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Abstract. A class of Kirchhoff type systems with nonlinear boundary

conditions considered in this paper. By using the method of Nehari man-
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1. Introduction

This paper is devoted to the study of the following Kirchhoff type sys-
tems with nonlinear boundary conditions:

(1.1)


−M

( ∫
Ω
|∇u|2dx

)
∆u = λf(x)|u|q−2u, x ∈ Ω,

−M
( ∫

Ω
|∇v|2dx

)
∆v = µg(x)|v|q−2v, x ∈ Ω,

∂u
∂n = α

α+βh(x)|u|
α−2u|v|β , x ∈ ∂Ω,

∂v
∂n = β

α+βh(x)|u|
α|v|β−2v, x ∈ ∂Ω,

where Ω is a bounded domain in RN with smooth boundary, 2 < α + β <
2∗(2∗ = 2N

N−2 if N ≥ 3, 2∗ = ∞ if N = 2), 1 < q < 2, M(s) = as+ b, a, b > 0,

(λ, µ) ∈ R2\{(0, 0)} and the weight functions f, g, h are satisfying the following
conditions:

(i) f, g ∈ C(Ω) with ∥f∥∞ = ∥g∥∞ = 1, and either f+ = max{f, 0} ̸= 0
or g+ = max{g, 0} ≠ 0;

(ii) h ∈ C(∂Ω) with ∥h∥∞ = 1 and h+ = max{h, 0} ̸= 0.

Problem (1.1) is called nonlocal because of the presence of the term −M(
∫
Ω
|∇u|2

dx) which implies that the equation in (1.1) is no longer a pointwise identity.
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This phenomenon causes some mathematical difficulties which makes the study
of such a class of problem particularly interesting. Beside, such a problem has
physical motivation. Moreover, problem (1.1) is related to the stationary ver-
sion of Kirchhoff equation

(1.2) ρ
∂2u

∂t2
−
(P0

h
+

E

2L

∫ L

0

|∂u
∂x

|2dx
)∂2u
∂x2

= 0

presented by Kirchhoff [16]. This equation extends the classical D. Alembert’s
wave equation by considering the effects of the changes in the length of the
strings during the vibrations. The parameters in (1.2) have the following inter-
pretation: L is the length of the string, h is the area of cross section, E is the
Young’s modulus of the material, ρ is the mass density, and P0 is the initial
tension.

When an elastic string with fixed ends is subjected to transverse vibra-
tions, its length varies with the time: this introduces changes of the tension
in the string. This inspired Kirchhoff to propose a nonlinear correction of the
classical D’Alembert’s equation. Later on, Woinowsky-Krieger (Nash-Modeer)
incorporated this correction in the classical Euler–Bernoulli equation for the
beam (plate) with hinged ends. See, for example, [4] and [5] and the references
therein.

Moreover, nonlocal problems also appear in other fields as, for example, bio-
logical systems, where (u, v) describes a process which depends on the average
of itself (for instance, population density). See, for example, [2,3,13,18] and [20]
and the references therein. In recent years, problems involving Kirchhoff type
operators have been studied in many papers, we refer to [12,14,17,23], in which
the authors have used different methods to get the existence of solutions.

In recent years, the existence of solutions for the semilinear / quasilinear
elliptic equations with nonlinear boundary conditions have been widely studied
( see, eg., [6, 9, 15] and the references therein). Motivated by these works, we
are interested in the existence of multiple nontrivial nonnegative solutions to
the Kirchhoff type systems with nonlinear boundary conditions. In fact we will
prove that:

Theorem 1.1. Suppose that the weight functions f, g and h satisfy condi-
tions (i) and (ii) and α + β ≥ 4. Then there exists a positive number C0 =
C0(α, β, b, q, S, S̄) such that if the parameters λ, µ satisfy

0 < |λ|
2

2−q + |µ|
2

2−q < C0,

then problem (1) has at least two nontrivial nonnegative solutions (u+0 , v
+
0 ) and

(u−0 , v
−
0 ).

Proof. The proof is based on the method of Nehari manifold, which was first
introduced by Nehari in [19], and the method turned out to be very useful in
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critical point theory (see, e.g., [1, 7, 8, 10, 11, 21]) and eventually came to bear
his name. □

The rest of this work is organized as follows. In Section 2, we introduce some
preliminaries including definitions and some lemmas for later use. In Section
3, the proof of the main result is given.

2. Preliminaries

Throughout this section, we denote by S, S the best Sobolev embedding
and trace constant for the operators H1(Ω) ↪→ Lq(Ω), H1(Ω) ↪→ Lα+β(∂Ω),
respectively. Define the Sobolev space H = H1(Ω)×H1(Ω) with the standard
norm

∥(u, v)∥ =
(∫

Ω

|∇u|2dx+

∫
Ω

|∇v|2dx
) 1

2

.

Moreover, a pair of functions (u, v) ∈ H is said to be a weak solution of (1.1)
if

M
(∫

Ω

|∇u|2dx
)
∇u∇ϕ1dx+M

(∫
Ω

|∇v|2dx
)
∇v∇ϕ2dx

−
∫
Ω

λf(x)|u|q−2uϕ1dx−
∫
Ω

µg(x)|v|q−2vϕ2dx

− α

α+ β

∫
∂Ω

h(x)|u|α−2u|v|βϕ1ds−
β

α+ β

∫
∂Ω

h(x)|u|α|v|β−2vϕ2ds = 0,

for all (ϕ1, ϕ2) ∈ H. Thus, the corresponding energy functional of (1) is defined
by

Jλ,µ(u, v) =
1

2

(
M̂(∥u∥2H1)+M̂(∥v∥2H1)

)
− 1

α+ β

∫
∂Ω

h|u|α|v|βds− 1

q
Kλ,µ(u, v),

where M̂(s) =
∫ s

0
M(t)dt, Kλ,µ(u, v) =

∫
Ω
λf |u|qdx +

∫
Ω
µg|v|qdx and M :

R → R+ is any function that is differentiable everywhere except at some finite
points. It is well known that solutions of (1.1) are the critical points of the
energy functional Jλ,µ.

Now, we define the Nehari manifold

Nλ,µ =
{
(u, v) ∈ H − {(0, 0)}|⟨J ′

λ,µ(u, v), (u, v)⟩ = 0
}
.

Thus (u, v) ∈ Nλ,µ, if and only if

⟨J ′
λ,µ(u, v), (u, v)⟩ = M(∥u∥2H1)∥u∥2H1

+M(∥v∥2H1)∥v∥2H1 −Kλ,µ(u, v)−
∫
∂Ω

h|u|α|v|βds

= 0.
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Define
ψλ,µ(u, v) = ⟨J ′

λ,µ(u, v), (u, v)⟩.
Then for

(u, v) ∈ Nλ,µ, ⟨ψ′
λ,µ(u, v), (u, v)⟩ = 4a(∥u∥4H1 + ∥v∥4H1) + 2b(∥(u, v)∥2)

−qKλ,µ(u, v)− (α+ β)

∫
∂Ω

h|u|α|v|βds.

Now, we split Nλ,µ into three parts:

N+
λ,µ =

{
(u, v) ∈ Nλ,µ|⟨ψ′

λ,µ(u, v), (u, v)⟩ > 0
}
,

N0
λ,µ =

{
(u, v) ∈ Nλ,µ|⟨ψ′

λ,µ(u, v), (u, v)⟩ = 0
}
,

N−
λ,µ =

{
(u, v) ∈ Nλ,µ|⟨ψ′

λ,µ(u, v), (u, v)⟩ < 0
}
.

Then, we have the following results.

Lemma 2.1. We have:

(i) if (u, v) ∈ N+
λ,µ, then Kλ,µ(u, v) > 0;

(ii) if (u, v) ∈ N−
λ,µ, then

∫
∂Ω
h|u|α|v|βds > 0;

(iii) if (u, v) ∈ N0
λ,µ, then Kλ,µ(u, v) > 0,

∫
∂Ω
h|u|α|v|βds > 0.

Proof. (i) For (u, v) ∈ N+
λ,µ, we have

⟨ψ′
λ,µ(u, v), (u, v)⟩ = 4a(∥u∥4H1 + ∥v∥4H1) + 2b(∥(u, v)∥2)− qKλ,µ(u, v)

−(α+ β)

∫
∂Ω

h|u|α|v|βds

= a(4− α− β)(∥u∥4H1 + ∥v∥4H1) + b(2− α− β)∥(u, v)∥2

+ (α+ β − q)(Kλ,µ(u, v)) > 0.

Then

Kλ,µ(u, v) >
b(α+ β − 2)

α+ β − q
(∥(u, v)∥2) + a(α+ β − 4)

α+ β − q
(∥u∥4H1 + ∥v∥4H1) > 0.

(ii) For (u, v) ∈ N−
λ,µ, we have

⟨ψ′
λ,µ(u, v), (u, v)⟩ = 4a(∥u∥4H1 + ∥v∥4H1) + 2b(∥(u, v)∥2)

−qKλ,µ(u, v)− (α+ β)

∫
∂Ω

h|u|α|v|βds

= a(4− q)(∥u∥4H1 + ∥v∥4H1) + b(2− q)∥(u, v)∥2

+(q − α− β)

∫
∂Ω

h|u|α|v|βds < 0.
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Then ∫
∂Ω

h|u|α|v|βds > b(2− q)

α+ β − q
∥(u, v)∥2 > 0.

(iii) For (u, v) ∈ N0
λ,µ, we have

Kλ,µ(u, v) =
b(α+ β − 2)

α+ β − q
(∥(u, v)∥2) + a(α+ β − 4)

α+ β − q
(∥u∥4H1 + ∥v∥4H1) > 0,∫

∂Ω

h|u|α|v|βds = b(2− q)

α+ β − q
∥(u, v)∥2 > 0.

This complete the proof. □

Lemma 2.2. There exists a positive C = C(α, β, b, S, S̄), such that if

0 < |λ|
2

2−q + |µ|
2

2−q < C,

then N0
λ,µ = ∅.

Proof. We consider the following two cases.
case(a): (u, v) ∈ Nλ,µ and

∫
∂Ω
h|u|α|v|βds ≤ 0. We have

⟨ψ′
λ,µ(u, v), (u, v)⟩ = 4a(∥u∥4H1 + ∥v∥4H1) + 2b(∥(u, v)∥2)− qKλ,µ(u, v)

− (α+ β)

∫
∂Ω

h|u|α|v|βds

= a(4− q)(∥u∥4H1 + ∥v∥4H1) + b(2− q)∥(u, v)∥2

+(q − α− β)

∫
∂Ω

h|u|α|v|βds > 0

So (u, v) /∈ N0
λ,µ.

Case(b): (u, v) ∈ Nλ,µ and
∫
∂Ω
h|u|α|v|βds > 0. Suppose that N0

λ,µ ̸= ∅, by
lemma (2.1), we have

(α+ β − q)

∫
∂Ω

h|u|α|v|βds = a(4− q)(∥u∥4H1 + ∥v∥4H1) + b(2− q)∥(u, v)∥2

≥ b(2− q)∥(u, v)∥2,
Moreover, by the Hölder and sobolev inequalities,

∥(u, v)∥2 ≤ α+ β − q

b(2− q)

∫
∂Ω

h|u|α|v|βds

≤ α+ β − q

b(2− q)

( ∫
∂Ω

|u|α+β
) α

α+β
( ∫

∂Ω

|v|α+β
) β

α+β

≤ α+ β − q

b(2− q)
S̄α+β∥(u, v)∥α+β .

It follows that

∥(u, v)∥ ≥
(α+ β − q

b(2− q)
S̄α+β

) 1
2−α−β ,
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and by (u, v) ∈ N0
λ,µ and α+ β > 4 we have

(α+β−q)(Kλ,µ(u, v))+b(2−α−β)∥(u, v)∥2 = a(α+β−4)(∥u∥4H1+∥v∥4H1) > 0.

Thus

b(α+ β − 2)∥(u, v)∥2 < (α+ β − q)(Kλ,µ(u, v))

≤ (α+ β − q)|λ|∥u∥q
Lα+β + |µ|∥v∥q

Lα+β

≤ (α+ β − q)Sq
(
|λ|

2
2−q + |µ|

2
2−q

) 2−q
2 ∥(u, v)∥q,

and hence

∥(u, v)∥ ≤
( α+ β − q

b(α+ β − 2)

) 1
2−q S

q
2−q

(
|λ|

2
2−q + |µ|

2
2−q

) 1
2 .

This implies (
|λ|

2
2−q + |µ|

2
2−q

) 2−q
2 ≥ C.

This is contradiction by choose

C = C(α, β, b, S, S̄) =
(α+ β − q

b(2− q)
S̄α+β

) 2
2−α−β

(b(α+ β − 2)

α+ β − q
S−q

) 1
2−q .

□

Lemma 2.3. Suppose that M(s) = as+b, then the energy functional Jλ,µ(u, v)
is coercive and bounded below on Nλ,µ.

Proof. For (u, v) ∈ Nλ,µ, we have

M(∥u∥2H1)∥u∥2H1 +M(∥v∥2H1)∥v∥2H1 = Kλ,µ(u, v) +

∫
∂Ω

h|u|α|v|βds.

By the Sobolev inequality,

Jλ,µ(u, v)=
1

2

(
M̂(∥u∥2H1) + M̂(∥v∥2H1)

)
− 1

q
Kλ,µ(u, v)−

1

α+ β

∫
Ω

h|u|α|v|βds

=
1

2

(
M̂(∥u∥2H1) + M̂(∥v∥2H1)

)
− 1

q
Kλ,µ(u, v)−

1

α+ β

(
M(∥u∥2H1)∥u∥2H1

+M(∥v∥2H1)∥v∥2H1

)
+

1

α+ β
Kλ,µ(u, v)

=
∥u∥2H1

2(α+ β)

(a(α+ β − 4)

2
∥u∥2H1 + b(α+ β − 2)

)
+

∥v∥2H1

2(α+ β)

(a(α+ β − 4)

2
∥v∥2H1 + b(α+ β − 2)

)
−

(α+ β − q

q(α+ β)

)
Kλ,µ(u, v)

≥
( b(α+ β − 2)

2(α+ β)

)
∥(u, v)∥2 −

(α+ β − q

q(α+ β)

)
Kλ,µ(u, v)

≥
( b(α+ β − 2)

2(α+ β)

)
∥(u, v)∥2 −

(α+ β − q

q(α+ β)

)
Sq((|λ| 2

2−q ) + (|µ|
2

2−q )
) 2−q

2 ∥(u, v)∥q.

Since 1 < q < 2, Jλ,µ is coercive and bounded below on Nλ,µ. □
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The following lemma shows that the minimizers on Nλ,µ are usually critical
points for Jλ,µ.

Lemma 2.4. Suppose that (u0, v0) is local minimizer for Jλ,µ on Nλ,µ, and
(u0, v0) /∈ N0

λ,µ, then J
′
λ,µ(u0, v0) = 0.

Proof. Let (u0, v0) be a local minimizer for Jλ,µ on Nλ,µ. Then (u0, v0) is a
solution of the following optimization problem:

minimize Jλ,µ(u, v) subject to ψλ,µ(u, v) = 0.

Hence, by the theory of Lagrange multipliers, there exists a Λ ∈ R such that

J ′
λ,µ(u0, v0) = Λψ′

λ,µ(u0, v0) in H
−1.

Thus

⟨J ′
λ,µ(u0, v0), (u0, v0)⟩ = Λ⟨ψ′

λ,µ(u0, v0), (u0, v0)⟩ = 0.

Since (u0, v0) ∈ Nλ,µ, ⟨J ′
λ,µ(u0, v0), (u0, v0)⟩ = 0. On the other hand, ⟨ψ′

λ,µ(u0,

v0), (u0, v0)⟩ ≠ 0. Hence Λ = 0, and this completes the proof. □

Lemma 2.2 suggests that we introduce the set

Θ =

{
(λ, µ) ∈ R2 − {(0, 0)} | 0 <

(
|λ|

2
2−q + |µ|

2
2−q

) 2−q
2 < C0

}
,

where C0 = ( q2 )
2

2−qC < C. If (λ, µ) ∈ Θ, we have Nλ,µ = N+
λ,µ ∪ N−

λ,µ and
define

θ+λ,µ = inf
(u,v)∈N+

λ,µ

Jλ,µ(u, v); θ−λ,µ = inf
(u,v)∈N−

λ,µ

Jλ,µ(u, v).

We have the following lemma:

Lemma 2.5. If (λ, µ) ∈ Θ, then:

(i) θ+λ,µ < 0;

(ii) there exists d0 = d0(α, β, b, S, S̄, λ, µ) > 0, such that θ−λ,µ > d0.

Proof. (i) Let (u, v) ∈ N+
λ,µ. Since

(α+ β − q)Kλ,µ(u, v) > a(α+ β − 4)(∥u∥4H1 + ∥v∥4H1) + b(α+ β − 2)∥(u, v)∥2,
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and so

Jλ,µ(u, v) =
1

2

(
M̂(∥u∥2H1) + M̂(∥v∥2H1)

)
− 1

q
Kλ,µ(u, v)−

1

α+ β

∫
Ω

h|u|α|v|βds

=
1

2

(
M̂(∥u∥2H1) + M̂(∥v∥2H1)

)
− 1

q
Kλ,µ(u, v)

− 1

α+ β

(
M(∥u∥2H1)∥u∥2H1 +M(∥v∥2H1)∥v∥2H1 −Kλ,µ(u, v)

)
= a(

1

4
− 1

α+ β
)(∥u∥4H1 + ∥v∥4H1) + b(

1

2
− 1

α+ β
)∥(u, v)∥2

−α+ β − q

q(α+ β)
Kλ,µ(u, v)

≤ a(α+ β − 4)(∥u∥4H1 + ∥v∥4H1)
( 1

4(α+ β)
− 1

q(α+ β)

)
+b(α+ β − 2)(∥(u, v)∥2)

( 1

2(α+ β)
− 1

q(α+ β)

)
< 0.

Thus, θ+λ,µ < 0.

(ii) Let (u, v) ∈ N−
λ,µ. By Lemma 2.1∫

∂Ω

h|u|α|v|βds > 0,

by Lemma 2.2

(2.1) ∥(u, v)∥ ≥
(α+ β − q

b(2− q)
S̄α+β

) 1
2−α−β .

Moreover, by Lemma 2.3, we have

Jλ,µ(u, v)

≥
( b(α+ β − 2)

2(α+ β)

)
∥(u, v)∥2 −

(α+ β − q

q(α+ β)

)
Sq(|λ| 2

2−q + |µ|
2

2−q
) 2−q

2 ∥(u, v)∥q.

= ∥(u, v)∥q
[ b(α+ β − 2)

2(α+ β)
∥(u, v)∥2−q −

(α+ β − q

q(α+ β)

)
Sq)(|λ| 2

2−q + |µ|
2

2−q
) 2−q

2
]

≥
(α+ β − q

b(2− q)
S̄α+β) q

2−α−β
[ b(α+ β − 2)

2(α+ β)

(α+ β − q

b(2− q)
S̄α+β) 2−q

2−α−β

− α+ β − q

q(α+ β)

)
Sq(|λ| 2

2−q + |µ|
2

2−q
) 2−q

2
]
.

Thus if

0 <
(
|λ|

2
2−q + |µ|

2
2−q

) 2−q
2 < C0,

for each (u, v) ∈ N−
λ,µ, we have

Jλ,µ(u, v), (u, v) ≥ d0 = d0(α, β, b, S, S̄, λ, µ) > 0,

for some d0 > 0. This completes the proof. □

Lemma 2.6. For each (u, v) ∈ N−
λ,µ, we have:
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(i) if Kλ,µ(u, v) ≤ 0, then there is a unique t− > ta,max such that (t−u, t−v) ∈
N−

λ,µ and

Jλ,µ(t
−u, t−v) = sup

t≥0
Jλ,µ(tu, tv);

(ii) if Kλ,µ(u, v) > 0, then there are unique t+, t− with 0 < t+ < ta,max <
t− such that (t+u, t+v) ∈ N+

λ,µ, (t
−u, t−v) ∈ N−

λ,µ and

Jλ,µ(t
+u, t+v) = inf

0≤t≤ta,max

Jλ,µ(tu, tv) and Jλ,µ(t
−u, t−v) = sup

t≥0
Jλ,µ(tu, tv).

Proof. (i) Fix (u, v) ∈ N−
λ,µ, let

ma(t) = at4−q(∥u∥4H1 + ∥v∥4H1) + bt2−q(∥(u, v)∥2)− tα+β−q

∫
∂Ω

h|u|α|v|βds

for a, t ≥ 0. Clearly, ma(0) = 0, ma(t) −→ −∞ as t −→ −∞. Since∫
∂Ω
h|u|α|v|βds > 0 and

m′
a(t) =

t1−q(a(4− q)(∥u∥4H1 + ∥v∥4H1)t
2 + b(2− q)∥(u, v)∥2

)
−(α+ β − q)tα+β−q−1

∫
∂Ω

h|u|α|v|βds

there is a unique ta,max > 0 such thatma(t) achieves its maximum at ta,max, in-
creasing for t ∈ [0, ta,max) and decreasing for t ∈ (ta,max,∞) with limt→∞ma(t) =
−∞ . Moreover

t0,max =
( b(2− q)∥(u, v)∥2

(α+ β − q)
∫
∂Ω
h|u|α|v|βds

) 1
α+β−2 ,

and

m0(t0,max)

= b
( b(2− q)∥(u, v)∥2

(α+ β − q)
∫
∂Ω
h|u|α|v|βds

) 2−q
α+β−2 ∥(u, v)∥2

−
( b(2− q)∥(u, v)∥2

(α+ β − q)
∫
∂Ω
h|u|α|v|βds

)α+β−q
α+β−2

∫
∂Ω

h|u|α|v|βds

= b∥(u, v)∥q
[
(

2− q

α+ β − q
)

2−q
α+β−2 − (

2− q

α+ β − q
)
α+β−q
α+β−2

]( b∥(u, v)∥α+β∫
∂Ω
h|u|α|v|βds

) 2−q
α+β−2

≥ b∥(u, v)∥q
(α+ β − 2

α+ β − q

)( b(2− q)

S̄α+β(α+ β − q)

) 2−q
α+β−2 .

(i)Kλ,µ(u, v) ≤ 0. There is a unique t− > ta,max such thatma(t
−) = Kλ,µ(u, v)

and m′
a(t

−) < 0. Now

⟨ψ′
λ,µ(t

−u, t−v), (t−u, t−v)⟩ = a(t−)4(4− q)(∥u∥4H1 + ∥v∥4H1) + b(t−)2(2− q)∥(u, v)∥2

−(t−)α+β(α+ β − q)

∫
∂Ω

h|u|α|v|βds

=(t−)1+qm′
a(t

−) < 0,
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and

⟨J ′
λ,µ(t

−u, t−v), (t−u, t−v)⟩ = (t−)q
[
ma(t

−)−Kλ,µ(u, v)
]
= 0.

Thus (t−u, t−v) ∈ N−
λ,µ, t

− = 1. Since for t > ta,max, we have

a(4− q)(∥tu∥4H1 +∥tv∥H1)4+ b(2− q)∥(tu, tv)∥2− (α+β)

∫
∂Ω

h|tu|α|tv|βds < 0

and d2

dt2 Jλ,µ(tu, tv) < 0, moreover for t = t−

d

dt
Jλ,µ(tu, tv) = at3(∥u∥4H1 + ∥v∥4H1)− tq−1(Kλ,µ(u, v))− tα+β−1

∫
∂Ω

h|u|α|v|βds

= tq−1(ma(t)−Kλ,µ(u, v)) = 0.

Thus, Jλ,µ(t
−u, t−v) = supt≥0 Jλ,µ(tu, tv).

(ii) Kλ,µ(u, v) > 0. For 0 <
(
|λ|

2
2−q + |µ|

2
2−q

) 2−q
2 < C0 < C, we have

ma(0) = 0 < Kλ,µ(u, v)

≤ b∥(u, v)∥q
(α+ β − 2

α+ β − q

)( b(2− q)

S̄α+β(α+ β − q)

) 2−q
α+β−2 .

≤ m0(t0,max) < ma(ta,max).

There are unique t+ and t− such that 0 < t+ < ta,max < t−,

ma(t
+) = Kλ,µ(u, v)) = ma(t

−),

and
m′

a(t
+) > 0 > m′

a(t
−).

We have (t+u, t+v) ∈ N+
λ,µ, (t

−u, t−v) ∈ N−
λ,µ and

Jλ,µ(t
−u, t−v) ≥ Jλ,µ(tu, tv) ≥ Jλ,µ(t

+u, t+v) for each t ∈ [t+, t−],

Thus

Jλ,µ(t
+u, t+v) = inf

0≤t≤ta,max

Jλ,µ(tu, tv) and Jλ,µ(t
−u, t−v) = sup

t≥0
Jλ,µ(tu, tv).

This complete the proof. □

3. Proof of Theorem 1.1

First we establish the existence of local minimum for Jλ,µ on N+
λ,µ.

Theorem 3.1. If (λ, µ) ∈ Θ, then Jλ,µ has a minimizer (u+0 , v
+
0 ) in N

+
λ,µ and

satisfies:

(i) Jλ,µ(u
+
0 , v

+
0 ) = θ+λ,µ;

(ii) (u+0 , v
+
0 ) is a solution of (1.1) such that u+0 ≥ 0, v+0 ≥ 0 in Ω.
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Proof. By there is a minimizing sequence (un, vn) for Jλ,µ on N+
λ,µ such that

Jλ,µ(un, vn) = θ+λ,µ + o(1) and J ′
λ,µ(un, vn) = o(1) in H∗(Ω).

Then by Lemma 2.3 and compact embedding theorem, there exist a subse-
quence (un, vn) and (u+0 , v

+
0 ) ∈ H is solution of (1.1) and

un ⇀ u+0 , weakly in H1(Ω),
un → u+0 , strongly in Lq(Ω) and in Lα+β(∂Ω),
vn ⇀ v+0 , weakly in H1(Ω),
vn → v+0 , strongly in Lq(Ω) and in Lα+β(∂Ω).

This implies

Kλ,µ(un, vn) → Kλ,µ(u
+
0 , v

+
0 ), as n→ ∞,

(3.1)

∫
∂Ω

h|un|α|vn|βds→
∫
∂Ω

h|u+0 |α|v
+
0 |βds, as n→ ∞.

First, we claim that Kλ,µ(u
+
0 , v

+
0 ) > 0. Suppose otherwise, by (3.1) we can

conclude that

Kλ,µ(un, vn) → Kλ,µ(u
+
0 , v

+
0 ) = 0, as n→ ∞,

and so

M(∥un∥2H1) +M(∥vn∥2H1) =

∫
∂Ω

h|un|α|vn|βds+ o(1).

Thus

Jλ,µ(un, vn)

=
1

2

(
M̂(∥un∥2H1) + M̂(∥vn∥2H1)

)
− 1

q
Kλ,µ(un, vn)−

1

α+ β

∫
Ω

h|un|α|vn|βds

=
a

4
(∥un∥4H1 + ∥vn∥H1)4) +

b

2
∥(un, vn)∥2 −

a

α+ β
(∥un∥4H1 + ∥vn∥H1)4)

− b

α+ β
∥(un, vn)∥2 + o(1)

= (
a

4
− a

α+ β
)(∥u+

0 ∥
4
H1 + ∥v+0 ∥4H1) + (

b

2
− b

α+ β
)∥(u+

0 , v
+
0 )∥2 as n→ ∞,

which contradicts Jλ,µ(un, vn) → θ+λ,µ < 0 as n→ ∞. Now we prove that

un → u+0 , strongly in H1(Ω),
vn → v+0 , strongly in H1(Ω).

Suppose otherwise, then either ∥u+0 ∥ < lim infn→∞ ∥un∥H1 or ∥v+0 ∥ <
lim infn→∞ ∥vn∥H1 and so

a(∥u+
0 ∥

4
H1 + ∥v+0 ∥H1)4) + b∥(u+

0 , v
+
0 )∥2 −Kλ,µ(u

+
0 , v

+
0 )−

∫
∂Ω

h|u+
0 |

α|v+0 |βds

< lim inf
n→∞

(
a(∥un∥4H1 + ∥vn∥4H1) + b∥(un, vn)∥2 −Kλ,µ(un, vn)−

∫
Ω

h|un|α|vn|βds
)

< 0,
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which is contradicts (u+0 , v
+
0 ) ∈ Nλ,µ. Moreover, we have (u+0 , v

+
0 ) ∈ N+

λ,µ. In

fact, if (u+0 , v
+
0 ) ∈ N−

λ,µ. By Lemma 2.6, there are unique t+0 and t−0 such that

(t+0 u
+
0 , t

+
0 v

+
0 ) ∈ N+

λ,µ,(t
−
0 u

+
0 , t

−
0 v

+
0 ) ∈ N−

λ,µ and t+0 < t−0 = 1. since

d

dt
Jλ,µ(t

+
0 u

+
0 , t

+
0 v

+
0 ) = 0 and

d2

dt2
Jλ,µ(t

+
0 u

+
0 , t

+
0 v

+
0 ) > 0.

There exists t+0 < t̄ ≤ t−0 such that Jλ,µ(t
+
0 u

+, t+0 v
+
0 ) < Jλ,µ(t̄u

+
0 , t̄v

+
0 ). by

Lemma 2.6 , we have

Jλ,µ(t
+
0 u

+
0 , t

+
0 v

+
0 ) < Jλ,µ(t̄u

+
0 , t̄v

+
0 )

≤ Jλ,µ(t
−
0 u

+
0 , t

−
0 v

+
0 )

= Jλ,µ(u
+
0 , v

+
0 )

< lim
n→∞

Jλ,µ(un, vn)

= θ+λ,µ.

Which is contradicts θ+λ,µ = inf(u,v)∈N+
λ,µ

Jλ,µ(u, v). Since Jλ,µ(u
+
0 , v

+
0 ) =

Jλ,µ(|u+0 |, |v
+
0 |) and (|u+0 |, |v

+
0 |) ∈ N+

λ,µ, by Lemma 2.4 we may assume that

(u+0 , v
+
0 ) is a nonnegative solution of (1.1). □

Next we establish the existence of local minimum for Jλ,µ on N−
λ,µ.

Theorem 3.2. If (λ, µ) ∈ Θ, then Jλ,µ has a minimizer (u−0 , v
−
0 ) in N

−
λ,µ and

satisfies:

(i) Jλ,µ(u
−
0 , v

−
0 ) = θ−λ,µ;

(ii) (u−0 , v
−
0 ) is a solution of (1.1) such that u−0 ≥ 0, v−0 ≥ 0 in Ω.

Proof. Let (un, vn) be a minimizing sequence for Jλ,µ onN−
λ,µ. Then by Lemma

2.3 and compact embedding theorem, there exist a subsequence (un, vn) and
(u−0 , v

−
0 ) ∈ H is solution of (1.1) and

un ⇀ u−0 , weakly in H1(Ω),
un → u−0 , strongly in Lq(Ω) and in Lα+β(∂Ω),
vn ⇀ v−0 , weakly in H1(Ω),
vn → v−0 , strongly in Lq(Ω) and in Lα+β(∂Ω).

This implies

Kλ,µ(un, vn) → Kλ,µ(u
−
0 , v

−
0 ), as n→ ∞,∫

∂Ω

h|un|α|vn|βds→
∫
∂Ω

h|u−0 |α|v
−
0 |βds, as n→ ∞.
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Since

⟨ψ′
λ,µ(un, vn), (un, vn)⟩
= 4a(∥un∥4H1 + ∥vn∥4H1) + 2b(∥(un, vn)∥2)− qKλ,µ(un, vn)

− (α+ β)

∫
∂Ω

h|un|α|vn|βds

= a(4− α− β)(∥un∥4H1 + ∥vn∥4H1) + b(2− α− β)∥(un, vn)∥2

+ (α+ β − q)(Kλ,µ(un, vn)) < 0.

We have

(3.2) Kλ,µ(un, vn) >
a(4− α− β)

q − α− β
(∥un∥4H1 + ∥vn∥4H1) +

b(2− α− β)

q − α− β
∥(un, vn)∥2.

By (2.1) and (3.2) there exists a positive number C̄ such that

Kλ,µ(un, vn) > C̄.

This implies

Kλ,µ(u
−
0 , v

−
0 ) ≥ C̄.

Now we prove that

un → u−0 , strongly in H1(Ω),
vn → v−0 , strongly in H1(Ω).

Suppose otherwise, then either ∥u−0 ∥ < lim infn→∞ ∥un∥H1 or ∥v−0 ∥ <
lim infn→∞ ∥vn∥H1 . By Lemma 2.6, there is a unique t−0 such that (t−0 u

−
0 , t

−
0 v

−
0 ) ∈

N−
λ,µ. Since (un, vn) ∈ N−

λ,µ, Jλ,µ(un, vn) ≥ Jλ,µ(t
−
0 un, t

−
0 vn) for all t ≥ 0, we

have

Jλ,µ(t
−
0 u

−
0 , t

−
0 v

−
0 ) < lim

n→∞
Jλ,µ(t

−
0 un, t

−
0 vn) ≤ lim

n→∞
Jλ,µ(un, vn) = θ−λ,µ,

and this is contradiction. Hence

un → u−0 , strongly in H1(Ω),
vn → v−0 , strongly in H1(Ω).

This implies

Jλ,µ(un, vn) → Jλ,µ(u
−
0 , v

−
0 ) = θ−λ,µ as n→ ∞.

Since Jλ,µ(u
−
0 , v

−
0 ) = Jλ,µ(|u−0 |, |v

−
0 |) and (|u−0 |, |v

−
0 |) ∈ N−

λ,µ, by Lemma 2.4

we may assume that (u−0 , v
−
0 ) is a nonnegative solution of (1). □

Now, we complete the proof of Theorem 1.1: By Theorem 3.1 and 3.2,
problem (1.1) has two nonnegative solutions (u+0 , v

+
0 ) ∈ N+

λ,µ and (u−0 , v
−
0 ) ∈

N−
λ,µ. Since N

+
λ,µ ∩N−

λ,µ = ∅, this implies (u+0 , v
+
0 ) and (u−0 , v

−
0 ) are distinct.
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