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CONVERGENCE OF AN IMPLICIT ITERATION FOR
AFFINE MAPPINGS IN NORMED AND BANACH
SPACES

S. SAEIDI

Communicated by Heydar Radjavi

ABSTRACT. The purpose of this paper is to study the weak and
strong convergence of an implicit iteration process to a fixed point of
a(n) (asymptotically) quasi-nonexpansive affine mapping in normed
and Banach spaces.

1. Introduction

Let E be a real normed space, C' be a nonempty subset of E and T be a
self-mapping on C. T is said to be nonexpansive provided || Ta — Ty|| <
|z — y|| for all z,y € C. Denote by F(T) the set of fixed points of
T, that is, F(T) = {z € C : Tx = x}. The iterative approxima-
tion problems for nonexpansive mapping, asymptotically nonexpansive
mapping and asymptotically quasi-nonexpansive mapping were studied
extensively by Mann [8], Halpern [6], Browder [2, 3], Goebel and Kirk
[5], Liu [7], Wittmann [13], Reich [9], Shoji and Takahashi [11] in the
settings of Hilbert spaces and uniformly convex Banach spaces. Mann [8]
introduced the following iterative procedure for approximation of fixed
points of a nonexpansive mapping 7" on a nonempty closed convex subset
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C in a Hilbert space:
x1€C  zpy1 = apry + (1 —ay)Tz, foral neN,

where {«a,,} is a sequence in [0, 1]. Later, Reich [10] studied this iterative
procedure in a uniformly convex Banach space whose norm is Frchet
differentiable. (For more recently works see e.g., [1] and the references
therein).

Our goal is to consider an implicit iteration process of Mann’s type
for (asymptotically) quasi-nonexpansive affine mappings in normed and
Banach spaces and prove the weak and strong convergence of the process
to a fixed point of the mappings. This process is defined as follows:

1 =2 € C and xp11 = anxyn + (1 — ap)Sp(Tnt1)

for every n € N, where S, = 1(I+ T +T?+--- +T" ') and {o,} is a
sequence in [0, 1]. The preference of the current study is that we obtain

our convergence results in more general spaces.
2. Preliminaries

For the sake of convenience, we recall some definitions. We assume
that C is a nonempty closed convex subset of a real normed space E.

Definition 2.1. A mapping T : C — C'is said to be quasi-nonexpansive
provided [Tz — f| < ||z — f|| for all x € C' and f € F(T).

Definition 2.2. T is called asymptotically nonexpansive if there exists
a sequence {u,} in [0, 00) with lim,, o u, = 0 such that |77z —T"y|| <
(1 + up)||z —yl| for all x,y € C and n € N.

Definition 2.3. T is called asymptotically quasi-nonexpansive if there
exists a sequence {u,} in [0, 00) with lim,,_,o u, = 0 such that | 7"z —
fIl <A +up)ljz— f|l forallz € C, f € F(T) and n € N.

From the above definitions, it follows that a nonexpansive mapping
must be asymptotically nonexpansive, and an asymptotically nonexpan-
sive mapping must be asymptotically quasi-nonexpansive, but the con-
verse does not hold (see [4, 5]).

Definition 2.4. A mapping 7' : C — C is said to be affine if T'(ax +
(1-a)y)=aTz+ (1 —a)Ty for all « € [0,1] and z,y € C.
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Definition 2.5. A mapping T : C — C' is said to be semi-compact if
for any sequence {z,} in C such that ||z, — Tzy| — 0 (n — o0) there
exists a subsequence {z,,} of {z,} such that z,, — 2* € C.

Definition 2.6. A Banach space E is said to satisfy Opial’s property if
whenever {z,,} is a sequence in E which converges weakly to z, then

liminf ||z, — x| < liminf ||z, —y| forall y€ E, y# x.
n—oo n—oo
We will use the following lemma in the sequel.

Lemma 2.7. (see e.g., [12]). Let {t,} and {v,} be sequences of non-
negative real numbers such that tp41 < t, + v, for all m > 1, and
o0 1 Up < 00. Then the limit lim,_ oo t,, exists.

3. A Strong Convergence theorem of Mann’s type

Throughout this section C is a nonempty closed convex subset of
a normed or Banach space. In this section, using an implicit iterative
method of Mann’s type [8], we study how to find a fixed point of a quasi-
nonexpansive or more generally asymptotically quasi-nonexpansive affine
mapping. Consider the following iteration scheme:

z1 =x € C and 41 = apxy + (1 — ap)Sn(Tnt1) (3.1)

for every n € N, where S, = (I + T +T%+--- +T"!) and {a,} is a
sequence in [0, 1]. If T is quasi-nonexpansive and 0 < «,, < 1 for all n,
then for any f € F(T) it is easy to prove

[ener = I < llon = £I (3:2)

for every n € N and hence lim,,_, ||z, — f|| exists. It is worth mentioning
that if 7" is nonexpansive and F is a Banach space then the existence of
the iterative sequence {x,} follows by the Banach contraction principal.
The following lemma is essential.

Lemma 3.1. Let C be a nonempty bounded convexr subset of a normed
space B and T : C — C be an affine mapping. Then

nh_)nolo [Sn(z) = T'Sn(z)| =0

uniformly in x € C.
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Lemma 3.2. Let C be a nonempty bounded closed convexr subset of a
normed space E and T : C — C be an affine mapping. Let {ay} be
a sequence in [0,1] such that > 02 (1 — ) = oo. Suppose that the
sequence {xy} defined implicitly by (3.1) exists. Then

lim || Tz, — z,| = 0.
n—oo

Proof. Fix ¢ > 0 and set My = sup{||z|| : z € C}. From Lemma 3.1,
there exists M € N such that ||S,(y) — T'Sn(y)|| < € for every n > M
and y € C. Thus for every n > M,

Su(znin) € BT,  (3.3)
where F.(T) ={z € C: ||x — Tz|| < e}. We have for each k € N,
Ttk = OM+k-1TM+k-1 + (1 — anrok—1) S k—1(Tpr1k)
= amik-1(amk—2TM1k—2 + (1 — Apryk—2) SMk—2(Tnr4k-1))

+(1 — anryr—1)Smr—1(Tarie) = - -
M+k—1 M+k—2 M+k—1

=( I a)zn+ D (( JI @)@ -a;)S;(j1))
=M =M i=jil
+(1 — aprpk—1)Smtk—1(Trr4k)-
Thus
M+k—1 M+k—1
ek =( [ a)zm+ 01— [] cdyw (3.4)
i=M =M
where
1 M+k—2 M+k—1
Ye = TR a'( S IT @)@ —a))Si(zi)
=M Y o =it
+(1 = amk—1)SMm4k-1(Tm+k))-
Now from
M4k—2 M+k—1 Mtk—1
YD II e =)+ —ame)=1— [[
=M i=j41 =M

it follows that y, € co{Sy(zp4+1) : n > M} and hence yy, € F-(T') for each
k € N by (3.3). From the Abel-Dini theorem and > 7°,,(1 — ;) = o0,
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there exists p € N such that Hij\iﬂc_l o < 5 (3.4)
we obtain
M+k—1 .
— oyl = Nzar — yll < ———2Mp = ¢
1@ 0r 4k — Yrll L‘[/[ agllzar — yil oar, Mo

for each k > p. By another application of (3.4) and the affiness of T" we

have
MAk—1
1Terie —Tyell = T cullTen —Tyell <&
i=M
for each k£ > p. Hence

I1Tzark — Targrll < NToaren — Tyl + 1 Tye — vl + lyr — 2arsell < 3¢

for every k > p. Therefore lim,,_,o || T2y, — xy| = 0. O

Theorem 3.3. Let C be a nonempty bounded closed convex subset of
a normed space E and T : C' — C be a quasi-nonexpansive continuous
semi-compact affine mapping. Let {a,} be a sequence in (0, 1] such that

o> 1(1 —ay) = oco. Then the sequence {xy} defined by (3.1) converges
strongly to a fixed point of T

Proof. Since T is semi-compact and continuous, using Lemma 3.2,
there exists a subsequence {xp;} of {z,} such that x,, — z* € F(T).
Therefore {z,} converges to z* € F(T') by (3.2).

Lemma 3.4. Let C be a nonempty bounded convex subset of a normed
space B and T : C — C' be an asymptotically quasi—nonexpansive map-
ping, i.e., |[T"z — f]] < (1 +un)|]3: fll; n .., forallx € C
and f € F(T). Suppose that 3725 u, < oo, {an} is a sequence in (0, 1]
such that Y52 | =92 < oo, 21 € C and {:cn} is defined by (3.1). Then
forall f € F(T), limp—o0 ||xn — f]| ewists.

Proof. Suppose f € F(T). Put t,, = ||z, — f|| for each n, and My =
sup,, ||z, — f||- Then, by letting uy = 0, we have

thy1 < aptn + (1 — o) || Snzngr — f||

n—1

1 - 1
< apty + 1 an E Z 1 + u; tn+1 = apty + (1 - Oén)(l + E Z Ui)tn+1a
=0 =0
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and thus
1

thrl S 7511 + —
Nnoy

n—1
(0%
n Z ’Uﬂﬂfn+1. (35)
=0

But o, — 1, as n — oo, since Z;’Lozll_% < 00. So min, a, > 0.
Now put @ = min, ay, and u = Y 2y u;. Then, from (3.5) we have
thyr < tp + 17% X “TMO. Now, using Lemma 2.7 and the assumption

e}

o1 1‘% < oo, we conclude that the limit lim, .o t, exists. This

completes the proof.
By considering Lemma 3.4, we may prove the following similar to
Theorem 3.3.

Theorem 3.5. Let C' be a nonempty bounded closed convex subset of a
normed space E and T : C' — C be an asymptotically quasi-nonerpansive
continuous semi-compact affine mapping. Suppose that erﬁ Up < 00
and that {an} is a sequence in (0,1] such that > 02 1(1 — a,) = oo,

2= < 00 and z1 € C. Then the sequence {x,} defined by (3.1)
converges strongly to a fized point of T

Corollary 3.6. Let E,C,T and {x,} be either as in Theorem 3.5 or as
in Theorem 3.8 with the condition «,, — 1. Then the limit

m
nh_)ngo % an(l —ap)'S;,x,
1=

converges to a fized point of T uniformly in m.
Proof. By the fact that T is affine, we have
Tnt1 = nZn + (1 — ap)Sp(Tn41)

= apty + (1 — ap)Sp(anty + (1 — ap)Spnt1)

= apy + (1 — ap)apSpr, + (1 — an)QS?lanrl

m
=...= Z(l — )l Sy + (1 — an)™ ™S, 1.
=0
On the other hand ||(1—ay,)™ 8™ 2, 1| < (1—an) My — 0, as n — oo,
where My = sup{||z|| : z € C}. Moreover, lim, ooz, = f € F(T),
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either by Theorem 3.5 or by Theorem 3.3 with the condition «;, — 1.
Therefore

m
| Z(l —ap) ' anSprn — fIl < |zt — fll + (1 — an) Mo — 0,
i=0
as n — 0o, uniformly in m.

Lemma 3.7. (Demiclosedness Principle). Assume that C is a closed
convex subset of a normed space E andT : C — FE is a continuous affine
mapping. Then I —T is demiclosed; that is, whenever {xy} is a sequence
in C weakly converging to some x € C and the sequence {(I — T)x,}
strongly converges to some y, it follows that (I — T)x = y.

Proof. Let {z,} be a sequence in C' weakly converging to some x €
C and the sequence {(I — T)z,} strongly converges to some y. By
considering the mapping Tz = Tz +y for all z € C, without the loss of
generality, we may assume that y = 0. Then ||z, — Tz, || — 0, as n — oc.
Since T is continuous and affine, F.(T) = {x € C : |jx — Tx| < €} is
closed and convex for all € > 0. Therefore x € F(T) for each € > 0, and
then x € F(T). That is, (I —T)z = 0.

Theorem 3.8. Let C' be a nonempty weakly compact convexr subset of
a Banach space E satisfying Opial’s condition and T : C — C be a
continuous quasi-nonezpansive affine mapping. Let {ay,} be a sequence
in (0,1] such that Y o2 (1 — ) = 00. Then the sequence {x,} defined
by (3.1) converges weakly to a fized point of T.

Proof. Let {zy, } and {z;, } be subsequences of {z,,} converging weakly
to fi1 and fa, respectively, and f; # fo. By Lemmas 3.2, 3.7, it follows
that fi, fo € F(T'). Also using the Opial’s condition and (3.2), we have

lim [, — f1]| = lim [|zg, — il < lim [|zg, — fo = lim [, — fol
= lim [lai, — foll < lim [z, — fill = lim [, — f1].

which is a contradiction. Thus, fi = fs. This leads to the desired con-
clusion. Using Lemmas 3.4, by a proof as above, we have the following
theorem.

Theorem 3.9. Let C be a nonempty weakly compact convexr subset of
a Banach space E satisfying Opial’s condition and let T : C — C be
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an asymptotically quasi-nonerpansive continuous affine mapping. Sup-
pose that 3125 u, < oo and that {an} is a sequence in (0,1] such that

2 (1—ap) =00, 302,12 < 0o and x1 € C. Then the sequence
{zn} defined by (3.1) converges weakly to a fixed point of T

Remark 3.10. If we impose the condition F(T) # () in Theorems 3.3
and 3.8, then we can remove the boundedness condition on C'. In fact,
it is enough to consider D = {y € C : |y — z|| < ||z1 — 2|}, where 2
is an arbitrary element of F(T), and note that z;, z, T'x; € D, for all
i,7 €N, T(D) C D and D is a bounded closed, convex subset of C. So
by replacing C' with D we can repeat the proof of the theorems.

Remark 3.11. The proofs of the current paper can be repeated with
some insignificant changes to obtain the convergence results for the fol-
lowing iteration process:

1 =2 € C and 11 = apxpn + (1 — ) Sp(xy), Vn € N.
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