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Abstract. In this paper, we propose a parametric uniform approximation method to solve NP-hard absolute value equation. For this, we uniformly approximate absolute value in such a way that the nonsmooth
absolute value equation can be formulated as a smooth nonlinear equation. By solving the parametric smooth nonlinear equation using Newton
method, for a decreasing sequence of parameters, we can get the solution of absolute value equation. It is proved that the method is globally
convergent under some weaker conditions with respect to existing methods. Moreover, preliminary numerical results indicate eﬀectiveness and
robustness of our method to solve absolute value equation.
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1. Introduction
In this article, we consider the Absolute Value Equation (AVE):
(1.1)

f (x) = Ax − |x| − b = 0,

in which A ∈ Rn×n and b ∈ Rn are known. Here, |x| denotes a vector with components |xi |, i = 1, 2, . . . , n. Notice that AVE (1.1) is a nonsmooth nonlinear
equation due to the non-diﬀerentiability of absolute value function.
The significance of absolute value equation (1.1) arises from the fact that the
general NP-hard linear complementarity problem (LCP) [2–4], which subsumes
many mathematical programming problems, can be formulated as an AVE
(1.1). This implies that AVE (1.1) is NP-hard in its general form [7, 10, 11].
There are some interesting results about the AVE (1.1), which we list as follows:
• Determining the existence of a solution to (1.1) is NP-hard [7];
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• AVE (1.1) is equivalent to LCP [7, 10, 11];
• If solvable, AVE (1.1) can have either unique solution or multiple solutions [10];
• AVE (1.1) is uniquely solvable for any b if ∥A−1 ∥ < 1, or the singular
values of A exceed 1 [10];
• If 1 is not an eigenvalue of A, the singular values of A are merely greater
than or equal to 1 and {x|(A + I)x − b ≤ 0, (A − I)x − b ≥ 0} ̸= ∅,
then, AVE (1.1) is solvable [10];
mini |bi |
• If b < 0 and ∥A∥ < γ/2, where γ = max
, then AVE (1.1) has
i |bi |
n
exactly 2 distinct solutions, each of which has no zero components
and a diﬀerent sign pattern [10];
• Various characterizations of the solution set and the minimal norm
solution to (1.1) are given in [5, 14];
Recently, some computational methods have been presented for AVE (1.1)
(see [1, 5–9, 13, 16, 17]). In [9], a generalized Newton algorithm is proposed for
AVE (1.1). It is proved that the generalized Newton iterates are well defined
and bounded when the singular values of A exceed 1. However, the global linear
convergence of the method is only guaranteed under more stringent condition
∥A−1 ∥ < 14 rather than the singular values of A exceeding 1.
Another approach for solving (1.1) is the smoothing method (see [12] and
references therein). The feature of smoothing method is to construct a smoothing approximation function fµ : Rn × R 7→ Rn of f such that for any µ > 0, fµ
is continuously diﬀerentiable and
lim ∥f (x) − fµ (x)∥ = 0,

µ→0+

∀ x ∈ Rn ,

and then to find a solution of (1.1) by (inexactly) solving the following problems
for a given positive sequence {µk }, k = 0, 1, 2, . . . ,
(1.2)

fµk (x) = 0.

If x(µk ) denotes the approximate solution of (1.2), we expect that x(µk ) converge to x∗ , the solution of (1.1), as µk → 0+ . To get this aim, we must prove
that:
• The equation (1.2) has a unique solution x(µk ), for all µk > 0,
• x(µk ) → x∗ , when µk → 0+ .
The merits of the smoothing method are global convergence and convenience
in handling smooth functions instead of nonsmooth functions. However, (1.2),
which needs to be solved at each step, is nonlinear in general.
The smoothing Newton method [12] can be regarded as a variant of the
smoothing method. It uses the derivative of fµ with respect to x in Newton
method, namely
(1.3)

xk+1 = xk − αk ∇fµk (xk )−1 f (xk )
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where µk > 0, ∇fµk (xk ) denotes the Jacobian of fµ with respect to x at (xk , µk )
and αk > 0 is the step size. The smoothing Newton method (1.3) for solving
nonsmooth equation (1.1) has been studied for decades in diﬀerent areas. In
some previous papers, method (1.3) was called a splitting method because f is
split into a smooth part fµ and a nonsmooth part f − fµ . The global and linear
convergence of (1.3) has been discussed, but so far no superlinear convergence
result has been obtained.
In [17], authors established global and finite convergence of a generalized
Newton method proposed for AVE (1.1). Their method utilizes both the semismooth and the smoothing Newton steps, in which the semismooth Newton step
guarantees the finite convergence and the smoothing Newton step contributes
to the global convergence.
In this paper, to solve AVE (1.1), we approximate the nonsmooth function
f (x) with a parametric accurate smoothing approximation function fµk (x) having good properties, and solve the equation (1.2) using Newton method for a
fast convergent sequence of parameters {µk }. We will prove that the equation (1.2) has a unique solution x(µk ), for all µk > 0, and Newton method,
initiated from x(µk−1 ), is well defined. Moreover, we prove that x(µk ) → x∗ ,
when µk → 0+ , in which x∗ is the unique solution of (1.1). This algorithm is
proved to be globally convergent under the condition that the singular values
of A exceed 1. This condition is weaker than the one used in [9]. Preliminary
numerical results given in Sec. 3 show that our method is very promising.
2. Uniform smooth approximation method for AVE
In this section, we propose a uniform smooth approximation method to solve
AVE (1.1). We begin with the following definitions.
Definition 2.1. ( [12]) A function Sµ : Rn 7→ Rm is called a smoothing
function of a nonsmooth function S : Rn 7→ Rm if, for any µ > 0, Sµ is
continuously diﬀerentiable and, for any x ∈ Rn ,
lim

µ↓0, z→x

Sµ (z) = S(x).

Definition 2.2. ( [12]) Let S : Rn 7→ Rm be a locally Lipschitz continuous
function and Sµ : Rn 7→ Rm , µ ∈ R, continuously diﬀerentiable. Then, Sµ is
called a regular smoothing function of S if for any compact set D ⊆ Rn and
µ > 0, there exists a constant L > 0 such that, for any x ∈ D and µ ∈ (0, µ]
∥Sµ (x) − S(x)∥ ≤ Lµ.
Note that AVE (1.1) is nonsmooth due to the non-diﬀerentiability of absolute
value function. So, to smooth approximation of f (x), it is suﬃcient to smooth

A uniform approximation method

1262

approximation of absolute value function. On the other hand, absolute value
function |xi | can be regarded as the integral of signum function defined by:

xi < 0

 −1
0
xi = 0
sign(xi ) =


1
xi > 0.
Hence, to smooth approximation of absolute value function, first of all, we
need to smooth approximation of the signum function. Suppose that µ > 0 is
a parameter and consider the following function:

−1
xi ≤ −µ




 2(x /µ)
i
−µ ≤ xi ≤ µ
tµ (xi ) =
 1 + (xi /µ)2



 1
x ≥ µ.
i

It can be observed that the tµ (xi ) is continuously diﬀerentiable and satisfies
|tµ (xi ) − sign(xi )| ≤ µ,

∀ µ > 0.

Indeed, according to Definition 2.2, tµ (xi ) is a regular smoothing approximation
to the signum function.
Using integration of tµ (xi ) with respect to xi , we can obtain the following
regular smoothing function to the absolute value function:

−xi
xi ≤ −µ



(
)
ϕµ (xi ) =
µ ln 1 + (xi /µ)2 + µ(1 − ln 2)
−µ ≤ xi ≤ µ



xi
xi ≥ µ.
Notice that the ϕµ (xi ) is continuously diﬀerentiable and satisfies
0 ≤ ϕµ (xi ) − |xi | ≤ µ(1 − ln 2),

∀ µ > 0.

Moreover, as Figure 1 indicates, it is a very accurate uniform smooth approximation to |xi |, especially for small µ.
Based on |xi | = max{xi , −xi }, Yong and etc [16] adopted the aggregate
function introduced by Li [6] to smooth the max function. The smoothing
approximation function to absolute function |xi | is then derived as:
[
]
ηµ (xi ) = µ ln exi /µ + e−xi /µ .
It is shown that
0 ≤ ηµ (xi ) − |xi | ≤ µ ln 2.
As we note, the approximation function ϕµ (xi ) to |xi | is better than ηµ (xi )
because 1 − ln 2 = 0.3069 < 0.6931 = ln 2.
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Figure 1 demonstrates functions |xi | (solid line), ϕµ (xi ) (dotted line), and
ηµ (xi ) (dashed line) over the interval [-1.5,1.5] for µ = 1. It show that our
smooth approximation ϕµ (xi ) matches well with |xi |.
Now, let’s define the functions tµ , ϕµ , fµ : Rn 7→ Rn by
tµ (x) = [tµ (x1 ), . . . , tµ (xn )]T ,
ϕµ (x) = [ϕµ (x1 ), . . . , ϕµ (xn )]T ,

(2.1)

fµ (x) = Ax − ϕµ (x) − b.
The following Lemma denotes that fµ (x) is a regular smoothing approximation
for f (x) in (1.1).

Figure 1. Regular smoothing approximation for |x|
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Lemma 2.3. (i) For any x ∈ Rn and µ > 0,
√
∥fµ (x) − f (x)∥ ≤ n µ(1 − ln 2).
(ii) For any µ > 0, fµ (x) is continuously diﬀerentiable on Rn and
∇fµ (x) = A − diag(tµ (x1 ), . . . , tµ (xn )).

1.5
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Proof. (i) For any µ > 0 and xi ∈ R, we have 0 ≤ ϕµ (xi ) − |xi | ≤ µ(1 − ln 2).
So,
v
u n
u∑
√
∥fµ (x) − f (x)∥ = ∥ϕµ (x) − |x|∥ = t (ϕµ (xi ) − |xi |)2 ≤ n µ(1 − ln 2).
i=1

(ii) Because of separability of ϕµ (x), we have
∇fµ (x) = A − ∇ϕµ (x)
= A − diag(ϕ′µ (x1 ), . . . , ϕ′µ (xn ))
= A − diag(tµ (x1 ), . . . , tµ (xn )).
□
Lemma 2.4. ( [15]) Suppose that A is nonsingular. If matrix E is such that
∥A−1 E∥ < 1, then A + E is nonsingular and
∥A−1 − (A + E)−1 ∥
∥A−1 E∥
≤
.
−1
∥A ∥
1 − ∥A−1 E∥
Lemma 2.5. Take D = diag(d1 , . . . , dn ) with di ∈ [−1, 1], i = 1, . . . , n. Suppose that ∥A−1 ∥ < 1. Then, A + D is nonsingular.
Proof. Inequalities ∥A−1 D∥ ≤ ∥A−1 ∥ ∥D∥ < ∥D∥ ≤ 1 and Lemma 2.4 imply
that the matrix A + D is nonsingular.
□
Now we investigate the nonsingularity of the Jacobian matrix ∇fµ (x).
Lemma 2.6. For all x ∈ Rn , ∇fµ (x) is nonsingular if ∥A−1 ∥ < 1.
Proof. According to the definition of tµ (xi ), we have |tµ (xi )| ≤ 1, for all i =
1, . . . , n. So, ∥diag(tµ (x1 ), . . . , tµ (xn ))∥ ≤ 1. Since ∥A−1 ∥ < 1, the result can
be obtained from the previous Lemma.
□
The following lemma gives the boundedness of the inverse matrix of ∇fµ (x).
Lemma 2.7. Suppose that ∥A−1 ∥ < 1. Then, there exists a constant M > 0
such that for any µ > 0 and any x ∈ Rn
∥[∇fµ (x)]−1 ∥ ≤ M.
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Proof. Take E = −diag(tµ (x1 ), . . . , tµ (xn )). Then, from Lemma 2.4 we have
∥[∇fµ (x)]−1 ∥ = ∥(A + E)−1 ∥ ≤ ∥(I + F )A−1 ∥ ≤ (1 + ∥F ∥)∥A−1 ∥,
where ∥F ∥ ≤

∥A−1 E∥
1−∥A−1 E∥ .

Furthermore, from the fact that ∥E∥ ≤ 1, we have
(
)
∥A−1 ∥ ∥E∥
−1
∥(A + E) ∥ ≤ 1 +
∥A−1 ∥
1 − ∥A−1 ∥ ∥E∥
(
)
∥A−1 ∥
≤ 1+
∥A−1 ∥
1 − ∥A−1 ∥
∥A−1 ∥
.
=
1 − ∥A−1 ∥

By setting M :=

∥A−1 ∥
1−∥A−1 ∥ ,

□

we can get the desired result.

Lemma 2.8. Suppose that ∥A−1 ∥ < 1 and µ is fixed. Then, the equation
fµ (x) = 0 has a unique solution.
Proof. If x and x̃ are two diﬀerent solutions, then, using the mean value theorem, we have
0 = fµ (x) − fµ (x̃) = ∇fµ (z)(x − x̃),
in which z = x̃ + t(x − x̃) and t ∈ [0, 1]. This means that ∇fµ (z) is singular,
which is a contradiction to Lemma 2.6.
□
Now, consider the sequence
(2.2)

µ0 = 1,

µk+1 = µk − 1 + e−µk ,

k≥0

that is Newton method for solving the equation e = 1. The sequence {µk }
is quadratically convergent to zero. Suppose that x(µ0 ) is given and x(µk ),
k ≥ 1, is the solution of the equation
µ

fµk (x) = 0,
obtained by Newton method, initiated from x(µk−1 ). Notice that the function
fµk (x) and the sequence {µk } are defined by relations (2.1) and (2.2), respectively. In the following theorem, we show that lim f (x(µk )) = 0 which means
k→∞

that x∗ = lim x(µk ) exists and is a solution of AVE (1.1).
k→∞

Theorem 2.9. Suppose that ∥A−1 ∥ < 1 and x(µk ) is the unique solution of
fµk (x) = 0, in which µk is defined by (2.2). Then, x∗ = lim x(µk ) exists and
k→∞

is a solution of AVE (1.1).
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Proof. First of all, AVE (1.1) has a unique solution because ∥A−1 ∥ < 1. On
the other hand, from fµk (x(µk )) = 0 and Lemma 2.3, we have
√
∥f (x(µk ))∥ = ∥f (x(µk )) − fµk (x(µk ))∥ ≤ n µk (1 − ln 2),
that denotes lim f (x(µk )) = 0. Continuity of f (x) implies that
k→∞

f ( lim x(µk )) = lim f (x(µk )) = 0.
k→∞

k→∞

Since the equation f (x) = 0 has a unique solution, x∗ = lim x(µk ) exists and
k→∞

is the unique solution of AVE (1.1).

□

Corollary 2.10. Suppose that ∥A−1 ∥ < 1 and x(µk ) is the unique solution of
fµk (x) = 0, in which µk is defined by (2.2). Then, the sequence {∥f (x(µk ))∥}
is linearly convergent to zero.
In the following algorithm to solve AVE (1.1), we use the above ideas. The
algorithm is initialized from an arbitrary point x0 ∈ Rn , µ = 1, and k = 0. It
stops when
(2.3)

∥f (xk )∥ ≤ ε

in which ε is user’s precision. In the beginning of an iteration, we check (2.3).
If it holds, xk is accepted solution of AVE (1.1). Otherwise, we approximately
solve the smooth nonlinear equation fµ (x) = 0, initiated from xk , using Newton
iteration xk+1 := xk − [∇fµ (xk )]−1 fµ (xk ) until ∥fµ (xk )∥ ≤ δ. Then, the
parameter µ is updated according to (2.2). We note that, according to Lemmas
2.3, 2.8, and Theorem 2.9, the algorithm is well defined and convergent to the
unique solution of AVE (1.1).
Algorithm 1.
1. Take k := 0 and µ := 1. Select an initial point x0 .
2. While ∥f (xk )∥ > ε do
3. Solve the nonlinear equation fµ (y) = 0, initiated from xk , using Newton
method:
While ∥fµ (xk )∥ > δ do
Take xk+1 := xk − [∇fµ (xk )]−1 fµ (xk ).
Set xk := xk+1 and k := k + 1.
End While.
4. Set µ := µ − 1 + e−µ .
5. End While.
To prove that Algorithm 1 is bounded, we need the following theorem.
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Theorem 2.11. Suppose that ∥A∥−1 < 1. Then, the set
L = {x ∈ Rn | ∥f (x)∥ ≤ α}
is bounded for any α > 0.
Proof. Since ∥A−1 ∥ < 1, then σmin (A) > 1, in which σmin (A) denotes the
smallest singular value of A. Using the fact that ∥Ax∥ ≥ σmin (A)∥x∥, we have
∥Ax − |x| − b∥ ≥ ∥Ax∥ − ∥ |x| ∥ − ∥b∥
= ∥Ax∥ − ∥x∥ − ∥b∥
≥ (σmin (A) − 1)∥x∥ − ∥b∥.
Thus, for any x ∈ L, we have
(σmin (A) − 1)∥x∥ − ∥b∥ ≤ α,
that is,

α + ∥b∥
.
σmin (A) − 1
This denotes that the set L is bounded.
∥x∥ ≤

□

Using the two above theorems, we conclude that all iterates
xk , k ≥ 1,
√
generated by Algorithm 1, belong to the set L, with α = n(1 − ln 2). This
proves that Algorithm 1 is bounded and convergent.
Theorem 2.12. If ∥A−1 ∥ < 1, then the sequence {xk }k≥1 generated by Algorithm 1 √
is well defined and bounded, while belonging to the compact set L,
with α = n(1 − ln 2). So, there exists an accumulation point x∗ such that
f (x∗ ) = 0.
3. Computational results
In this section, we report some numerical results of our algorithm for solving
AVE (1.1) compared with [16]. All experiments are done using a PC with
CPU of 2.6 GHz and RAM 2 GB, and all codes are finished in MATLAB 7.1.
Specially, each required inverse is computed by the MATLAB command ”inv”.
In order to generate a random solvable AVE with fully dense matrix A ∈
Rn×n , we take
A = 10 ∗ randn(n, n) − 10 ∗ randn(n, n),
x = randn(n, 1) − randn(n, 1),
and set
b := Ax − |x|.
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Following the procedure in [8], we ensured that ∥A−1 ∥ < 1 by actually computing σ = σmin (A) and rescaling A by A := A/(τ σ), in which τ is a nonzero
random number in the interval [0,1]. We choose the starting point x0 = 0 and
the maximum number of iterations is set to be 50. Also, we have ε = 10−6
and δ = 10−1 . For each n = 100, 200, 300, 400, 500, we generated 10 random
test problems. The numerical results are listed in Table 1, where n denotes
the dimension of the testing problem; for the problem of every size, among ten
tests, AIt, ACPU, MaxIt, MinIt, ARes, and AF denote the average value of the
iteration numbers, the average value of the CPU time in seconds, the maximal
value of the iteration numbers, the minimal value of the iteration numbers, the
average value of those of ∥f (xk )∥ when Algorithm 1 stops, and the number of
tests where the algorithm fails, respectively.
Numerical results are summarized in Table 1. For any dimension n, the
first line is related to our smooth approximation function ϕµ (x) and another
is for aggregate function ηµ (x) from [16]. From Table 1, it is easy to see that
all randomly generated problems can be solved with few number of iterations
and short CPU time; and the numerical results are very stable such that the
iteration number does not change when the size of the problem varies. However,
our smooth approximation function gives better numerical results with respect
to aggregate function. Thus, Algorithm 1 based on smooth approximation
ϕµ (x) is very eﬀective to solve AVE (1.1).
Table 1.

n AIt
100 5.1
5.1
200 5.2
5.3
300 5.3
5.5
400 5.3
5.6
500 5.4
5.7

The numerical results of Algorithm 1

ACPU MaxIt
0.0157
6
0.0158
6
0.0610
6
0.0630
7
0.1687
6
0.1798
7
0.3468
6
0.3675
8
0.6534
6
0.7506
8

MinIt
5
5
5
5
5
5
5
6
5
6

ARes AF
6.1e-12 0
6.1e-12 0
5.6e-11 0
5.6e-10 0
2.9e-10 0
2.5e-9
0
3.9e-8
0
2.7e-7
0
1.0e-7
0
1.0e-6
0

4. Conclusion
In this paper, we proposed an accurate smooth approximation method to
solve the NP-hard absolute value equation Ax − |x| = b under certain assumptions on A. We proved that our method is well defined, bounded, and
convergent. Numerical experiments over random solvable AVEs showed that
our method works very well.

1269

Esmaeili, Mahmoodabadi and Ahmadi

Acknowledgments
The authors is very grateful to the referees for their valuable comments and
suggestions.
References
[1] M. A. Noor, J. Iqbal, K. I. Noor and E. Al-Said, On an iterative method for solving
absolute value equations, Optim. Lett. 6 (2012), no. 5, 1027–1033.
[2] S. J. Chung, NP-completeness of the linear complementarity problem, J. Optim. Theory
Appl. 60 (1989), no. 3, 393–399.
[3] R. W. Cottle and G. Dantzig, Complementary pivot theory of mathematical programming, Linear Algebra Appl. 1 (1986), no. 1, 103–125.
[4] R. W. Cottle, J. S. Pang and R. E. Stone, The Linear Complementarity Problem, Academic Press, Boston, 1992.
[5] S. Ketabchi and H. Moosai, Minimum norm solution to the absolute value equation in
the convex case, J. Optim. Theory Appl. 154 (2012), no. 3, 1080–1087.
[6] X. Li, An eﬃcient method for non-diﬀerentiable optimization problem, Sci. China Series
A, 24 (1994) 371–377.
[7] O. L. Mangasarian, Absolute value programming, Comput. Optim. Appl. 36 (2007), no.
1, 43–53.
[8] O. L. Mangasarian, Absolute value equation solution via concave minimization, Optim.
Lett. 1 (2007), no. 1, 3–8.
[9] O. L. Mangasarian, A generalized Newton method for absolute value equations, Optim.
Lett. 3 (2009), no. 1, 101–108.
[10] O. L. Mangasarian and R. R. Meyer, Absolute value equations, Linear Algebra Appl.
419 (2006), no. 2-3, 359–367.
[11] O. Prokopyev, On equivalent reformulations for absolute value equations, Comput. Optim. Appl. 44 (2009), no. 3, 363–372.
[12] L. Qi and D. Sun, Smoothing functions and smoothing Newton method for complementarity and variational inequality problems, J. Optim. Theory Appl. 113 (2002), no. 1,
121–147.
[13] J. Rohn, An algorithm for solving the absolute value equation, Electron. J. Linear
Algebra, 18 (2009) 589–899.
[14] J. Rohn, A theorem of the alternatives for the equation Ax + B|x| = b, Linear and
Multilinear Algebra 52 (2004), no. 6, 421–426.
[15] G. W. Stewart, Introduction to Matrix Computations, Academic Press, New YorkLondon, 1973.
[16] L. Yong, S. Liu, S. Zhang and F. Deng, Smoothing Newton method for absolute value
equations based on aggregate function, Int. J. Phys. Sci. 23 (2011) 5399–5405.
[17] C. Zhang and Q. J. Wei, Global and finite convergence of a generalized Newton method
for absolute value equations, J. Optim. Theory Appl. 143 (2009), no. 2, 391–403.
(H. Esmaeili) Department of Mathematics, Bu-Ali Sina University, Hamedan, Iran
E-mail address: esmaeili@basu.ac.ir
(E. Mahmoodabadi) Department of Mathematics, Bu-Ali Sina University, Hamedan,
Iran
E-mail address: mahmoodabadi@basu.ac.ir
(M. Ahmadi) Department of Mathematics, Malayer University, Malayer, Iran
E-mail address: mehdi.math86@yahoo.com

