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ABSTRACT. In this paper, we investigate the existence of solution for
a k-dimensional system of three points nabla fractional finite difference
equations. Also, we present an example to illustrate our result.
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1. Introduction

There are a lot of works on discrete fractional calculus for special equations
via distinct boundary conditions (see for example, [5-8,13-19,21] and [22]).
Also, there are some published papers on the nabla operator and fractional
finite difference inclusion (see for example, [1,3,4,9-11] and [20]). In this
paper, we investigate the existence of solutions for the k-dimensional system of
nabla fractional finite difference equations
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.V,’i’,ifgxk(t) + hi (21 (t), 22(t), - 2 (t)) = 0, (1.1)
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via the boundary conditions

xl(—3) = l‘l(b) =X (ﬁ) = O,
22(=3) = w2(b) = z2(B) = 0,

2x(=3) = 2n(b) = 2x(8) = 0, (1.2)

where b € No, 2 < p; < 3, B € lel and the mappings h; : R¥ — R are
continuous functions for all 4 = 1,2,--- ,k. We show that the problem (1.1)
via the conditions (1.2) is equivalent to a summation equation and by using
the Kranoselskii’s fixed point theorem, we investigate solutions of the problem.
We present an example to illustrate our result.

2. Preliminaries

The nabla operator V on a function f acts by Vf(¢) = f(t)— f(t—1). Some
known information on the nabla operator to facilitate the analysis of results
can be found in [1,3,4,10,11] and [20]. Now, define 7 := T{E) for all £, € R
whenever the right-hand side is defined ( [4]). We define a” = 0 whenever a
is a non-positive integer and v is not an integer. We can simply conclude that

tV = (t+v — 1)% Also, it is easy to check that V(t —a)” = v(t — a)”~! and
Vila— 1) = —vfa—p(t)" .

Similar to other works, we use the notations N, = {a,a + 1,a+2,...} for all
a€Rand N® = {a,a+1,a+2,...,b} for all real numbers a and b whenever
b — a is a natural number.

Now, suppose that v > 0 with m — 1 < v < m for some natural number m.
Then the v-th nabla fractional sum of f based at a is defined by

t

> (t—p(k)" (k)

k=a+1

1
I'(v)

VU f(t) =

for all t € N, ( [4]). Similarly, one can define

t

Vi) = =— > (t—p(k) VT (k)

F(_V) k=a-+1

for all ¢ € Ny4,. In 2009, Atici and Eloe proved next result about relations of
the operators delta and nabla ( [4]).

Lemma 2.1. Leta € R, m a natural number, 0 < m—1<v <m and y a map
onNg. Then, AVy(t—v) = VZy(t) for allt € Nyt and AVy(t+v) = VY y(t)
for allt € N,.
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Let a € R, m a natural number, 0 < m—-1<v <mand h: N, >R a
mapping. It is known that the general solution for the fractional finite difference
equation A¥y(t) = h(t) is given by

m
y(t) = )_cilt — )™=+ AJVA(t)
i=1
m 1 t—v
_ . o v—i o v—1
= ;cl(t V= ;(t o(s))“=Lh(s)
for all t € N, where ¢1,- -+, ¢, are arbitrary constants. Here, we provide a

similar result by using the nabla operator which can be proved by using Lemma
2.1.

Lemma 2.2. Let a € R, m a natural number, m —1<v <m and h: Ny - R
a mapping. Then the general solution for the equation VY_,_ y(t) = h(t) is
given by

) => ci(t+i+1)"""+V h(t)
=1

t

i (t+i+1)” %Z )" Th(s),

5=0
for allt € N_,,,, where p(s) =s—1 and ¢1,--- , ¢y, are arbitrary constants.

Let P # {0} be a non-empty closed subset of a topological vector space E.
Then P is called a cone whenever ax + by € P for all x,y € P and non-negative
real numbers a,b and PN (—P) = {0} (for more details and examples see [23]
and references therein). One can find next result in [2].

Lemma 2.3. Let X be a Banach space K a cone in X. Assume that €y
and Qo are open subsets of X such that 0 € Qy and Q1 C Q. Suppose that
T:KnN(Q2\Q) — K is a completely continuous operator.

If either | Ty|| < ||yl for ally € KN OQy and | Ty|| > |ly|| for all y € K N0OQy
or

1Tyl > llyll for ally € K000y and || Ty|| < |ly|| for all y € K N0y,

then T has at least one fived point in K N (Q2\Q1).

3. Main Result
First, we investigate the problem (1.1).

Lemma 3.1. Let b € Nyg, 2 < p; <3, g € lel and let the mappings h; :
RF — R be continuous functions for alli =1,2,--- , k. Then, for the mappings
z; : N° 5 — R, the nabla fractional finite difference equation

(3.1) Vit _gwi(t) + hi(z1(t), 2a(t), -+ (t)) = 0



On the existence of solution for a k-dimensional system of three points nabla fractional1436

via the boundary conditions x;(—3) = 0, 2;(b) = 0 and z;(8) = 0 has a solution

z} if and only if x} is a solution of the summation equation
z;(t) = i Gi(t,s, B)hi (z1(t), (1), - - , 21 (1)),
where -
Gt = +(2b)lj_ﬁl)(_b iﬁgﬁitrfj)ww ~ ple)FT
-t Tf;@ f;) 2)(tr+(3)) (8= o)~ st pls) T

whenever 0 < s< B <band0<s<t<h,

t+2)F 1 — (B+2)(t+3)"2
(b= B) (b + 3)1 =2 (1)

(t+2)—T — (b+2)(t +3)*—2

BT T (B =p(s))

whenever 0 <t <s< B <b,
(t+2)R~ 1 — (B+2)(t+3)+—2
(b= B)(b+ 3)m =2 (s)
1

(t = p(s))"

(b= p(s)"

Gl(t7 S7B) =

Gilt,s,B) = (b—p(s))~t

()
whenever 0 < f < s<t<band
t+2)" = (B+2)(t+3) 2

(b—B)(b+3)m =2 (1s)
whenever 0 < f < s <band 0 <t < s < b for all s GNS. Here, i €
{1,2,--- ,k}.

Proof. Let i € {1,2,-++ ,k}, hi(t) :== hi(z1(t),z2(t), -+ ,2x(t)) and z} be a
solution of the nabla fractional finite difference equation

Vﬁifgxi(t) + h; (xl(t)7x2(t)v T 7mk(t)) =0.

By using Lemma 2.2, we get

Gi(t&ﬂ) = (b*p(s))pqii1

(1) = ca(t+ 20" T+ ot +3) T eyt 47

RN =
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By using the boundary condition z}(—3) = 0, we obtain

i—1 i —2 Ji— 1 - wi—1
0= e1(—1) T 4 ep(0) +%u>lsfrw”g;e3fM$>1fmg

and so ¢z = 0. Now by using the boundary condition x}(b) = 0, we get

cr(b+ 20T 4 (b4 3)F i Th(s).
0
Since (b4 2)H pi—1 =(b+2)(b+ 3) 2 we have
1 b —
:Cl(b+2)+02—m;(b—p(s)) hi(s).
Similarly, by using the boundary condition z}(5) = 0, we get
- - 1 B N
= c1(B+2) +c2 (@+$Eﬁrmng;w p())" h(s)
and so
1 b _—
T - B) b+ 3 () ;(b = p(s)" " ha(s)
_ 1 B =
(b— B)(B + 3)% 2T (1;) ;0(5 p(s))" ™ ha(s),
and
= —(8+2) 0 SV Th (s
2= G B B 2 G
(b+2) 3 R —
(b—B)(B + 3)Hi=2T(u;) ;(ﬁ p(s)) hi(s).
Hence

by G (B YT
R T T e DU CIGR
B

_(t+2)ﬁ_(b+2)(t+3)m T
@—BXB+$FETWJ ;;w p(s))"Thi(s)

2: Vi hi(s)

s:O

b
- ZGi(t, s, B)h; (:Ul(s),:z:g(s)7 e 7:10;6(5)).
s=0
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Now, let =} be a solution of the fractional sum equation

b
xz(t) = ZGz(ta Svﬂ)hz (x1(5)3x2(8)7 e 71'16(8))'
s=0
Then, we have

(427 = (B DU+ Sy 7T

i (t) = —
b=B)b+3)m=2T () =

(t+2) T — (b+2)(t+3)F 2L -
(b= B)(B+3)m 2T () ;(5 —p(s))" " hi(s)

F(L) Z(t - p(s))mhz(s) =c(t+ 2)m + et + 3)m
i) o

F(,Ufz) ;(t - p(s))#l_ hz(s)

Since (—1)#~1 = 0 and 0*=2 = 0, we get x}(—3) = 0. Similarly, we obtain
zf(b) = 0 and z}(8) = 0. On the other hand, one can check that z}(¢) is a

7

solution for the equation (3.1). This completes the proof. U

By using a similar proof of Proposition 2.2.2 in [7], one can check that the
Green function in the last result satisfies G;(t,s,3) < 0 for all s,t € N§. Let
M; C N§ be such that G;(t,s, ) # 0 for all t € M;. Since the Green function
is bounded, there exist A; € (0,1) such that

i . >\ .
tIg]l\?l |Gz(t7576)| - )\1 ?elja\jf |G1(t7$a/6)|

for all s € Nb. Now, suppose that .4; is the Banach space of the maps u : N ; —
R via the usual norm |lu| = max{|u(t)| : t € N®,;}. Consider the space X =

Ap X Ag X -+ - X Ag, via the norm ||(z1, zo, -, xk) ||x = |x1||+ |22+ -+ |2kl
Tts clear that, (X,].||x) is a Banach space. Define the map T': X — X by
t Ty (1,25 - - o 2k) (B1)
ta Ta(z1, 2, - - o 1) (E2)
(32) T(’L‘h L2y .. n, :z:k) . = . 5
tk Tk(zlax27"'7xk)(tk)
where
b

Ti(x1,xe,. .., x5)(t) = Z |Gi(t, s, B)|h; (1'1(8)7.’172(8), e ,xk(s))

s=0
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for i =1,2,--- , k. Also, consider the cone

K=<q(x1,29, - ,x5) € X :2; >0, min
(t1,t2, - ,tx) EM1 X Mo X=X My,

a(00) + 22t + 1)) 2 M- an)l
where A = 13112 ;. First, we show that T(K) C K whenever the functions h;

are non-negative for i = 1,2,--- k. Let (z1,22,...,2x) € K. Then, we have

k
Z (1,22, k) ()

(tl,tg, fk)eMlngx

k
> nz::ltjreliz\l}n To(x1, e, - ) (ts)
k b
= ;tgiﬁn SZO|Gn(tn’575)‘hn($1(8)7$2(5)"" 7xk(8))
k b
> max (tn,s, B)|hn(z (s - x(s
2 30 s D16t 5, Bl a1(6) 2(o) -+ ()
k
Z/\ HT (xlvx?v' xk)” > )‘Z ”Tn(xlvx%"' axk)”
n=1 n=1
= >‘||T(x17x27"' ,:Ek)”?(a
where A\ = 1glnlr<1k An. Hence, T(x1,22, -+ ,21) € K and so T(K) C K. Now,

we are ready to present our main result.

Theorem 3.2. Suppose that hy,--- , h € C([0,00)F) and there exists 0 < € <
min{B; : 1 <i <k} such that

b 1 b

: o)< - . o>
> maxlGelt, s, B)(Ai +) < . and 3 Amax|Galt s, BI(Bi = ) 2

=
El e

foralli e {1,2,---  k}, where G; is the related Green function for the equation
(3.1), A= 1r<11j£1k i,

hi(xi, 2, oK)
1m =
(z1,@2, ,xk)—(0F,0F,- 0F) 1 + To + -+ - + Tg

i
and
. hi(@1, @2, -+, xk)
im
(@1,@2, @k )= (400,400, ,+00) T1 + Ty + - -+ + Tg
for all i € {1,2,--- ,k}. Then the k-dimensional system of nabla fractional
finite difference equations (1.1) has at least one solution.
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Proof. Consider the operator T : K — K defined by (3.2) and the cone K. Tt
is clear that T is completely continuous because it is a summation operator on
a finite set. Choose d; > 0 such that

h’i(xlva;”' ,(L’k) é (AZ—’_E)(xl +ZL'2 ++xk)

for all (21,29, - ,2) € X with |[(x1, 22, - ,zx)||lx < d1. Now, put Q; =
{(z1, 22, -+ ,2x) € Xt ||(z1, 32, ,@k)||x < 61}. Then, 0 € O and ||(z1, z2,
&) || = 01 for all (1, za, -+ ,x) € KN OQy. Also, we have

b
Ty (1, 20, 2| = t?é%Z;IGi(ti,8,5)|hi($1(3),$2(8)7'" k()

b
Z max |Gi(ti, 5, B)|(Ai + €) (w1 + w2+ + 2)
s=0
b
S H(Jfl,fl?Q,' T ’xk)HXZtHéE}\;[( |Gi(ti7876)|(‘4i + 6)
s=0 " ’

< lwnan )l
for all (x1, 22, -, k) € KN OQ;. Hence,
k
T (21,22, szl = D [ Ti(wr, o, 1)
i=1
< ox plnm o smn)lle = Iz ozl
for all (z1,22, -+ ,2%) € KN OQy. Now, choose 8 > §; such that
(3.3) hi(zy, 22, ,x5) > (B —€)(x1 + 22+ - + xk)
for all (z1,29, -+ ,2;) € X with ||(x1,22, -+ ,z)||x > B. Since § > 1,

Gi(ti,s,8)|(B; —€) > % implies

b
Zs:O

b
1

forall i =1,--- , k. Thus, we can choose Jo > 0 such that
b
—[3 < < A8 mlgk Jmax |G (tiy s, B)|(Bs — €).
sisk 0t

NOW7 put QQ = {(.Tl,.]?Q,"' 7$k) € X: H(.’El,$2,"' a'rk)”X < k62} Then7
Q; CQy and
1‘1(t1)+$2(t2)+"'+1‘k(tk)

> mi t1) + to) + -+ t
o (tl,tz,“',tk)EJ\/fllIlXM2><---><Mk[x1( 1) IZ( 2) l‘k( k)]
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> M(z1, 22, ,2n)] 2
for all (zq1, 2, -+ ,2x) € KN ON,. Thus by using (3.3), we get

b

ITi(@r, @2, @)l = max D 7 |Gilti, s, 8)|ha(a(s), wa(s), -+, 2u(s))

<o

> Y max |Gilti, s, B)|(Bi — )y + a2 4+ - 4 )

:o”

b
> )\”(131,1327 e 71'k7)||X Ztnéalii[( |G1(t17576)|(32 - 6)
Pl i

1
Z E||($13w27"' 7$k)||X

for all (w1, 22, - ,zx) € K N ONs. Hence,

k
IT @120 @)l = 3 [ Tiar, s, )

1
2k x 2@y, 22,0zl = (@, 22, 2 ll2

for all (x1,xa, -+ ,xr) € KNINs. Therefore by using Lemma 2.3, T has at least
one fixed point (z},23, - ,2}) in £ N (Q2\Q1). Hence by using Lemma 3.1,
the k-dimensional system of nabla fractional finite difference equations (1.1)
has at least one solution. |

Example 3.3. Consider the 2-dimensional nabla fractional finite difference
equation system

V28 21 (1) + 200 0T (2, () + 2o () = 0,
—8sinwo(t)
V2L gzo(t) = { —180(x1(t) +x2(t))e 0 z2(t) > 0,
—180(x1(t) + x2(t))e™ z2(t) =0, (3.4)

via the boundary conditions x1(—3) = 21(3) = z1(4) = 0 and x2(—3) = 22(3) =

x2(4) = 0. We show that the problem has at least one solution. Let p = 2.5,
—10

e =2.1,b=4, =3, k=2, hi(z1,z2) = 200e=17=2F1 (z1 + x3) and

o~ o~

—8sinxy

ha(x1,x2) = (21 + 22) { 180e v z2 >0,

180e~8 zo = 0.

Thus, the system (3.4) is a special case of the system (1.1). Its easy to check
that h; € C([0,00)?) for i = 1,2. Now by some calculation, we give values of
the Green function G1 in next table.
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¢ 0 1 2 3[4
G1(t,0,3) | -0.1258 | -0.0524 | -0.0152 | 0| 0
G1(t,1,3) | -0.4662 | -0.1841 | -0.052/ | 0| 0
G1(,2,3) | -1.4652 | -0.4662 | -0.1258 | 0| 0
G1(t,3,3) | -2.02/6 | -1.5053 | -0.2797 0| 0
Gi(t,4,3) | -1.9180 | -1.4918 | -0.8391 | 0| 0

Table 3.1: Values of the Green function Gy for puy = 2.5
One can check that My = N3, minge s, |Gi(t, s,3)] = 0.0152 and

max |G (¢, s,3)| = 2.0246
te M,

for all s € N§ and so Ay = 0.0075. Similarly by some calculation, we give
values of the Green function Go in next table.

t 0 1 2 314
G2(t,0,3) | -0.0212 | -0.007} | -0.0019 | 0] 0
G (t,1,3) | -0.0987 | -0.0302 | -0.0074 | 0| 0
G2(t,2,3) | -1.1153 | -0.0987 | -0.0212 | 0| 0
G2(t,3,3) | -2.0333 | -1.0819 | -0.0642 | 0] 0
Go(t,4,3) | -2.7313 | -1.8816 | -0.9643 | 0| 0

Table 3.2: Values of the Green function Go for us = 2.1
It is easy to see that My = N2, minge 1, |Ga(t, s,3)| = 0.0019 and
max;e v, |Ga(t, 8,3)| = 2.7313 for all s € N§. Hence, Ay = 0.0007 and \ =
min{A1, A} = 0.0007. On the other hand by calculation of some limits, one
can get that Ay = 200e~'°, By = 200, Ay = 180e~8 and By = 180. Moreover,
we have

b 4
Gh(t,s,3)] = Gi(t,5,3)] = 5.9998
;)gggl 1(t,5,3) Z:O%XI 1(t,5,3)]

and Y'_  maxsens, |Ga(t, s,3)| = 5.9998. Put € = 0.0001. Thus, we have
0 < e < min{By, Ba},

b

max [G1(t,5,3)| (A1 +¢) = 5.9998(200e ' 4- 0.0001) <
=0 1

N[ =

E]

b
thnel]%;( |G1(t, s, B)|(B1 — €) = 0.0007 x 5.9998(200 — 0.0001) > %
1
s=0

b
Ztnel%[x |Ga(t,s,3)|(As + €) = 5.9998(180e® 4 0.0001) <
s=0 2

N =

and

N | =

b
> A max |Ga(t, s, 3)|(B2 — €) = 0.0007 x 5.9998(180 — 0.0001) >
s=0 2
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Now by using Theorem 3.2, the 2-dimensional system of nabla fractional finite
difference equations (8.4) has at least one solution.

REFERENCES

[1] T. Abdeljawad and F. M. Atici, On the definitions of nabla fractional operators, Abst.
Appl. Analysis 2012 (2012), Article ID 406757, 13 pages.

[2] R. P. Agarwal, M. Meehan and D. O’Regan, Fixed point theory and applications, Cam-
bridge University Press, Cambridge, 2001.

[3] G. A. Anastassiou, Nabla discrete fractional calculus and nabla inequalities, Math. Com-
put. Modelling 51 (2010), no. 5-6, 562-571.

[4] F. M. Atici and P. W. Eloe, Discrete fractional calculus with the nabla operator, FElec-
tron. J. Qual. Theory Differ. Equ 2009 (2009) no. 3, 1-12.

[5] F. M. Atici and P. W. Eloe, Initial value problems in discrete fractional calculus, Proc.
Amer. Math. Soc. 137 (2009), no. 3, 981-989.

[6] F. M. Atici and P. W. Eloe, A transform method in discrete fractional calculus, Int. J.
Diff. Eq. 2 (2007), no. 2, 165-176.

[7] P. Awasthi, Boundary value problems for discrete fractional equations, Ph.D. Thesis,
University of Nebraska-Lincoln, Ann Arbor, 2013.

[8] D. Baleanu, Sh. Rezapour and S. Salehi, A k-dimensional system of fractional finite
difference equations, Abstr. Appl. Anal. 2014 (2014), Article ID 312578, 8 pages.

[9] D. Baleanu, Sh. Rezapour and S. Salehi, A fractional finite difference inclusion, A frac-
tional finite difference inclusion, J. Computaional Analysis Appl., Accepted.

[10] I. K. Dassios, D. I. Baleanu, On a singular system of fractional nabla difference equations
with boundary conditions, Bound. Value Prob. 2013 (2013) 24 pages.

[11] L. K. Dassios, D. I. Baleanu and G. I. Kalogeropoulos, On non-homogeneous singular
systems of fractional nabla difference equations, Appl. Math. Comput. 227 (2014) 112—
131.

[12] S. N. Elaydi, An Introduction to Difference Equations, Springer-Verlag, New York, 1996.

[13] Ch. S. Goodrich, On a fractional boundary value problem with fractional boundary
conditions, Appl. Math. Lett. 25 (2012), no. 8, 1101-1105.

[14] Ch. S. Goodrich, On discrete sequential fractional boundary value problems, J. Math.
Anal. Appl. 385 (2012), no. 1, 111-124.

[15] Ch. S. Goodrich, Solutions to a discrete right-focal fractional boundary value problem,
Int. J. Difference Eq. 5 (2010), no. 2, 195-216.

[16] Ch. S. Goodrich, Some new existence results for fractional difference equations, Int. J.
Dynamical Syst. Diff. Eq. 3 (2011), no. 1-2, 145-162.

[17] J. Henderson, S. K. Ntouyas and I. K. Purnaras, Positive solutions for systems of non-
linear discrete boundary value problems, J. Difference Equ. Appl. 15 (2009) no. 10,
895-912.

[18] M. Holm, Sum and differences compositions in discrete fractional calculus, CUBO 13
(2011), no. 3, 153-184.

[19] M. Holm, The theory of discrete fractional calculus: development and applications,
Ph.D. Thesis, University of Nebraska-Lincoln, 2011.

[20] F. Jarad, B. Kaymakcalan and K. Tas, A new transform method in nabla discrete
fractional calculus, Adv. Diff. Eq. 2012 (2012) 17 pages.

[21] Sh. Kang, Y. Li and H. Chen, Positive solutions to boundary value problems of fractional
difference equation with nonlocal conditions, Adv. Difference Equ. 2014 (2014) 12 pages.

[22] Y. Pan, Z. Han, S. Sun and Y. Zhao, The existence of solutions to a system of discrete
fractional boundary value problems, Abst. Appl. Anal. 2012 (2012) Article ID 707631,
15 pages.



On the existence of solution for a k-dimensional system of three points nabla fractional1444

[23] Sh. Rezapour and R. Hamlbarani, Some notes on the paper ”Cone metric spaces and
fixed point theorems of contractive mappings”, J. Math. Anal. Appl. 345 (2008), no. 2,
719-724.

(Sh. Rezapour) DEPARTMENT OF MATHEMATICS, AZARBAIJAN SHAHID MADANI UNIVER-
SITY, TABRIZ, IRAN
E-mail address: sh.rezapour@azaruniv.edu

(S. Salehi) DEPARTMENT OF MATHEMATICS, AZARBAIJAN SHAHID MADANI UNIVERSITY,
TABRIZ, IRAN
E-mail address: salehysaeid@yahoo.com



	1. Introduction
	2. Preliminaries
	3. Main Result
	References

