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ABSTRACT. Let F be an algebraically closed field of prime characteristic
p > 2 and (g, [p]) a finite-dimensional restricted Lie superalgebra over
F. It is shown that any finite-dimensional indecomposable g-module is a
module for a finite-dimensional quotient of the universal enveloping su-
peralgebra of g. These quotient superalgebras are called the generalized
reduced enveloping superalgebras, which generalize the notion of reduced
enveloping superalgebras. Properties and representations of these gen-
eralized reduced enveloping superalgebras are studied. Moreover, each
such superalgebra can be identified as a reduced enveloping superalgebra
of the associated restricted Lie superalgebra.
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1. Introduction

The finite-dimensional simple Lie superalgebras over the field of complex
numbers were classified by Kac in the 1970s (cf. [8]). Although until now, the
classification of finite-dimensional simple (restricted) Lie superalgebras over a
field of prime characteristic has not yet been completed, there has been increas-
ing interest in modular representation theory of restricted Lie superalgebras in
recent years. W. Wang and L. Zhao [12,13] initiated and developed system-
atically the modular representations of Lie superalgebras over an algebraically
closed field of characteristic p > 2. In [12], the super version of the celebrated
Kac-Weisfeiler Property was shown to be held for the basic classical Lie super-
algebras, which by definition admit an even non-degenerate supersymmetric
bilinear form and whose even subalgebras are reductive. There also has been
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increasing interest [2-5,9,11] in modular representation theory of algebraic su-
pergroups in connection with other areas in recent years. Indeed, the modular
representation theory of supergroups and Lie superalgebras has found remark-
able applications to classical mathematics (see [11] for references about some
historical remarks).

Motivated by the work [1] of C. P. Bendel on generalized reduced enveloping
algebras for restricted Lie algebras, we further consider the case of restricted
Lie superalgebras in this paper. Let (g,[p]) be a finite-dimensional restricted
Lie superalgebra over an algebraically closed field I of characteristic p > 2. It
is obvious that for each z € g5, the element 2? — z[?) is even and central in the
universal enveloping superalgebra U(g). Let Z denote the central subalgebra of
U(g) generated by all the elements P — z[Pl with 2 € gg, which is the so-called
p-center. Since each irreducible g-module is finite-dimensional (cf. [12,14]), the
Lie superalgebra version of Schur’s Lemma [8, Subsection 1.1.6] implies that
the p-center Z acts by scalars on any irreducible g-module M. Then there
exists a unique x € gg such that 2P - v — zlPl .y = x(z)Pv, Vo € g5,v € M.
Therefore, M is a module for the finite-dimensional superalgebra U, (g) =
U(g)/(x? — 2Pl — x(2)? | 2 € gp), where (2P — zlP) — x(2)? | € gg) denotes
the ideal of U(g) generated by all the elements 2P — z[P! — x(z)P with = €
g5- The superalgebra U, (g) is called the x-reduced enveloping superalgebra.
More generally, a g-module M is said to have a p-character y provided that
aP v —xlPl .y = x(2)Pv, Vo € gg,v € M, or equivalently, it is a Uy (g)-module.

While each simple g-module is a U, (g)-module for a unique x € g3, this
is not necessary true for an arbitrary indecomposable g-module. Indeed, for
any indecomposable g-module M, there exists a unique x € gj and a least
positive integer r such that z v — (zPh?" v = y(2)? v for all z € gg,v €
M (see Theorem 3.4), i.e., it is a module for a finite-dimensional quotient
superalgebra Uy (g) = U(g)/((2? — 2P — x(ac)p)prf1 | @ € gg), where ((zf —
zlPl — X(ac)p)pr_1 | © € gg) denotes the ideal of U(g) generated by all the

elements (2P — 2P — X(x)”)pr_1 with © € gg. Each superalgebra U,-(g) is
called a generalized y-reduced enveloping superalgebra. In particular, when
r = 1, it coincides with the usual y-reduced enveloping superalgebra. In some
sense, the family {U,~(g) | x € 95,7 € N} encompasses the representation
theory of all finite-dimensional indecomposable g-modules (see Remark 3.5).
This paper is structured as follows. In Section 2, we recall some basic no-
tations and properties for restricted Lie superalgebras. Section 3 is devoted to
studying indecomposable representations of restricted Lie superalgebras. Our
main results imply that any finite-dimensional indecomposable module for a
finite-dimensional restricted Lie superalgebra g over an algebraically closed
field is a module for a finite-dimensional quotient of the universal enveloping
superalgebra. These quotient superalgebras form a two-parameter family which
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generalize the notion of reduced enveloping superalgebras. They are called the
generalized reduced enveloping superalgebras. In the final section, representa-
tion theory of the generalized x-reduced enveloping superalgebra U, (g) is stud-
ied. It is shown that U,-(g) is a Frobenius superalgebra for any » € N. Then
the projective objects coincide with the injective objects in the U,~(g)-module
category. Moreover, with some super trace condition on g, the generalized
reduced enveloping superalgebras are further proved to be symmetric super-
algebras. For any positive integer r, the collection of simple U, (g)-modules
is precisely the set of simple U, (g)-modules regarded as U, (g)-modules (see
Theorem 4.5). Moreover, the block structure in U,-(g) coincides with the one
in U, (g). Finally, we show that each generalized x-reduced enveloping superal-
gebra can be identified as the reduced enveloping superalgebra of the associated
restricted Lie superalgebra (see Theorem 4.13). Hence the representation the-
ory of this more general family of superalgebras {U,~(g)} is reduced in some
sense to the representation theory of reduced enveloping superalgebras.

2. Preliminaries on restricted Lie superalgebras

Throughout this paper, F is assumed to be an algebraically closed field of
prime characteristic p > 2. All modules (vector spaces) are over F and finite-
dimensional.

The following notion of restricted Lie superalgebras is a generalization of
the one for restricted Lie algebras (see [7]).

Definition 2.1. (c¢f. [10]) A Lie superalgebra g = gg ® g1 is called a restricted
Lie superalgebra if there is a so-called p-mapping [p] on g5 satisfying the fol-
lowing conditions:

() (adz)Py = ad(zP)y, Vo € g5 and y € g.

(ii) (kx)Pl = kP2lPl VE € F 2 € gq.

p—1
(i) (z + y)Pl = zlPl 4 ylel 4 > si(x,y), Y2,y € gg,
i=1

where is;(z,y) is the coefficient of X'=1 in ad(Ax + y)P~1(x) and X is an inde-
terminant.

Remark 2.2. The condition (iii) in Definition 2.1 is equivalent to the following
condition.
(iii") We have the following relation in the universal enveloping superalgebra
Ulg):
(z+y)P —a? —y? = (z _|_y)[p] — 2Pl —ylPl vy e g5
Remark 2.3. In short, a restricted Lie superalgebra is a Lie superalgebra whose

even subalgebra is a restricted Lie algebra and the odd part is a restricted module
over the even subalgebra by the adjoint action.
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Example 2.4. Let A = Ag ® A7 be any associative F-superalgebra. Then A
admits the structure of a Lie superalgebra by defining the bracket operation as
[z,y] = zy — (—1)®yz for any homogeneous elements x,y € A with T,y denot-
ing the parity of x and y respectively. Furthermore, this becomes a restricted
Lie superalgebra with the p-mapping given by x) = xP for any = € Ag, i.e., the
p-mapping is just taken as the pth power in the superalgebra A. As a special
case, let

air ai2 | ais
=sl(2]1) = azs | |aij € F,a11 +az —azz =0

azip asz | ass

with
go = span_{e11 + e33,e22 + €33, €12, €21}
and
91 = Spanw{el& €23, 631,632},

where the e;; denotes the 3 x 3 matriz with 1 in the (i, j)-position and 0 in
the other positions for 1 < i,j < 3. Then g is an associative F-superalgebra in
the natural way. Consequently, g admits a structure of a Lie superalgebra with
[z,y] = xy — (=1)®%yx for any z,y € gy U g1. Moreover, g is a restricted Lie
superalgebra with the p-mapping defined as follows:

(e11 + 633)[1)] =ey +e33, (e + 633)[1)] = eg2 + €33, 6[11)2] = 6[21)1] =0.

This restricted Lie superalgebra g is a simple Lie superalgebra of classical type
A(1,0).

Example 2.5. The Lie superalgebra of an algebraic supergroup is a restricted
Lie superalgebra (see [11]).

We will make use of the following generalization of the equivalent condition
(iii)’ for the definition of a restricted Lie superalgebra.

Lemma 2.6. Let (g,[p]) be a restricted Lie superalgebra over F. Let v =

n
> kix; € gg with k; € F and x; € g5. Then

i=1
_ gl — Z kP (2 [p]

holds in the universal enveloping superalgebra U(g).

Proof. We use induction on the number n of summands in the expression of z
to show the conclusion.

The conclusion obviously holds for n = 1. Assume that it holds for n < m,
where m > 2 is a positive integer. Next we claim that the statement is also
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valid for n = m. Indeed, write z as

m—1

T = ikﬂm = ( Z kzmz) + kmTm.
=1

=1

Then
m—1 D m—1 [p]
i=1 i=1
m—1 m—1
:( kixi)p + kD ab — ( Z kiiti)[p] - k&xLﬁ]
=1 i=1
m—1 m—1
=( kiwi)” = (Y kiwi) ™ + KD, (ah, — 2l2))
i=1 i=1
= i kf(xp - ‘,L,EP])’
i=1
as desired. O

Let (g, [p]) be a restricted Lie superalgebra and x € g5- A g-module M is said
to be y-reduced if 27 - v — 2P} . v = y(x)Pv for all = € g5, v € M. In particular,
it is called a restricted module for x = 0. As in the case of restricted Lie
algebras, one can define the so-called x-reduced enveloping superalgebra U, (g)
to be the quotient of U(g) by the ideal generated by {x? —zPl —x(2)P | 2 € g5},
where U(g) denotes the universal enveloping superalgebra of g, i.e., Uy(g) =
U(g)/(x? — zlP! — x(2)? | = € gg). If x = 0, the superalgebra Uy(g) is called
the restricted enveloping superalgebra and denoted by u(g) for brevity. All the
x-reduced (resp. restricted) g-modules constitute a full subcategory of the g-
module category, which coincides with the U, (g) (resp. u(g))-module category.
Each simple g-module is a U, (g)-module for a unique x € gj (cf. [12,14]).

3. Indecomposable representations of restricted Lie superalgebras

In this section, we show that every finite-dimensional indecomposable mod-
ule for a finite-dimensional restricted Lie superalgebra is a module for a certain
finite-dimensional superalgebra, which is a quotient of the universal enveloping
superalgebra.

Let (g, [p]) be a finite-dimensional restricted Lie superalgebra over F. By the
condition (i) in the Definition 2.1, 2P — z[?! is central in U(g) for any z € gg.
Fix a basis {1, - ,Tm, Y1, - ,Yn} of g with z; € gg and y; € g7 for 1 <i <
m,1 <j<mn. Set z; =¥ —xgp] € U(g) for 1 <i <m. Let Z denote the even
central subalgebra of U(g) generated by 2P —z!?! for all # € gg. Then by Lemma
2.6 and the PBW Theorem, Z is a polynomial algebra F[zq, - - , z,,,]. Moreover,
U(g) is free over Z of rank p™2™. More generally, for each positive integer r,
define Z, to be the even central subalgebra of U(g) generated by (2 — x[p])pPl
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for all x € g5. Then Z, is a polynomial algebra IF[szﬁl, o, 22" and U(g) is
free over Z,. of rank p"2". In particular, Z; = Z. We have the following easy
observation.

Lemma 3.1. Let (g,[p]) be a finite-dimensional restricted Lie superalgebra

(r)
0
space gg), where gg') is the r-twist of gg with the underlying space gg and k € F

and r be a positive integer. Let S*(g="") be the symmetric algebra on the vector

acting by kP~ . Then the natural map S*(gér)) — Z, defined on generators

by x — (zP — ﬂc[i"])1’7'71 for all x € g5 is an isomorphism of F-algebras.

The following lemma is an easy generalization of Lemma 2.6, the proof of
which is completely similar.

Lemma 3.2. Let (g, [p]) be a restricted Lie superalgebra over F and r € N. Let

x=> kix; € gg with k; € F and xz; € gg. Then
i=1

holds in the universal enveloping superalgebra U(g).

In the sequel, we always assume that (g,[p]) is a finite-dimensional re-
stricted Lie superalgebra and x € g5 is a p-character of g and r is a pos-
itive integer. A g-module M is called a generalized y-reduced g-module if
2P v — (2P 'y = y(2)P v for all z € g5,v € M. Define Uy~ (g) to be the
quotient superalgebra U(g)/I,~(g), where I, (g) is the ideal in U(g) generated
by the set {(zP — zlP] — x(@)P)Y |z e 05} The superalgebra U, (g) is called
a generalized y-reduced enveloping superalgebra. In particular, if y = 0, it
is called the generalized restricted enveloping superalgebra, and denoted by
ur(g) for brevity. A generalized x-reduced g-module is a U, (g)-module for
some r € N, and the vice versa also holds. We have the following PBW Theo-
rem for the superalgebra U,-(g).

Lemma 3.3. Let (g, [p]) be a restricted Lie superalgebra with anF-basis {1, -+ ,
T, Y1, Yn} In which x; € g5 and y; € g7 for 1 <i<m,1 < j <n. Let
X € gy and v € N. Then the generalized x-reduced enveloping superalgebra
Uyr(g) has an F-basis {z'---aSmyl' - yln | 0 < s; < p" — 1,t; = 0orl},
where we abusively denote the coset representative in Uyr(g) of any element
x €g—=U(g) simply by x.

Now we are in a position to present one of the main results, which asserts
that any finite-dimensional indecomposable g-module is a U,~(g)-module for a
unique x € g and a least positive integer r.
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Theorem 3.4. Let (g, [p]) be a finite-dimensional restricted Lie superalgebra
over an algebraically closed field F of prime characteristic p > 2. Then any
finite-dimensional g-module M can be decomposed as a direct sum of indecom-
posable modules M = ®M;, where each M; is a U, (g)-module for a unique
Xi € 85 and a least positive integer r;. '

Proof. Take a basis {1, ,Zm,y1, - ,yn} of g with z; € g5 and y; € g7 for
1<i<m1<j<n. Setz =al—al for1<i<m. Thenallz (1<i<m)
are even central elements in U(g).

Let M be any finite-dimensional g-module. Since z; - M C M, we can
decompose M as a direct sum of generalized eigenspaces for the element z;
regarded as a transformation on M, i.e.,

M = éMM,
i=1

where
My, ={ve M| (z —\)"v =0 for some t; € N}.
Note that all z; (1 < ¢ < m) are even central elements in U(g), each M), is
invariant under the action of 29, i.e., zo - My, C M), for 1 < i < s. Hence, each
such generalized eigenspace M), can be further decomposed into a direct sum
of generalized eigenspaces for the element 2. We can continue in this manner
and then M can be decomposed as a direct sum of generalized eigenspaces M =
@®Mp, over some collection of m-tuples in F™, where for A; = (A\;,,-++ ,A;,,) €
F™
MAi = {U eM ‘ (Z]' — /\ij)tijv =0forl <j< m,tij S N}

Moreover, it is easy to check that all My,’s are g-modules.

By Lemma 3.2, we can identify each M, as the following generalized eigen-
space

M, ={veM]|(zP —zlP - Xi(ac)p)prﬁlv =0 for all z € g5}
for a unique x; € gf and the smallest positive integer 7; such that x;(z;) =

¢/Ai;- Then My, is a U, ~i (g)-module. Therefore, M can be decomposed as a
direct sum of g-modules

(3.1) M = @M,,

in which the sum runs over a collection of p-characters in gg.

In particular, if M is an indecomposable g-module, then there is only one
summand in (3.1), i.e., there exists a unique p-character x € g5 and a least
positive integer » € N such that M is a U,-(g)-module. g

Remark 3.5. By Theorem 3.4, studying finite-dimensional representation the-
ory of a restricted Lie superalgebra g can be reduced to studying the represen-
tation theory of the family of finite-dimensional generalized reduced enveloping
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superalgebras {Uy+(g) | x € g5, € N}. As such, in the following, we proceed
to study such superalgebras and their representation theory.

4. Representation theory of the generalized reduced enveloping
superalgebras

As before, we always assume that (g, [p]) is a finite-dimensional restricted
Lie superalgebra over F, and x € g%, € N. Note that a U,~(g)-module M
is simply a g-module for which P v — (x[p])pr_lv = x(z)? v holds for any
x € gg and v € M. Then it is easy to check that the dual module M* is a
U~y (g)-module. Moreover, if M’ is a U,sr(g)-module, then M ® M’ is a
Ux+x')r (g)-module. For positive integers s < r, a Uys (g)-module is necessarily
a U,r(g)-module. However, the converse is not true.

Recall that the universal enveloping superalgebra U(g) admits the structure
of a cocommutative Hopf superalgebra. Specifically, the comultiplication A, the
antipode o and the counit € are defined for any homogeneous element x € g by

Alz) =102+ (-1)*z® 1,0(x) = —z,e(x) =0

and extended multiplicatively to all elements in U(g). It is easy to check that
the ideal Io-(g) = ((2? — PP |z e gg) defining the generalized restricted
enveloping superalgebra u.,.(g) is a Hopf ideal. However, if 0 # x € g, the ideal
L, (g) is not a Hopf ideal. We then obtain the following lemma.

Lemma 4.1. For each positive integer r, the generalized restricted envelop-
ing superalgebra u,(g) is a finite-dimensional cocommutative Hopf superalgebra
upon restriction of the usual Hopf superalgebra structure on U(g).

Although the general generalized x-reduced enveloping superalgebra U,-(g)
need not be a Hopf superalgebra, it is a Frobenius superalgebra in the following
sense.

Definition 4.2. A finite-dimensional associative F-superalgebra A is said to
be a Frobenius superalgebra if it admits a non-degenerate associative bilinear
form. Moreover, it is further called a symmetric superalgebra if the bilinear
form is supersymmetric.

Theorem 4.3. Let r be a positive integer. Let (g, [p]) be a finite-dimensional
restricted Lie superalgebra and x € gj. Then the generalized x-reduced envelop-
ing superalgebra Uy (g) is a Frobenius superalgebra. Moreover, if str(adz) = 0
for all x € g, then U,-(g) is a symmetric superalgebra, where the supertrace
str(X) of an endomorphism X on a vector superspace V.= V5 @ Vi is defined
as str(X) = tr(X|v;) — tr(X|v;). The supertrace condition holds if g is a basic
classical Lie superalgebra or g is p-nilpotent (i.e., some iterate of the p-mapping
on g is zero).
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Proof. Take a basis {x1, -+, Tm,¥1, - ,yn} of g with z; € g5,y; € g7 for
1<i<m,1<j<n. Define the Z,-linear map from U(g) to Z, as follows

D, : U(g) — Z.
ety e Oy o1 O pr 108,10 O, 1,
where J; ; is defined as
0, ifiz#j.
Then @, induces the following F-linear map on the quotient superalgebra

P, : U(g)/IxT (9) = er(g) — Z,; /1, =T,

5i7j:{ 1, if i =7,

where Z, is an ideal of Z, generated by (2 — 2P — x(z)P)P T for 1 < i < m.

Define a bilinear form B(.,.) on U,~(g) as follozws
B(.,.): Ugl(g) x Uy (g) — F
(u,v) — @, (uv).

Then

B(uw,v) = @, ((uw)v) = ;. (u(wv)) = B(u,wv), Yu,w,v € Uyr(g).

Moreover, the bilinear form B(.,.) is non-degenerate, since for any

s s t t k k ! !
xll...x’rr;nyll...ynn7x11...xn;nyll...ynnEUXT(g)7
we have
+1, if8¢+ki=p7‘71,tj+lj=1
forl1 <:< 1<53<
Ba§t - asmylt oyt gt gkmylt oyl = grErEI RS E

0, otherwise.

Now suppose that str(ad ) = 0 for all z € g. We then claim that the bilinear
form B(.,.) defined above is symmetric. Indeed, since B(.,.) is non-degenerate,
for each homogeneous element v € U, (g), there exists a unique homogeneous
u* € Uyr(g) satisfying that @ = wx and B(u,w) = (—1)"*B(w,u*) for all
w € Uyr(g). Hence, for any homogeneous elements uy, uz, w € Uy~ (g), we have

B(ujug,w) = B(ullu%w)i
— ()P B, )
= (-1 71(’I2+7D)B(u2,wu>f)
(aw) (7 )i2(0+01) Byt )
—1) 200 +R) Bw, uiub).

—~~ —~
—_

~— — —
g
Iy

On the other hand, B(ujus,w) = (—1)%“1%2) B(w, (u1us)*). Hence, B(w,
wius) = B(w, (wiug)*) for all w € Uyr(g). Then the non-degeneracy of the
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bilinear form B(.,.) implies that (uju2)* = ujub for all ui,us € Uyr(g), e,

o U(g) — Uy(9)
u— u*

is an superalgebra endomorphism.
A straightforward computation implies that for any = € g, we have

Bz, o ayrypt -yl ) =(—1) = D B @it gyl -yl o) —str(ad 2).

m m

Therefore, if str(adz) = 0 for all x € g, then
B(J?, xil .. l,fnmyil .. y;n) — (_1)53(2;1:1 tj)B(:inl c.. zf};ﬂyil . yf{l’z)

holds for any = € g and 5" -+ aimy;' - yt» € Uyr(g). Thus o* = z for any
x € g. Since g generates U,~(g), we conclude that u* = u for all u € U,~(g).
This shows that B(.,.) is symmetric, i.e., Uy~ (g) is a symmetric superalgebra.

The proof is completed. 0

As a direct consequence, we have

Corollary 4.4. Let (g,[p]) be a finite-dimensional restricted Lie superalgebra.
Let x € gf and r € N. Then
(1) A Uyr(g)-module is projective if and only if it is injective.
(2) If str(adx) = O for all x € g, then the Cartan matriz of Uyr(g) is
symmetric.

A fundamental question in representation theory is the identification of the
simple modules. Any simple U, (g)-module obviously remains simple when
considered as a U,r(g)-module for any r > 1. Indeed, it is simple if simply
considered as a g-module. The following result implies that these are precisely
all the simple U,~(g)-modules.

Theorem 4.5. Let (g, [p]) be a finite-dimensional restricted Lie superalgebra
over an algebraically closed field F of prime characteristic p > 2. Let x € g
and r € N. Then the collection of simple U,~(g)-modules is precisely the set of
simple U, (g)-modules regarded as Uyr(g)-modules.

Proof. Let S be any simple U,r(g)-module. If S is a U, (g)-module, then it
is simple as a U, (g)-module, since U, (g)-submodule of S would be a U,~(g)-
submodule. Therefore, we need to show that S is in fact a U, (g)-module.

Since S is a simple U,-(g)-module, S is just a simple g-module satisfying
that

(4.1) P v — (x[p])prflv = x(2)" v, Y € gg,v € M.

By [12, 14], there exists a unique p-character x’ € g7 such that S is a U,/ (g)-
module, i.e.,

aPv — 2Py = ¥/ (z)Pv, Yz € gg,v € M.
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Hence we have
(4.2) 2P v — (PP =\ (2)P v, Va € gg,v € M.
By (4.1) and (4.2), we then have

X(@)? =X (x)"", Va € gg.
Since p"th roots are unique in a field of characteristic p, this implies that
x(z) = x/'(x) for any x € gg, i.e., x = X/, as required.
O
The following result implies that the block structure in U, - (g) is independent

of the positive integer r. Indeed, for any » € N, the block structure in U, (g)
coincides with the one in U, (g).

Theorem 4.6. Let (g,[p]) be a finite-dimensional restricted Lie superalgebra
over F. Let x € g5 and r € N. Then any pair of simple Uy-(g)-modules S and
T lie in the same block over Uy-(g) if and only if they lie in the same block
over U, (g).

Proof. If S and T lie in the same block over U, (g), then there exists a chain of
simple U, (g)-modules: S = 51,82, , Sk =T such that for any 1 <¢ <k—1,
Ext }]X(g)(Si, Si+1) 75 0 or Ext 1Ux(g)(Si+1’ Sl) 75 0.

As any U, (g)-module is a U, (g)-module, then for any 1 <i <k —1,
Ext %]XT(Q) (527 Si_t,_l) 7£ 0 or Ext %]XT(Q) (S»L‘+1, Sz) ?é 0.

Hence S and T lie in the same block over U,-(g).

If S and T lie in the different block over U, (g), we claim that they lie in dif-
ferent block over U,~(g). Suppose they lie in the same block over U, (g), then
there exists s chain of simple U, (g)-modules (in fact simple U, (g)-modules by
Theorem 4.5): S = 51,855,--+, Sk =T such that

Ext ;. (q)(Sis Siv1) # 0 0r Exty , (y(Si41,9:) # 0 forany 1 <i <k — 1.

Since S and T lie in different block over U, (g), there exists some j < k — 1
such that
Ext z]x(g)(Sj’ Sj+1) = Ext .Ux(g)(SjJrl? SJ) =0.

Similar to [6, Proposition 5.3], for any U, (g)-modules M and N, we have the
following convergent spectral sequence:

S S t * S
E3'(M,N) = Ext{ (M, N)@ \ g5 = Ext L (M, N).
Take M = S; and N = S;1, or M =S;1 and N = S;, we obtain that
Ext §g) (555 Sj41) = Ext §g) (S, 55) = 0.
In particular,

Ext {7(g) (S, Sj1) = Bxt g (Sj+1,55) =0,
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i.e., neither nontrivial extension of S; by S;j4+1 over U(g) nor nontrivial exten-
sion of Sjy1 by S; over U(g) exists. While any nontrivial U, - (g)-extension is
necessarily a nontrivial extension over U(g). Hence

Ext ;. (g)(S5: Sj+1) = Ext . (4)(Sj41,95) = 0.

It is a contradiction. Therefore, S and T lie in different blocks over U,-(g).
The proof is completed. U

Let (g, [p]) be a finite-dimensional restricted Lie superalgebra, x € g% and
r € N. In the following, we will realize the generalized x-reduced enveloping
superalgebra U,-(g) as a restricted enveloping superalgebra of the associated
restricted Lie superalgebra g, defined as below.

Definition 4.7. Let r be a positive integer. Let (g, [p]) be a finite-dimensional
restricted Lie superalgebra over F with an F-basis {x1, -+ ,Tm,y1, " ,Yn} where
Z; € 95,95 €91 for1 <i<m,1 <5 < n. Consequently, the following set

{3 agrytt oyl |0< s <p"—1,t; =00rl}

is a basis for the generalized restricted enveloping superalgebra u,(g). Define
gr to be the F-subsuperspace of u,.(g) with the following F-basis

2 r—1
{xiayj7$faxf7"'a‘rf |1§Z§ma]—§]§n}
-1

such that the even part (g,)g =span,{zs, a0, 2% |1 <i < m} and the
odd part (g,)1 =span.{y; | 1 < j < n}.

Remark 4.8. In the case that r = 1, the subsuperspace g1 s just the original
restricted Lie superalgebra g.

Remark 4.9. As before, set z; = xf — xgp] for 1 <i<m. It is a routine to

r—2
check that the subset {x;,y;,zi, 28, -+, 20 |1 <i<m,1<j<n} ofug)
1s also an F-basis for the vector superspace g.

Proposition 4.10. Let (g,[p]) be a finite-dimensional restricted Lie superal-
gebra over F and r € N. Then the F-subsuperspace g, = ()5 @ (8-)7 of u.(g)
is preserved under the natural bracket operation and the p-mapping on u,(g).
Hence g, is a restricted Lie superalgebra. Moreover, the Lie superalgebra g em-
beds as a Lie subsuperalgebra in g,, but not as a restricted Lie subsuperalgebra.

Proof. Take any w € g,. By Remark 4.9, w can be expressed as w = w1 + wy
with

m,r—2

m n .

p

wp = E a;T; + E bjyj, Wo = E CijZ;
i=1 j=1

i=1, j=0
i.e., wy is the unique part of w which lies in g. Similarly, we may write
v =11 + v € gr. Then

[w,v] = [wy + wa,v1 + v2] = [wy,v1] € g C gr
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Therefore, g, is closed under the bracket operation. Moreover, [g,,g,] C g.
Take any u € (gr)p- Then by Remark 4.9, u can be written as u =
Yo aim + Zif;io ¢i;z7 . Since the restricted structure on u,(g) is just
taken as the pth power. We have
m m,r—2 . m m m,r—2 .
up = (Z aixi)p =+ ( Z Cijzfj )p = Zafzz + (z CLi{Ei)[p] + Z ijzfj+1€ Or-
=1 =1, j=0 i=1 =1 i=1, 5=0
Thus g, is closed under the natural p-mapping on u,(g).
Finally, it is obvious that the embedding g — U(g) — u,(g) of g into g, as
an F-subsuperspace preserves the Lie bracket structure, but not the restricted
p-mapping structure. O

Let (g, [p]) be a finite-dimensional restricted Lie superalgebra and r > 1 be
an integer. Let g, be defined as above with a basis {x;,y;, 27, - - ,sz& |1<
i<m,1<j<n} Setzo=uz and z; :zfj_l for1<i<m,1<j53<r—1.
Then the set {z;j,yp | 1 <7 <m,0<j <r—1,1<k <n}is a basis for

g-. To avoid possible confusion, we denote the p-mapping on g, by [[p]]. If

[p

: I = > opeq agxy holds in g for 1 < i < m, we denote by zz[pg the element

X

S, akzko € gr. Then zgg” = z% + 21 for 1 < i < m, while zz[[?” = Zij+1
for1 <i<m,l Sjgr—Qandzz[[f]ll =0 for 1 < i < m. We define an

associated character x, on g, as follows.

Definition 4.11. Let (g, [p]) be a finite-dimensional restricted Lie superalgebra,

X € 85 and v > 1 be an integer. Define x, € (gr)g as follows.

(1) xr(zi5) =0 foranyl1 <i<mand 0<j<r—2.
(2) Xr(zir—1) = X(@)?" " for any 1 <i <m.
The natural embedding of Lie superalgebras g — g, sending z; € g to

2,0 € gr induces a homomorphism of superalgebras ¢, : U(g) — U(g,). Let
¥, denote the composite homomorphism 4, : U(g) — U(g,) — Uy,.(9r)-

Lemma 4.12. Let (g,[p]) be a finite-dimensional restricted Lie superalgebra,
X € g5 and v > 1 be an integer. Let v, be defined as above. Then we have
wr(zfj) = % j+1 for1 <i <m,0 < j < r—2, where z; j41 abusively denotes the
image of the element z; j11 € g, under the composite g, — U(g,) — Uy, (gr).

Proof. Since ¢, : U(g) — U(g,) — Uy,.(g,) is a superalgebra homomorphism,
we have the following computation for 1 < i < m,

be(2:) = (2P — xP)
= ()P — . (2P
P [p]

= %0~ %0

)
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By the definition of x,, in the superspace Uy, (g,), 2F( = z%” holds. On the

other hand, zgg” = z% + z;1 holds in g,.. Hence
(i) = g — 2l = 2l — 21 = 2,

i.e., the statement holds for 1 <i<m,j=0.
Next assume that 1 < j <r — 2. Then

j j j
br(e ) = or(z)7 = 2L

By the definition of yx,., the identity zu — z[[’l’ﬂ = 0 holds in Uy, (g,) for 1 <

1 < m,1 <1l < r—2. Note that ZZHZZH = Zi41 for 1 <1 < r — 2, then

)

zpy =z for 1 <i<m, 1 <1 <r—2.Soz] 1fz”+1holds1nUT(gr)for
1<i<m,1<j<r—2. Therefore,

Ur(2V ) = 2P = 2iga1, 1Si<m,0<j<r—2
The proof is completed. O

Theorem 4.13. Let (g, [p]) be a finite-dimensional restricted Lie superalgebra,
X € gy and v > 1 be an integer. Let g, be the associated restricted Lie su-
peralgebra and x, € (g,); defined as before. Then there is an isomorphism of

superalgebras 1, : Uyr(g) — Uy, (gy).

Proof. Recall the homomorphism ;. : U(g) — Uy, (gr) defined above. We
claim that it induces a homomorphism ¥, : U,r(g) — Uy,.(g,). For that we
need to show that ¢, (I (g)) = 0. Since ¥, is a superalgebra homomorphism, it

r—1

suffices to show that v, is zero on the set of generators {(z? f:cgp] —x(z;)P)P

1 <4 < m} for the ideal L, (g). In fact, for any 1 <4 < m, we have

Go((@ — 2l — X (@) )" ) = (2 — x(@))
= e ((2F)7) = x(a)”
(w(f)V—M%V
= Zir—1 X(%)
[

:Zfr 17 %, ]]1 X(er l)p

=0.
Hence 9, : U(g) — U,,.(g-) induces the corresponding superalgebra homo-
morpklism 1@' : UXT (g) — UXT (97) Note that w7 (xz) = Z 071/)7( 1) = Zij
and ¥p(yr) =y for 1 <1 <m,1 <j<r—-11<k<n. Therefore, U, is
surjective. Since
dim U,~(g) = dimU,, (g,) = p""2",

the homomorphism 1, is indeed an isomorphism.
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Remark 4.14. By Theorem 4.13, the study of representation theory of the
generalized x-reduced enveloping superalgebra U, -(g) can be reduced to the study
of the representation theory of the x,-reduced enveloping superalgebra U, (g,)
for the associated restricted Lie superalgebra g,.
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