T/L z; = T(T[‘:_llxi, xy,) for all n > 2.
T2, z; is defined by T2, 2, ;.

Definition 1.7. A random normed space (briefly, RN-space) is a triple (X, u, T),
where X is a vector space, T is a continuous t-norm and p : X — DV is a map-
ping such that the following conditions hold:

(a) pg(t) = Ho(t) for all ¢ > 0 if and only if z = 0;

(0) taz(t) = p (L) for all & € R with a # 0, 2 € X and ¢ > 0;

ler]

(€) pgty(t +8) > T(pg(t), uy(s)) for all x,y € X and t,s > 0.

Every normed space (X, || - ||) defines a random normed space (X, u, Thr),

where g, (t) = m for all ¢ > 0 and T}y is the minimum ¢-norm. This space
X is called the induced random normed space.
If the t-norm T is such that supy.,.; T(a,a) = 1, then every RN-space
(X, 1, T) is a metrizable linear topological space with the topology 7 (called
the p-topology or the (e, §)-topology, where € > 0 and A € (0,1)) induced by the
base {U(e, A\)} of neighborhoods of 6, where

Ule, ) ={z € X :p,(e) >1— A}

Definition 1.8. Let (X, u,T) be an RN-space.
(a) A sequence {z,} in X is said to be convergent to a point z € X (write
Tp — x asn — o00) if

lim p,, —.(t) =1

n— oo

for all £ > 0.
(b) A sequence {z,} in X is called a Cauchy sequence in X if
lim pig, o, () =1

n—oo
for all ¢ > 0.
(¢) The RN-space (X, u,T) is said to be complete if every Cauchy sequence in
X is convergent.

Theorem 1.9. If (X, pu,T) is an RN-space and {x,} is a sequence such that
Tp =, then imy, oo pig, (£) = p(t).
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Definition 1.10. Let X be a set. A function d : X x X — [0,00] is called a
generalized metric on X if d satisfies the following conditions:
(a) d(z,y) =0 if and only if z = y for all z,y € X
(0) d(z,y) = d(y,z) for all z,y € X;
(¢) d(z,2) < d(x,y)+d(y,z) for all z,y,z € X.

Theorem 1.11. Let (X,d) be a complete generalized metric space and J : X —
X be a strictly contractive mapping with Lipschitz constant L < 1. Then, for
all v € X, either d(J"x, J" 1z) = oo for all nonnegative integers n or there
exists a positive integer ng such that

(a) d(J"z, J"Tte) < oo for all n > ng;

(b) the sequence {J™x} converges to a fized point y* of J;

(¢) y* is the unique fized point of J in the set Y = {y € X : d(J™x,y) <
oo}

(d) d(y,y*) < % forallyeY.

2. Non-Archimedean Stability of Functional Equation (0.1)

In this section, we deal with the stability problem for the Cauchy-Jensen
additive functional equation (0.1) in non-Archimedean normed spaces.

2.1. A Fixed Point Approach.

Theorem 2.1. Let X be a non-Archimedean normed space and that'Y be a
complete non-Archimedean space. Let o : X® — [0,00) be a function such that
there exists an o < 1 with

ry z ap (7Y, 2)
2.1 (77 Y 7) < WY 2)
(2.1) 2°2°2) 12|
for all z,y,z € X. Let f: X =Y be a mapping with f(0) = 0 satisfying

(22) | () e () - s - )

for all x,y,z € X. Then there exists a unique additive mapping L : X — Y
such that

(2.3) 1f(z) = Lz)|ly <
forallx € X.

< o(z,y,2)
Y

ap(x, 2z, )
2| - 2|a

Proof. Putting y = 2z and z = z in (2.2), we get

(2.4) f(22) —2f(2)lly < o(z,22,2)
forall z € X. So

(2.5) Hf(x) —2f (g)HY <¢ (gx g) < OW
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for allz € X. Consider the set S := {h : X — Y} and introduce the generalized
metric on S:

(g, h) = inf {ju € (0,400) : |g(x) = hi@) |y < pip(w,20,2), Vo € X},

where, as usual, inf ¢ = 4-00. It is easy to show that (S, d) is complete (see [33]).
Now we consider the linear mapping J : S — S such that

Jg(@) =2 (3)
2
for all x € X. Let g,h € S be given such that d(g,h) = e. Then

9(z) = h(z)|ly < ep(z,2z, )
for all x € X. Hence

179 —an@)ly = |29(5) =20 (3)], = 11ls(5) -2 ()],
12ep (gaﬂc, g) < a-ep(x, 2z, )

for all x € X. So d(g,h) = e implies that d(Jg,JJh) < ae. This means that

d(Jg,Jh) < ad(g,h) for all g,h € S. It follows from (2.5) that d(f, Jf) < |2‘

By Theorem 1.11, there exists a mapping L : X — Y satisfying the following:
(1) L is a fixed point of J, i.e.,

= 1)

for all 2 € X. The mapping L is a unique fixed point of J in the set M = {g €
S :d(h,g) < co}. This implies that L is a unique mapping satisfying (2.6) such
that there exists a p € (0, 00) satisfying || f(x) — L(z)|ly < pe(z,2z,x) for all
e X;

(2) d(J™f,L) — 0 as n — oo. This implies the equality

(2.7) lim 2"f( ) = L(x)

n—oo

IA

for all z € X;
(3) d(f,L) < £2-d(f,Jf), which implies the inequality d(f, L) < Tala - Lhis
implies that the inequalities (2.3) holds.

It follows from (2.1) and (2.2) that

”L (“g“) 4L (“””‘3”) — I(z) - L(2)

I o T ToYFEN (PN (2
- e (55 s (55) 1 ()1,
< lim |2]"¢ ( = )S IZI"MZO

n— 00 n’ 2” 2m ”_’OO |2|n
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for all z,y,z € X . So

L (W) +L (W) = L(z) + L(2)

for all z,y,2z € X. O

Corollary 2.2. Let 8 be a positive real number and r is a real number with
0<r<l. Let f: X =Y be amapping with f(0) =0 satisfying

() s () - s - 1)

for all x,y,z € X . Then there exists a unique additive mapping L : X — 'Y
such that

<Ol + [lyllI" + 11=]")
Y

1210(2 + [2[7)[|="
2]+ — |22

[f(z) = L(z)lly <
forallz e X.
Proof. The proof follows from Theorem 2.1 by taking

p(e,y,2) =0 ([lz]" + [lylI" + [I1=]]")

for all z,y,2 € X. Then we can choose a = [2|'=" and we get the desired
result. |

Theorem 2.3. Let X be a non-Archimedean normed space and that'Y be a
complete non-Archimedean space. Let o : X® — [0,00) be a function such that
there exists an o < 1 with

Ty z)

<12 (7 y z
o (@9,2) < 2oy (5.5,
forallz,y,z € X. Let f: X =Y be a mapping with f(0) = 0 satisfying (2.2).
Then there exists a unique additive mapping L : X — Y such that

o(z, 2z, x)
(2.8) 1f(z) = L(z)|ly < - 2l

forallz e X.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theo-
rem 2.1. Now we consider the linear mapping J : S — S such that

_ 9(2z)
Jg(z) = 5

for all z € X. Let g,h € S be given such that d(g,h) = . Then

lg(x) = h(x)|ly < eplx, 22, x)
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for all x € X. Hence

g20) h2o)|| _ llg2e) — hEn)ly
2 2 |, 2
ep (2x,4x, 2x) < 12|a - ep(x, 22, x)

12| - 12|
for all x € X. So d(g,h) = e implies that d(Jg,Jh) < ae. This means that
d(Jg,Jh) < ad(g,h) for all g,h € S. Tt follows from (2.4) that d(f, Jf) < ﬁ

By Theorem 1.11, there exists a mapping L : X — Y satisfying the following:
(1) L is a fixed point of J, i.e.,

179(x) = Jh(@)lly =

<

(2.9) L(2z) = 2L (x)

for all z € X. The mapping L is a unique fixed point of .J in the set M = {g €
S :d(h,g) < co}. This implies that L is a unique mapping satisfying (2.9) such
that there exists a p € (0,00) satisfying || f(x) — L(z)|ly < pe(z,2z,2) for all
r € X;
(2) d(J™f,L) — 0 as n — oco. This implies the equality

- f(2"x)
(2.10) nh_)n;o o = L(z)
for all z € X;
3)d(f, L) < ﬁd(f, Jf), which implies the inequality d(f, L) < m This
implies that the inequalities (2.8) holds. The rest of the proof is similar to the
proof of Theorem 2.1. O

Corollary 2.4. Let 6 be a positive real number and let r be a real number with
r>1. Let f: X =Y be a mapping with f(0) =0 satisfying

() e () - s -5

for all x,y,z € X. Then there exists a unique additive mapping L : X — Y
such that

<Ol + Mlyll" + [1=11")
Y

02+ 12")l="

forallx € X.
Proof. The proof follows from Theorem 2.3 by taking

pla,y,2) =0 (lz[" + llyll" + 120"

for all 2,9,z € X. Then we can choose a = [2|"~! and we get the desired
result. g
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2.2. A Direct Method. In this section, using a direct method, we prove
the generalized Hyers-Ulam-Rassias stability of the Cauchy-Jensen additive
functional equation (0.1) in non-Archimedean space.

Theorem 2.5. Let G be an additive semigroup and that X is a non-Archimedean
Banach space. Assume that ¢ : G — [0,+00) be a function such that

y z
2.11 Tim |2 ( ) -
( ) 1m 12]"¢ om0 on om 0

for all x,y,z € G. Suppose that, for any x € G, the limit

T xr T
(2.12) £(r) = Jim mox 121°C (07 0 i)

exists. Let f: G — X be a mapping with f(0) = 0 satisfying
(2.13)
| (F2E2) 4 (F2E) — 1@ - £ < <o), Gor all .2 € G)

Then the limit A(x) = lim, o 2™ f (2%) exists for all x € G and defines an
additive mapping A : G — X such that

(2.14) 1f(2) = A(@)[| < £(2).

Moreover, if

. . k T x xT
lim lim max |2 (— — —) =0
j—oon—o0 j<k<n+j | | C 2k+1 ’ ka 2k+1

then A is the unique additive mapping satisfying (2.14).
Proof. Putting y = 2z and z = z in (2.13), we get
(2.15) 1£(22) — 2f @)y < C(w,20,)
for all 2 € G. Replacing = by 55r in (2.15), we obtain

+1 X xz T
241 () =2 ()| < < (i g )

Thus, it follows from (2.11) and (2.16) that the sequence {2"f (21)} 5 18

a Cauchy sequence. Since X is complete, it follows that {2"f (%)}n>1 is
convergent. Set a

(2.17) A(z) := lim 2”f( )

n— oo

(2.16) ‘

By induction on n, one can show that

@18) |27 (55) = /@) < max {2" ¢ (555 5 gy ) 50 Sk <
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for all n > 1 and = € G. By taking n — oo in (2.18) and using (2.12), one
obtains (2.14). By (2.11), (2.13) and (2.17), we get

) () e
() () () ()|

<hm|2\(( Y Z):O

= lim [2|"

for all z,y,z € X . So

(2.19) A(x“”z) (w ;“LZ) = A(z) + A(2)

for all z,y,z € G. Letting y = 0 in (2.19), we get

(2.20) 2A<x+z> Alz) + A(2)

for all z,z € G. Since

A(0) = lim 2”f<0>— lim 2"f(0) =

n—+oo n—+oo
by letting y = 22 and z = z in (2.19), we get
A(2z) = 2A(x)
for all € G. Replacing x by 2z and z by 2z in (2.20), we get
Az + 2) = A(x) + A(2)

for all z,z € G. Hence A : G — X is additive.
To prove the uniqueness property of A, let L be another mapping satisfying
(2.14). Then we have

HA(x) —L(x)HX
A(z) -7,
< tim ot ma {4 () = (35) - | (&) -2 ()],

k—o0
. . k r xr x
< lim lim max |2 (— — —) =
~ 5o n—>ooj§k<n+j‘ "< Qk+17 9k k+1

= lim [2|"
n—oo

for all x € G. Therefore, A = L. This completes the proof. O

Corollary 2.6. Let £ : [0,00) — [0,00) be a function satisfying

() =)o <(m)<p
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for allt > 0. Assume that k > 0 and f : G — X is a mapping with f(0) =0
such that

PP 4 () - @ - 1)

for all x,y,z € G. Then there exists a unique additive mapping A : G — X
such that

<k (&(l2) + (D + £(12D)

Y

(2 + [2DE(=])
2|

Proof. If we define ¢ : G® — [0,00) by ((x,y,2) := & (&(|z]) + £(|y]) + £(]2]),
then we have

1f(z) = A(z)]| <

. n T Yy z\ _
Jim (20" ¢ (57 55 5r) =0

for all x,y, z € G. On the other hand, it follows that
z x\ _ (24]2DE(=])
Lx)=C(=Z,2,5) = 22—
(z) C(?’I’Q) 2|
exists for all x € G. Also, we have
x x

im i ke( 2 T T N _ J‘(LEL)_
jlgIolo nliniojgrz?gfﬂ 1217¢ (2k+1’ 2k’ 2k+1) N jli>nolo N 29+17 247 2941 ) 0

Thus, applying Theorem 2.5, we have the conclusion. This completes the
proof. O

Theorem 2.7. Let G be an additive semigroup and that X is a non-Archimedean
Banach space. Assume that ¢ : G* — [0, 4+00) is a function such that

277, 271 2"L
(2.21) i (22, 2"y, 2"2)

=0
for all z,y,z € G. Suppose that, for any x € G, the limit

) ¢ (2Fz, 28 g, 2k )
(2.22) £@) = lim max 2]

exists and f : G — X be a mapping with f(0) =0 and satisfying (2.13). Then

the limit A(x) := lim, f(;:z) exists for all x € G and
£(x
(223) 1)~ A@)] < .

for all x € G. Moreover, if

. . ¢ (2Fz, 28y, 2k )
lim lim max
j—oo n—o00 j<k<n+j |2‘k

=0,

then A is the unique mapping satisfying (2.23).
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Proof. Tt follows from (2.15), we get

2x x,2x,x
2 lix 12|
for all x € G. Replacing x by 2"z in (2.24), we obtain
n n+1 on 2n+1 on
(2.25) f@2rz)  f@"Ta) < ¢ (2", z,2"z)
n 2n+1 |2|n+1

Thus it follows from (2.21) and (2.25) that the sequence {f(gzl)} N is con-
n>1

vergent. Set
o S(207)
A(x) == nh_{rgo on -

On the other hand, it follows from (2.25) that P

Hf(2:m) _ %) < max {Hf@‘““r) f(2"x)

$~f25a)  f2ba)

)

2 24 2kHL 2k || = p<kly 2k+1 ok
1 ¢ (2k$,2k+1$72k$)
< —
= [2] pk<a 2[*

for all x € G and p,q > 0 with ¢ > p > 0. Letting p = 0, taking ¢ — oo in the last
inequality and using (2.22), we obtain (2.23).
The rest of the proof is similar to the proof of Theorem 2.5. 0

Corollary 2.8. Let £ :[0,00) — [0,00) be a function satisfying

§(121t) < €(12) &),  £(12) < 2]
for allt > 0. Assume that k > 0 and f : G — X is a mapping with f(0) =0
satisfying

() g () - 1) - 1) < e - €l - €04

for all x,y,z € G. Then there exists a unique additive mapping A : G — X
such that

I1f(x) = A(z)]| < rE(|z])*.
Proof. If we define ¢ : G® — [0, 00) by
C(z,y,2) ==k (&(lz]) - &(lyl) - £(121))
and apply Theorem 2.7, then we get the conclusion. O
3. Random Stability of the Functional Equation (0.1)

In this section, using the fixed point and direct methods, we prove the gen-
eralized Hyers-Ulam-Rassias stability of the functional equation (0.1) in the
random normed spaces.
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3.1. Direct Method.

Theorem 3.1. Let X be a real linear space, (Z, ', min) be an RN-space and
¢ : X3 — Z be a function such that there exists 0 < o < % such that

t
’ /
(3.1) Ho(g.4.5) ) 2 Py, (a)
t

forallz,y,z € X andt > 0 and lim, u;(i 22 (2—") =1 forallz,y,z €
5% o o

X and t > 0. Let (Y,p, min) be a complete RN-space. If f : X — Y is a

mapping with f(0) = 0 such that

(3.2) Hp(ette ) (22352 ) - f o) - £(2) (D) 2 Hip(ag) (D)

for all z,y,z € X and t > 0. Then the limit A(z) = lim, o 2" f (%)
exists for all x € X and defines a unique additive mapping A : X — Y such
that and

forallxz € X andt > 0.

[e%

Proof. Putting y = 2z and z = x in (3.2), we see that

(3.4) 15 (22) 21 (2) (1) = Hip20,0) (1)-
Replacing by § in (3.4), we obtain

/ li t
(3:5) Hap(3)-1@) ) Z Ho(g 0. 5) (1) 2 Hoa20.0) <a>

for all z € X. Replacing x by 5% in (3.5) and using (3.1), we obtain

4 4
! !/
e (ter) =2 (30) ) 2 Ho(ter e ) (2) = Hotoes) (W >

and so
n—1 n—1
k_k+1 _ E_k+1
Han ()1 (@) (ZM t) = A e s () -2 (k) (ZM t)
k=0 k=0
—1 k _k+1
T (v ()2 ) (250 0)

Lyl (AP )

Iu:a(xﬂa:,x) (t)

Y

v

This implies that

t
(36) Honf( 2\ f(x (t) > /-/ (z,2z,7) (n—l) :
(&)—F(=) ® SOnC) 2kak+1
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Replacing by o5 in (3.6), we obtain

(37) .u2n+pf(2n

t
!/
: )2 p( ) () 2 Hoo,20,2) (W) :

k=

. n xT o0
o(2,22,7) (ZZ*;’,"f%akH) = 1, it follows that {2 f(ﬁ)}n:1
is a Cauchy sequence in a complete RN-space (Y, i, min) and so there exists a
point A(z) € Y such that lim, . 2™ f (2) = A(z). Fixx € X and put p=10

in (3.7) and so, for any € > 0,

Since lim, 00 p!

HAz)—f()(t+€) > T(#A(l) on () (€)s Han () f(w)(t))

, .t
T (“A(I)Q“f(;,;) (€), Ho(z,2x,x) <ZZ:3 ok o k+1 ’

Taking n — oo in (3.8), we get

(1—-2a)t
(3.9) BA(z)—f (o) (t+€) > Hip(z,2z,m) (a :

(3.8)

v

Since ¢ is arbitrary, by taking ¢ — 0 in (3.9), we get

(1 —-2a)t
HA(z)—f(x) (t) > /”L:o(z,Zr,z) <Oé ’

Replacing ,y and z by 57, 5% and 5 in (3.2), respectively, we get

t
atytz e—ytz . > , —
Han g (e Y vam s (tges) -2n () -2 () (B 2 Ho(ge, e ) <2>
for all z,y,2z € X and t > 0. Since lim,,_, o, p’ (
that A satisfies (0.1). On the other hand

24 (g) — A(z) = lim 2" (27;21) — lim 2f (2%) —0.

n—oo

Y —
) (zn) = 1, we conclude

This implies that A : X — Y is an additive mapping. To prove the uniqueness
of the additive mapping A, assume that there exists another additive mapping
L: X — Y which satisfies (3.3). Then we have

Pa@-re@ @) = M o2y onp( (1)

n—oo

> 1. . t

> nLII;omlH /AQHA(%)_an(%) 5 .U‘an(in) ang, %
(1—2a)t (1 —2a)t

> lim p (L 22 @
Since limy, o0 Mw(x 22,2) ((1 2a)t ) 1. Therefore, it follows that 14 (z)—1(2)(t) =
(z).

n— 00 2m

on Oé"

1 for all ¢ > 0 and so A(x) = This completes the proof. O
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Corollary 3.2. Let X be a real normed linear space, (Z, ', min) be an RN-
space and (Y, p, min) be a complete RN-space. Let r be a positive real number
withr >1,20 € Z and f: X =Y be a mapping with f(0) = 0 satisfying

!
(3.10) P (2t ) p (22222 ) () - £ () (B) 2 Qe iyl +1120m) =0 (8)

for all z,y € X and t > 0. Then the limit A(z) = lim,_,o0 2" f () ewists for
all x € X and defines a unique additive mapping A : X — 'Y such that and
(2m —2)t
1 () A) () = Hajpz, <2T+2
forallz € X andt > 0.

Proof. Let @« = 27" and ¢ : X3 — Z be a mapping defined by ¢(x,y,2) =
(lzlI™ + llyll™ + 1z]")20. Then, from Theorem 3.1, the conclusion follows. O

Theorem 3.3. Let X be a real linear space, (Z,u',min) be an RN-space
and ¢ : X3 — Z be a function such that there exists 0 < a < 2 such that
Hip(2a,29,22) (1) = Heypy ) (8) for all z € X and t >0 and

S n g ny 202 (272) = 1

for all x,y,z € X and t > 0. Let (Y,u, min) be a complete RN-space. If
f X =Y be a mapping with f(0) = 0 satisfying (3.2). Then the limit

A(z) = limp 0o ﬂ;:l‘) exists for all x € X and defines a unique additive
mapping A : X — Y such that and
(3.11) [ ()~ A(2) (8) = Mgz 00,2y (2 — Q)t).

forallz € X andt > 0.
Proof. Tt follows from (3.4) that

(312) M@,f(x) (t) 2 :u:p(ac,Q:c,x)(2t)'

Replacing z by 2"z in (3.12), we obtain that

2n+1t
/ +1
Mf(;:ii@ff(g::z) (t) > Mga(2nx,2"+1m,2":c)(Qn t) = fp(z,20,0) (an :

The rest of the proof is similar to the proof of Theorem 3.1. |

Corollary 3.4. Let X be a real normed linear space, (Z, ', min) be an RN-
space and (Y, p, min) be a complete RN-space. Let r be a positive real number
with0<r<1,z0€Z and f: X =Y be a mapping with f(0) = 0 satisfying

(3.10). Then the limit A(x) = limy, 00 F272) enists for all x € X and defines

271
a unique additive mapping A : X — Y such that and

2—2")t
>l (7
Mf(m)—A(M'f)Mzwzo( 3 12 >

forallz € X andt > 0.
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Proof. Let a = 2" and ¢ : X3 — Z be a mapping defined by o(x,y,2) =
(=)™ + lyll” + IIz1")20. Then, from Theorem 3.3, the conclusion follows. [

3.2. Fixed Point Method.

Theorem 3.5. Let X be a linear space, (Y, u,Th) be a complete RN-space
and ® be a mapping from X3 to DT (®(z,y, z) is denoted by ®,., ) such that
there exists 0 < a < % such that

(313) (I>2r,2y,22 (t) S q)-”ﬁ7y72(at)

for all x,y,z € X andt > 0. Let f : X — Y be a mapping with f(0) = 0
satisfying

(314) uf(m+g+z)+f(jig+z)*f(93)ff(z)(t) Z ¢x,y,z(t)

for all x,y,z € X andt > 0. Then, for all x € X, A(x) := lim,, o, 2" f (21)
exists and A : X =Y is a unique additive mapping such that

1—2a)t
(3.15) Hf(z)—A(z) (t) > Py 20,0 ((aa))

forallz € X andt > 0.
Proof. Putting y = 22 and z = z in (3.14), we have

t
(3.16) H25(5)~f(@)(8) 2 Pg 0z (1) 2 Po2ua (a>

forallz € X and t > 0. Consider the set S := {g: X — Y} and the generalized
metric d in S defined by

(3.17) d(f,g) = uei(%foo) {bg(@)—n@) (ut) = @400 4(t), Vo € X, t > 0},

where inf ) = +oo. It is easy to show that (S, d) is complete (see [33, Lemma
2.1]). Now, we consider a linear mapping J : (S,d) — (S, d) such that

(3.18) Jh(z) = 2h (g)

for all x € X. First, we prove that J is a strictly contractive mapping with the
Lipschitz constant 2a. In fact, let g,h € S be such that d(g,h) < e. Then we
have flg(z)—n(z)(€t) > Py 20,2(t) for all z € X and ¢ > 0 and so

Hag(z)—Th(z) (20€t) = Hog(z)_an(z)(20et) = pg(z)_n(z)(et)
(I)%,L% (Oét)
q)w,2m,w (t)
for all z € X and ¢ > 0. Thus d(g,h) < € implies that d(Jg, Jh) < 2ae. This
means that d(Jg, Jh) < 2ad(g, h) for all g,h € S. It follows from (3.16) that

a(f,Jf) < a.

>
>
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By Theorem 1.11, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,

x 1

(3.19) A<§> = SA®)
for all € X. The mapping A is a unique fixed point of J in the set @ = {h €
S :d(g,h) < oo}. This implies that A is a unique mapping satisfying (3.19)
such that there exists u € (0, 00) satisfying pf(z)—a(z)(ut) > @y 2. () for all
reXandt>0.

(2) d(J™f, A) — 0 as n — oo. This implies the equality

. nel T\ _
2 f<2n> = A(@)

for all x € X.

(3) d(f,A) < % with f € €, which implies the inequality d(f, A) <
15, and so

at
/J'f(a:)fA(m) (1 — 2(1) > (I)w,Qa:J(t)

for all z € X and ¢t > 0. This implies that the inequality (3.15) holds. On the

other hand
()
x Yz -
PRI 2TL

for all z,y,z € X, t > 0 and n > 1. By (3.13), we know that

t t
Vs (77) 2 Voo (1)

Since limy, 00 Py, » (#) =1 for all x,y,z € X and ¢ > 0, we have

Han (e o (i) —2m s ()21 () (D) 2

(2a)7L

MA(L;*“)+A(VT‘~’+Z)—A($)—A(Z)(” =1

for all z,y,z € X and ¢ > 0. Thus the mapping A : X — Y satisfying (0.1).
lim 27 f ( v

Furthermore
cong (T

A(2z) — 2A(x)
- Q{Iim 2”*1f( "3 )— hrgoz”fﬁ)}

n— o0 on—1 n— 27
= 0.

This completes the proof. O

Corollary 3.6. Let X be a real normed space, 8 > 0 and r be a real number
withr > 1. Let f : X =Y be a mapping with f(0) = 0 satisfying
(t) > t
Ml ztyt=z zoytz ) £ f(y = - ” "
SEFR I CH) OO 4 ([lall” + Nyl +11=117)

(3.20)
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for all x,y,z € X and t > 0. Then A(z) = lim, o, 2" f (2%) exists for all
x€ X and A: X =Y is a unique additive mapping such that

(2" —2)t
T 9)t+ (27 + 2)0||z||"

o _ t) >
forallz € X andt > 0.

Proof. The proof follows from Theorem 3.5 if we take

t
q)m, Z(t) = - - -
! t+ 0z + llyllm + ll=]I")

for all z,y,z € X and t > 0. In fact, if we choose & = 27", then we get the
desired result. 0

Theorem 3.7. Let X be a linear space, (Y, p,Th) be a complete RN-space
and ® be a mapping from X3 to DT (®(z,y, 2) is denoted by ., ) such that
for some 0 < a < 2

Pz oy 2 (1) < Py z(at)
for all x,y,z € X and t > 0. Let f : X — Y be a mapping with f(0) = 0
satisfying (3.14). Then the limit A(z) := lim, 1272 opists foralxze X

27L
and A : X —Y is a unique additive mapping such that

(3.21) Bf(@)—A) () > Pa20.2((2 — a)t)
forallz € X andt > 0.

Proof. Putting y = 2z and z = x in (3.14), we have
(3.22) P1Go) _p () () = Pa0,0(20)

forallz € X and t > 0. Let (.59, d) be the generalized metric space defined in the
proof of Theorem 3.1. Now, we consider a linear mapping J : (S,d) — (5,d)
such that

(3.23) Jh(z) == %h(?x)

for all z € X. It follows from (3.22) that d(f, Jf) < 5. By Theorem 1.11, there
exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,

(3.24) A(2z) = 2A(x)
for all z € X. The mapping A is a unique fixed point of .J in the set Q@ = {h €
S :d(g,h) < oco}. This implies that A is a unique mapping satisfying (3.24)
such that there exists u € (0, 00) satisfying i ¢(z)—a(z)(ut) > Py 24 . (t) for all
x € X and ¢t > 0.
(2) d(J™f, A) — 0 as n — oco. This implies the equality
2'n
im L) 4

n—o00 on
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for all z € X.
(3) d(f, A) < UID) with f € Q, which implies the inequality
2

Hf(z)—A(z) (2 — a) > Oy 0p 2 (t)

for all x € X and ¢ > 0. This implies that the inequality (3.21) holds. The rest
of the proof is similar to the proof of Theorem 3.5. g

Corollary 3.8. Let X be a real normed space, 8 > 0 and r be a real number
with 0 <r < 1. Let f: X =Y be a mapping with f(0) = 0 satisfying (3.20).

Then the limit A(x) = lim,_ oo f(;:m) exists forallr € X and A: X —Y isa

unique additive mapping such that

(2 —2n)t
2 — 2)t + (27 + 2)0|x||"

I (@) —Az) () > (
forallxz € X andt > 0.

Proof. The proof follows from Theorem 3.7 if we take

t
[0} t) =
v = T+ ol + T2

for all z,y,2z € X and t > 0. In fact, if we choose a = 2", then we get the
desired result. ]
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