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ABSTRACT. The aim of this paper is to present a numerical method for
singularly perturbed convection-diffusion problems with a delay. The
method is a combination of the asymptotic expansion technique and the
reproducing kernel method (RKM). First an asymptotic expansion for
the solution of the given singularly perturbed delayed boundary value
problem is constructed. Then the reduced regular delayed differential
equation is solved analytically using the RKM. An error estimate and
two numerical examples are provided to illustrate the effectiveness of the
present method. The results of numerical examples show that the present
method is accurate and efficient.
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1. Introduction

Singularly perturbed delay differential equations have attracted much at-
tention. The numerical treatment of such problems present some major com-
putational difficulties due to the presence of boundary and interior layers and
the delayed terms. Therefore, it is important to develop suitable numerical
methods to solve such problems.

Recently, there has been growing interest in numerical methods for solv-
ing singularly perturbed delay differential equations and a few special purpose
methods have been developed by some authors [3,4,7,15-17,26-29]. Ami-
raliyev, Erdogan and Amiraliyeva [3,4,7] proposed exponentially fitted methods
for singularly perturbed delay initial value problems. Kadalbajoo, Sharma and
Gupta [15-17] presented some methods for solving singularly perturbed delay
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boundary value problems. Rai and Sharma [27-29] developed numerical meth-
ods for singularly perturbed delay differential turning point problems. Patidar
and Sharma [26] developed a uniformly convergent non-standard finite differ-
ence methods for singularly perturbed differential-difference equations with de-
lay and advance. Mohapatra and Natesan [24] proposed a numerical method for
a class of singularly perturbed differential-difference equations with small delay
and shift terms, based on the upwind finite difference operator on an adaptive
grid. Subburayan and Ramanujam [31] presented an initial value technique for
singularly perturbed convection-diffusion problems with a negative shift.

Reproducing kernel theory has been applied to many fields [1-17,19-32]. Re-
cently, the RKM has been proposed for some differential and integral equations
based on reproducing kernel theory [1,2,8-14,19-23,25, 30, 32]. However, it is
very difficult to extend the application of the method to singularly perturbed
delay differential equations.

In this paper, based on the asymptotic expansion technique and the RKM,
an effective numerical method shall be presented for solving a class of singularly
perturbed delay boundary value problems.

Motivated by the work of [18,31], we consider the following singularly per-
turbed problems:

(1.1)
) + b(@)u(z) + c(z)u(z — 1) = f(z), z€ Q" =(0,1)U(1,2),
u(z) = ®(z),z € [-1,0], u(2) =1,

where 0 < e < 1, a(z) > a1 > a >0, b(x) > By > 0,7 < c¢(x) <0, 2a+5060+
57 >n > 0,n ala; —a) > =27, a(x),b(z), ®(x) and f(z) are assumed to be
sufficiently smooth on Q = [0, 2], and such that (1.1) has a unique solution.

From [18], (1.1) exhibits a strong boundary layer at z = 2.

The rest of the paper is organized as follows. In the next section, an as-
ymptotic expansion for the solution of the problem (1.1) is constructed. The
RKM for reduced regular delayed differential equation is introduced in Section
3. The method for solving terminal value problem (2.2) is presented in Section
4. Error analysis is derived in Section 5. The numerical examples are given in
Section 6. Section 7 ends this paper with a brief conclusion.

2. An asymptotic expansion

In this section, an asymptotic expansion approximation to the solution of
problem (1.1) is constructed.
Let ug(z) be the solution of the reduced problem of given by

a(@)up () + b(@)uo(@) + c(@)uolz — 1) = f(z), = € (0,2],
(2'”{ o(z) = (x), x € [~1,0]
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a

Denote by v,.(x) = e~ J2#2ds the solution (1.1) of the terminal value problem

(TVP)

(2.2) { ev'(z) — a(z)v(z) =0, z € [0,2),

v(2) = 1.
In [12], an asymptotic expansion approximation was given by

| wo(x) + krz, z €10,1],
(2.3) Uas(x) = { uO(.’L') + kQ’UT(SU) + k3, x € [1»2]7
where
_ I —uo(2)
S (D 1y, (1)

Theorem 2.1. Let u(xz) be the solution of problem (1.1). The asymptotic
expansion approrimation u.s(x) satisfies

k= oMY ks = () (A .

)
3 e

u() = uas(@)| <c e, x€[0,2],

where ¢ is a positive constant.

3. RKM for reduced problem (2.1)

Let

_J a@)up(z) + b(x)uo(z), = € (0,1],
Luo(z) = { a(m)ug(x) + b(z)ug(z) + c(x)ug(z — 1), = € (1,2].

Problem (2.1) is equivalent to

Lug(z) = g(),
(3:1) { wol0) = B(0).
where
_ | f@) —c(x)®(x - 1), z € (0,1],
9(x) = { fx), = €(1,2).
Introducing a new unknown function
(3.2) w(z) = up(x) — &),

problem (3.1) with inhomogeneous boundary conditions can be equivalently
reduced to the problem of finding a function w(x) satisfying

Lw(z) = F(z),
(3.3) { w(0) = 0.

where F(z) = g(x) — L®(x).
To solve (3.3), we first define a reproducing kernel space W3[0, 2].
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Definition 3.1. W?[0,2] = {u(z) | v”(z) is absolutely continuous, u® (x) €
L?[0,2],u(0) = 0}. The inner product and norm in W3[0, 2] are given, respec-
tively, by

2
(u(y), v(y))s = u(0)v(0) + ' (0)0' (0) + u” (0)"(0) + / W@ dy

and
I wlls= v/ (u,w)3, u,v € W?[0,2].

Theorem 3.2. W3(0,2] is a reproducing kernel space and its reproducing kernel
18

o R

where ki(x,y) = ﬁy (10x2(y +3)y — b (y3 — 24) + y4).
For the proof, one may refer to [6].

Definition 3.3. W1[0,2] = {u(z) | u(z) is an absolutely continuous real value
function, u'(x) € L?[0,2]}. The inner product and norm in W1[0,2] are given,
respectively, by

(u(y) v())1 = u(0)v(0) + / u'v'dy

= v/ (u,w)1, u,0 € WH0,2].

Theorem 3.4. W1(0,2] is a reproducing kernel space and its reproducing kernel
18

7. _ 1+ya ygxa
(35) He={ 10 V5T

and

For the proof, refer to [6].

In (3.3), obviously, L : W3[0,2] — W1[0,2] is a bounded linear operator.
Put o;(z) = k(z,x;) and 1;(x) = L*p;(x) where L* is the adjoint operator of
L . The orthonormal system {¢,(z)}32, of W3[0,2] can be derived from the
Gram-Schmidt orthogonalization process applied to {¢;(z)}524,

k=1
Theorem 3.5. If {x;}5°, is dense in [0,2], then {1;(x)}32, is the complete
function system of W3[0, 2].

Proof. Note here that

Yi(z) = (L pi)(x) = (L i) (y), k(z, y))
= (@Z(y),Lyk(x,y)) = Ly (xvy)|y:$i'
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Hence, 1;(z) € W3(0,2].
For each fixed u(z) € W3[0,2], let (u(z),vi(x)) =0, (i = 1,2,...), which means
that

(u(z), (L7 i) (x)) = (Lu(-),i(-)) = (Lu)(xi) = 0.
Since {z;}$2, is dense in [0,2], (Lu)(z) = 0. It follows that u = 0 from the
existence of L. O

Theorem 3.6. If {x;}52, is dense in [0,2], then the solution of (3.3) is

(3.6) w(z) = Z Zﬁsz(xk)@z(f)

i=1 k=1

Proof. From Theorem 3.4, it follows that {1,(z)}52; is a complete orthonormal
basis in W30, 2].

Note that (w(z), ps(2)) = w(z;) for each w(z) € W[0,2]; hence we have
w(@) = 3 (@), %4()) ¥ (a)
= 2 3 Bulwe), L o) (x)
(3.7) = ; k; Bir(Lw(z), or(2))v;(x)
= 3 3 Bu(F(@). ou(@))bi(a)
= 3 5 BuF(@)ii(x)
So, the proof is complete. O

The approximate solution wy(x) can be obtained by taking finitely many
terms in the series representation of w(z) and

N i
(3.8) wy(s) = Z Zﬁsz(xk)@z(ff)

i=1 k=1
Combining (3.8) and (3.2), leads to the approximate solution of (3.1)

N i
(3.9)  wuon(z) =wn(2)+ P(z) = Z Zﬂz’kF(xk)Ei(z) + ©(z).

i=1 k=1
Furthermore, the approximation to the asymptotic expansion u,s(x) is imme-
diately obtained

N~ [ uon(z)+kiz, x €[0,1],
(3.10) Ugs () = { uo, N (x) + kovr(z) + k3, x € [1,2],
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4. Method for solving TVP(2.2)

In (3.10), a closed form expression is given for the boundary layer compo-
nent. However, in many cases of variable coefficients, this closed form represen-
tation is not available. Also, it is difficult to obtain its numerical solution. Here
we develop a piecewise RKM for finding the approximate solution of TVP(2.2).

Putting s = 2 — x and y(s) = v(z(s)), TVP(2.2) becomes

(4.1) { ZZ(/(')()S):ﬂlE(S)y(s) =0, s€(0,2],

where a(s) = a(2 — s).

We will solve initial value problem (4.1) using the RKM in a piecewise fash-
ion.

Divide [0,2] into M subintervals [s;,sj11], j =0,1,...,M — 1, with s =0
and sp); = 2. Denote by h; the length of the ith subinterval, i.e. h; = |s;41 —
s;i|. Then apply the RKM presented in the above section to (4.1) on every
subinterval [s;, s;+1].

Using the RKM(take N; equidistant nodes) to solve (4.1) on interval [so, s1],
one obtains the approximate solution yi n,(s) of (4.1) on [so,s1]. Then an
initial value condition of (4.1) on [s1, $2] is determined approximately by

y(s1) = y1.n, (51)-

So we can obtain the approximate solution y2 n, (s) of (4.1) on the second in-
terval [s1, s2] by the RKM. In the same way, the approximate solutions y; n, (s)
of (4.1) on the intervals [s;—1,s;], i = 3,4,..., M.

After obtaining the approximate solutions on all subintervals, these solu-
tions are combined to obtain the approximate solution yy/ (s) of (4.1) on the
entire interval [0,2]. Obviously, y%l (s) is continuous on [0,2]. Naturally, the
continuous approximate solution of (2.2) is obtained by v (z) = y}f (2—=x).

Therefore, the approximate solution to (1.1) can be further obtained by

NMNi . ) won(x)+kiz, x€(0,1],
(4.2) Ugs (x) = { uo,N(x) + k2v7{\4,N1 () + ks, z € [1,2].

5. Error analysis

From [3,4,7,15-17,24,26-29, 31], we have the following Lemma.

Lemma 5.1. If w(x) is the solution of (3.3), then there exists a positive C
such that

lw@)llee = max w(z)] < C| Lw(z) lloo= C | F(z) floo -

)
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Lemma 5.2. If0 =21 <23 < -+ <y =2, and if a(x),b(x),P(x) and f(z)
are sufficiently smooth, then the approzimate solution wy(x) of (3.3) satisfies

| Lwy (z) — F(2) ||oo= max |Lwy — F| < dih?,
x

€[0,2]
here dy @ it tant and h = i+1 — Til.
where di is a positive constant an | nax | |41 — @]
Proof. For the details of the proof, one may refer to [8]. O

Theorem 5.3. The approzimate solution wy(s) of (3.3) satisfies
lwy (@) = w(@)llo < d2 h?,

where ds is a positive constant.

Proof. Note that wy(x) — w(x) is the solution of

LV = Lwy — F, z€(0,2],
V(0) = 0.

From Lemma 5.1, it follows that

lwn (z) = w(@)]loo < C[| Lwn(2) = Lw(2) oo -
By using Lemma 5.2, we get

lwn (2) = w(@)]|eo < C || Lwn(z) = Lw() lo< C di h? = dp b2,
where d is a positive constant. O
Theorem 5.4. The approzimate solution ug n(s) of (3.1) satisfies
[uo,n (x) = uo(x) oo < dz B2

Proof. In view of

uo.n(z) = wy(x) + (z), uo(z) =w(z)+ O(z),
by Lemma 5.1, one sees that

l[uo,n (z) = uo(z)||oo < da B>

From Lemma 5.1 and 5.2, the following theorem can be obtained.

Theorem 5.5. The errors between the approzimate solution UN(z) and the
exact solution u(x) of (1.1) satisfies

U2 (2) = u(@) o < d5 h* + e,

where ds is a positive constant, ¢ and € are shown in Theorem 2.1.
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Proof. From (2.3) and (3.10), there exists a positive constant « such that
||Ué\£($) — Uas (7)o < afluo,n(z) — uo(2)|oo-

An application of Lemma 5.2 then yields that

(5.1) 1Uze (%) = tas (@)oo < d A2,

where ds3 is a positive constant. From Theorem 2.1, we have
(5.2) [tas(z) — u(z)]0 < ce.

Note that

1U24(2) — u(@) ]l

(53) Hg%( ) - uas(x) + uas(x) - u(‘r)Hoo

x
as(®) = tas (7)[|oo + [[tias () — u()]|co-
Combining (5.1), (5.2) and (5.3), leads to

NUN(2) — u(z)|loo < ds h®+ce.

<

6. Numerical examples

In this section, two examples are given to illustrate the numerical method
discussed in this paper. All computations are performed by using Mathemat-
ica 7.0. Since the exact solution for the second problem is not available, the
maximum absolute errors EY are evaluated by
BY = max (U (@) - U2 (2)].

z€[0,2]

Example 6.1. Consider the following singularly perturbed delay boundary
value problem used in [31]

—eu(z) + 3u/(z) —u(x — 1) =0, z € QF,

u(z) =1, z € [-1,0],u(2) = 2.
Its solution is

c1 (e? —1) +35+1, 2€(0,1],

%0163/5+2%*02*§%+%) f%clxes%s - Sttt
+%(l‘ - 1)2 + %7 YIS [172]5

<
—~
8
~
|
w
8
|
o
—~

where el 2

o = e (7ﬁ+?*3>

1 — %(6*3/57676/5)574676/64’3

_ 5163/5(7673/5+§+1) + %673/88—2%—23E1783/5 +1
C2 = 1—e—3/¢c 1—e—3/¢ .
2(i—=1) - .

Take z; = 228§ = 1,2,...,N and h; = O.le,i = 1,2,...,60, h; =
A2[_65072- = 61,62,...,M. The maximum absolute errors using the present

method (PM) are compared with [31] in Table 1 for ¢ = 276, 2710 2713,
From the comparison, we can see that the present method can produce more
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accurate numerical results. Taking ¢ = 2720, N = 100, M = 256, N; = 30,
hi = 0.05e,i = 1,2,...,200, h; = 2%, i = 201,202,...,256, the absolute
errors |[UN — u(x)| and |[UNAEN1 — y(z)| are shown in Figure 1.

Example 6.2. Consider the following singularly perturbed delay boundary
value problem used in [31]

—eu(z) + (x + 10)u/(z) —u(z — 1) =z, x € Q*,

{ u(z) =z, x € [-1,0],u(2) = 2.
The exact solution of this problem is not available. Taking x; = (i — 1)h, h =
%, i =1,2,..., N, the numerical results compared with [31] are given in
Table 2 for ¢ =276, 2710 2713 By such comparison, the present method can
provide more accurate approximate solutions than [31]. Taking e = 2720, N =
100,200, the maximum absolute errors EYN are shown in Figure 2. Taking
N; = 30 and M = 128,256, the absolute errors [vN1(z) — v,.(z)| are shown
in Figure 3.

TABLE 1. Comparison of the maximum absolute errors EY
for Example 6.1

€ N =64(]12]) N =128([12]) N =128(PM(3.10)) N = M = 128, N1 = 30(PM(4.2))

2-6 785x10°% 273x10°% 1.24 x 106 7.80 x 10~5
2710 785x107% 273x10°% 1.24 x 10~ 4.80 x 10~°
2-13 785 x107% 273 x107¢ 1.24 x 106 8.40 x 10~¢

TABLE 2. Comparison of the maximum absolute errors EY
for Example 6.2

€ N =64([12]) N =64(PM) N =128([12]) N = 128(PM)
27%  264x1077 1.51 x 10~ % 8.39 x 1077 6.70 x 107°
2710 264 %1073 1.51 x 1074 8.39 x 107* 6.70 x 107°
2713 264x1073 1.51 x 1074 8.39 x 107* 6.70 x 107°

7. Conclusion

This paper extends the applications of the reproducing kernel method
to singularly perturbed delay boundary value problems. An effective method
is developed for solving singularly perturbed delay boundary value problems
exhibiting a strong right boundary layer. The present method combines the
advantages of the asymptotic expansion technique and the reproducing kernel
method. The numerical results compared with the existing method show that
the present method is a valid technique for treating singularly perturbed delay
boundary value problems exhibiting a right boundary layer.
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