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“Heydar Baba may the sun warm your back,
Make your smiles and your springs shed tears,
Your children collect a bunch of flowers,
Send it with the coming wind towards us,
Perhaps my sleeping furtune would awaken!

Heydar Baba may you be fortunate!
Be surrounded with springs and orchards!
May you live long after us!”
-Shahriar

With kind regards, dedicated to Heydar Radjavi on the occasion of his eightieth birthday

ABSTRACT. Let m,n € N, D be a division ring, and M, xn (D) denote
the bimodule of all m X n matrices with entries from D. First, we char-
acterize one-sided submodules of My, x» (D) in terms of left row reduced
echelon or right column reduced echelon matrices with entries from D.
Next, we introduce the notion of a nest module of matrices with entries
from D. We then characterize submodules of nest modules of matrices
over D in terms of certain finite sequences of left row reduced echelon
or right column reduced echelon matrices with entries from D. We use
this result to characterize principal submodules of nest modules. We also
describe subbimodules of nest modules of matrices. As a consequence, we
characterize (one-sided) ideals of nest algebras of matrices over division
rings.
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1. One-sided submodules of M,, (D)

In this paper, we consider one-sided submodules of M, «, (D), where D is a
division ring. First, we present a characterization of one-sided submodules of
M5 (D) via left row reduced or right column reduced echelon matrices with
entries from D (Theorem 1.2). Then we introduce nest modules of matrices
and provide a characterization of their one-sided and two-sided submodules
(Theorems 2.2 and 3.3). As a consequence of our results, we characterize
principal one-sided submodules of nest modules of matrices and in particular
principal one-sided ideals of nest algebras of matrices (Theorem 2.7). It turns
out that sub-bimodules of nest modules of matrices and in particular two-
sided ideals of nest algebras of matrices are principal (Theorem 3.3). We have
made a reasonably thorough search of the existing results, but to the best of
our knowledge our results are new. For related results, see [6], [10], and [5].
Through our results, one sees that the set of all left row reduced (resp. right
column reduced) echelon matrices over a division ring forms a modular lattice
via the operations join and meet which are defined in view of Theorem 1.1
below. It seems that the lattice structure of the set of all left row reduced
(resp. right column reduced) echelon matrices had not been noticed before.

Let us set the stage by establishing some notation and definitions. Through-
out this note, unless otherwise stated, D denotes a division ring, F' = Z(D)
stands for the center of D, m,n € N, 1 < i < m,1 < j <n, Myx.(D), or
simply M, xn,, denotes the set of all m x n matrices with entries from D, and
M, (D) := M, xn(D). If there is no fear of confusion, we omit D in our no-
tations for the sake of simplicity. We view M,,x, as an (M,,, M,)-bimodule
via the matrix multiplication. In particular, M,, is an (M, M, )-bimodule,
or simply an M,,-bimodule via the matrix multiplication. Also, in particular,
D" := M,«1(D) and D,, := Mj«,(D) are, respectively, viewed as right and
left D-modules, in other words right and left vector spaces over D. As is usual,
E;; € Mp,xn denotes the matrix with 1 in the (4, j) place and zero elsewhere.
We use 0,,, xy, O 0, to denote the zero matrix in M,,«,,. We use I, xn or I,
to denote the m x n matrix with 1 in its (¢,¢) place for each 1 < ¢ < min(m,n)
and zero elsewhere. By convention, 0, := O,x, and I, := I,xn, which is
the identity matrix in M,,. We call E;; a standard matrix. Also, by writing
E;; € M,, we clearly assume that 1 <4,j <n. If A € M,,,, we use row;(A)
and col;(A) to, respectively, denote the ith row and the jth column of A. For
F C My, xn, by definition

row;(F) := {rowi(A) tAe .7:}, col;(F) := {colj(A) cAe .7:}.

It is easily verified that for A € M,,«, and E;; € M, (resp. E;;j € M,,),
AE;; (resp. E;;A) is the matrix whose jth column (resp. ith row) is the ith
column (resp. jth row) of A and every other column (resp. row) of it is zero,
i.e., the operation A — AFE;; (resp. A — F;;A) takes the ith column (resp. jth
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row) of A to the jth column (resp. ith row) of A and takes every other column
(resp. row) of A to zero. Before stating our main result in this section, we
make an easy observation. Let A and A’ be subsets of M,,y,, that are closed
with respect to the addition of matrices and that absorb the multiplication by
E;j;’s (resp. Ej’s) from the right (resp. from the left), ie., AE;; C A and
AE;j; € A" (resp. E;A C A and E; A" C A') for each 1 < j < n (resp.
1 <i<m). Then A= A’ if and only if col;(A) = col;(A’) for each 1 < j < n,
or row; (A) = row;(A’) for each 1 <i < m.

We use the symbols R, xn (D) or simply Ry xrn (resp. Crxn(D) or simply
Cimxn) to denote the set of all m x n left row reduced (resp. right column
reduced) echelon matrices with entries from D. Also, we write R, := Rpuxn
and C,, := Cpxn. For A € My, «pn, we use LRS(A) and RCS(A) to, respectively,
denote the left row space and the right column space of A, i.e., the space
spanned by the rows (resp. columns) of A. The matrices A, B € M,,x, are
said to be left row (resp. right column) equivalent, and we write A =, B
(resp. A =,. B), if LRS(A) = LRS(B) (resp. RCS(4) = RCS(B)). For
A, B € M, «n, we write A <;, B if the left row space of A is contained in the
left row space of B. One can define A <,. B in a similar fashion. Clearly,
A = B (resp. A=,. B) if and only if A <;,. B and B <;,- A (resp. A <,. B
and B <,.. A).

Let A € My« and B € M,x,. We leave it as an exercise to the interested
reader to show that LRS(A) C LRS(B) if and only if A = CB for some
C € Myxp. Also if A € M,,xn, and B € M,,x,, then RCS(A) C RCS(B) if
and only if A = BC for some C' € M,x,. For slight generalizations of infinite-
dimensional counterparts of these facts in the setting of linear transformations
see [9, Corollary 1.4]. In particular, if A,B € M,,xn, then A <;. B (resp.
A <, B) if and only if A = CB (resp. A = BC) for some C' € M, (resp.
C e M,).

We need the following well-known theorem for our main result in this sec-
tion. We present a proof for reader’s convenience. For the counterpart of the
theorem below over general fields see [1, Theorem 2.5.11]. The first proof of
the uniqueness in the following theorem is essentially taken from [7].
Theorem 1.1. (i) Let W be a left subspace of D,, with dimW < m. Then
there exists a unique left row reduced echelon matriz R € M,,x, (D) such that
LRS(R) = W.

(ii) Let W be a right subspace of D™ with dim W < n. Then there exists a
unique right column reduced echelon matric R € My, xn (D) such that RCS(R) =
w.

First proof. We prove part (i). Part (ii) can be proved similarly. Existence is
easy. As dimW < m, we may choose m vectors ay,...,a, € D,, some of
which might be zero, that span W. Set A € M,,x, to be the matrix whose
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ith row is «; for each 1 < i < m, and hence LRS(A) = W. One can easily
see that, say by induction on m, there exists a left row reduced echelon matrix
R € M,,xn such that R =, A, which means LRS(R) = LRS(4) = W, as
desired. Now we prove the uniqueness by induction on n. Let R, R’ € M,,x»
be left row reduced echelon matrices with LRS(R) = LRS(R’) = W. We need
to show that R = R’. If n = 1, the assertion is easily verified. Suppose
the assertion holds for n — 1. We prove the assertion for n. To this end,
discard the nth column of R and R’ to obtain row reduced echelon matrices
Ri, R} € My,5(n—1). Clearly, LRS(R;) = LRS(R}). So by the inductive
hypothesis Ry = R}. Suppose by contradiction that R # R’. As Ry = R}, we
must have col,,(R) # col,(R'). Now, let X = (x1,...,2,) € D" be such that
RX = 0. This implies that R'X = 0 as well, and hence (R — R’)X = 0. Since
R; = R} but col,(R) # col,(R'), we see that x,, = 0. Consequently, there
are rows of R and R’ whose nonzero leading entries, which is one, occur in the
nth column of R and R’. Clearly, these rows must be the last nonzero rows
of R and R’ because these leading one entries occur in the nth column of R
and R’. Thus these rows occur in the rth row of R and R’, where r = dim W.
From this, as R and R’ are left row reduced echelon matrices, we see that
col, (R) = col,(R') = e, where e, is the column vector with 1 in the rth place
and zero elsewhere. This contradicts the hypothesis that col, (R) # col,(R').
Therefore R = R/, which is what we want. O

Second proof. We present a second proof for uniqueness. Let R, R’ € M,,xn
be left row reduced echelon matrices with LRS(R) = LRS(R') = W. We
need to show that R = R'. Let k; and &k, (1 < ¢ < r := dimW) be the
column indices of the leading entires of row i of R and R’, respectively. Recall
that (k;)i_; and (k})7_, are strictly increasing sequences in {1,...,n} and that
X = (z1,...,2,) € LRS(R) = LRS(R') = W if and only if

X = Zxkirowi(R) = kaérowi(R’).
i=1 i=1

Thus, it suffices to show that k; = k] for each 1 < i < r. We prove this
by induction on ¢ < r. Note that ky = k7 simply because if, for instance,
k1 < K, then row; (R) cannot be a linear combination of the rows of R, which
is impossible. Thus k1 = k. So the assertion holds for ¢ = 1. Suppose k; = k|
for each i < ip < r. We need to show that k;, = k] . Again assume, for
instance, ki, < kj . Then again, row;,(R) cannot be a linear combination of
the rows of R’, which is impossible. Therefore, k; = k] for each 1 <4 < r. This
completes the proof. O

In view of the preceding theorem, one can define the operations join and meet
on R, xn as follows. Let Ry, Ry € Ryuxn- By R1V Ry and Ry AR3, we mean the
unique matrices in R, x, with the property that LRS(R; V Ry) = LRS(R1) +
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LRS(RQ) and LRS(Rl N Rg) = LRS(Rl) n LRS(RQ) For 01,02 S Can, one
can define C7 V Cy and C7 A Cs in a similar fashion. It is quite straightforward
to check that (Ruuxn,V,A) and (Cruxn, V,A) are modular lattices. Recall that
a lattice is a triple (L, V, A), where L is a nonempty set and V and A are two
algebraic operations on L that are commutative, associative, and that they
satisfy the absorption laws. Every lattice is a partially ordered set via <, which
is naturally defined as follows: @ < b if a A b = a, or equivalently a Vb = b.
Consequently, any isomorphism of lattices preserves the order structures of
them as well. A modular lattice is a lattice that satisfies the modular law,
namely, a A (bV ¢) = (a Ab)V (a A c) provided that b < a or ¢ < a. Tt follows
from the theorem that (R,xn, <ir) and (Crnxn, <rc) are partially ordered sets.
Note that the partial orders that are induced by the lattice structures of Ry, xn
and Cp,xn coincide with <;,. and <,.., respectively.

The set of all left and right submodules of M,,x, (D) are, respectively, de-
noted by LSxn(D) and RS, xn(D), or simply by LS, xn and RSmxn. By
definition, £S5, (D) := LSxn(D) and RS, (D) := RSpxn(D). Note that LS,
and RS, are in fact the sets of all left and right ideals of M,,, respectively.
It is well-known that (LS,xn(D),+,N) and (RS xn(D),+,N) are modular
lattices. It is also well-known that (£S, (D), +,.) and (RS, (D), +,.), where
. denotes the multiplication of one-sided ideals, are hemirings with left and
right identity elements, namely M,,, respectively. Recall that a hemiring is a
triple (R, +,.), where R is a nonempty set, (R,+) is a commutative monoid
with identity element 0, (R,.) is a semigroup, multiplication distributes over
addition from both left and right, and finally r0 = Or = 0 for all »r € R. An
element 1; (resp. 1,) in a hemiring R is said to be a left (resp. right) identity
element if 1;r = r (resp. rl, =r) for all r € R.

Let r,s € N, mj,n; € N, >0, m; =m, Zj’:1 nj =n, M = (mq,...,m;),
and N = (nq,...,ns). The nest module determined by M and N, denoted by
T3y (D) or simply T (s Ny, is defined as follows

Tou(D) = {(Aij) i 1 <0 < 7,1 < j < 5, Aij € My, en, (D), Aiy = 0V > .

Naturally, we define Tas(D) := T(ar,ar)(D). Again, for the sake of simplicity,
we use Tas to mean Ty(D). It is readily checked that Tiasny is a (Tar, Tv)-
bimodule via the matrix multiplication. If M = N, then Tjs is in fact a
(Tar, Tar)-bimodule, or simply a Tjs-bimodule, and in particular an F-algebra,
which we call the nest algebra determined by M. We use LS(T(ar,ny(D)), or
simply LS(T(am,n)), and RS (T a3y (D)), or simply RS(7(a,n)), to denote the
sets of all left and right submodules of T(ys vy (D), respectively. Again, note
that £LS(Ty) and RS(Ty) are in fact the sets of all left and right ideals of Ty,
respectively. If M = (1,...,1) e N and N = (1,...,1) € N*, we set T,xn :=
T(am,ny (D), which is the set of all upper triangular m x n matrices. Naturally,
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we define T, := T, xn, which is the set of all upper triangular matrices of size
n.

If A= (Ai;), with Ajj € My xn, for each 1 <i <7, 1 < j <, is a block
matrix, then we use Row;(A) and Col;(A) to, respectively, denote the ith block
row and the jth block column of A. If A is a block matrix with r block rows
and s block columns, we use A;; to denote the (4, j) block entry of A. For a
collection F of block matrices, one can naturally define Row;(F), Col;(F), and
Fij. Also for X € My, xn, we use )A(ij to denote the block matrix with X in

its (¢, 7) place and zero elsewhere. Now for A C M,,, xy,, one can define ﬁij in
a natural way. A useful observation is in order. Let I € LS(7(ps,ny). Then

Row; (1) X1
I= = : X; € Row; (), 1 <i<r
Row,.(I) X,
0m1 Xn
Omi_ 1Xn
To see this, just note that | Row;(]) =E;; I C I for each 1 <1i <r, where
Omi+1 Xn
Omr Xn
E;; € Ty denotes the block matrix with I,,,,, the identity matrix of size m;, in
ROW1 (I)
the (7,4) place and zero elsewhere. This clearly implies ; C I, for
Row,.(I)

I is additive. The reverse inclusion is trivial. This proves the desired identity.
Likewise, if J € RS(T(ar,n)), then

J:(Coll(J)mCols(J)):{( Y, .- Yn):YjEColj(Jngjgs}.

A similar argument establishes the counterparts of the above identities for all
I e LSnxnand J € RSyxn in which 7, s, Row;, and Col; should be replaced
with m, n, row;, and col;, respectively.

Our first result characterizes one-sided submodules of M,,x, in terms of
left row reduced echelon or right column reduced echelon matrices with entries
from D.

Theorem 1.2. (i) There exists an isomorphism of lattices
@ LSmxn — R

with the property that I = M,xnd(I) for all I € LS xn. In particular,
LS xn’s are all isomorphic to R, as lattices for all m € N.
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(i1) There exists an isomorphism of lattices
¢ RSmxn — Cm

with the property that I = ¢(I)Myxn for all I € RSmxn. In particular,
RS mxn’s are all isomorphic to Cp, as lattices for all n € N.

Proof. We prove part (i). Part (ii) can be proved similarly. To this end, let I €
LS mxn be given. For each 1 < i < m, row;(I) < D, and hence by Theorem
1.1, there exists a unique R; € R, such that row;(I) = LRS(R;) = D,R;.
First, by showing that row;(I) = row;(I), we see that R; = R; := R for each
1 <i<m. As I is a left submodule and the mapping A — FE;; A takes the
1st row of A to the ith row of it, we have row;(I) C row;(E;1I) C row;(I),
which obtains row;(I) C row;(I). Changing the role of ¢ and 1, we obtain
row;(I) C rowy(I), and hence row;(I) = row;(I) for each 1 < i < m. Thus
row;(I) = D, R for each 1 < i < m. So we see from the observation we made
preceding the theorem that

D, R XiR
I= : - : X, €Dp, 1<i<mp = Muxn(D)R.
D,R X R
Now for I € LS,,xn, define ¢(I) = R. We just showed that I = M,,x,R.

Now, let I1,Is € LS xn with ¢(I1) = Ry and ¢(Is) = Ry be given. Clearly,
L+ 1, [1NI, € LS, xn. On the other hand,

rows (I + I2) = rowy(I1) + rowy (1), rowy (I; N Iz) = rowy (I1) Nrowy (12).

The left equality is easy. We prove the right equality. It is plain that row; (I3 N

I5) C rowq(I1)Nrowy (I2). For the reverse inclusion, let X € row; (I3)Nrowq(I2)

be arbitrary. It follows that X = row;(4;) = row;(A4s) for some A; € I; and

Ay € I5. Then again by the useful observation we made preceding the theorem,
X

len

we have A := . € I1NI,. Consequently, X = row;(A) € row([1N1z),

len
proving the reverse inclusion, and hence the right equality. Now, from the above

equalities, we conclude that ¢(I1+12) = Ry VR and ¢(I1NI3) = Ry ARy. That
is, ¢ is a homomorphism of lattices. It remains to show that ¢ is one-to-one and
onto. The homomorphism ¢ is one-to-one simply because I = M, xn(D)p(I)
for all I € LS;,xn(D). To see that ¢ is onto, let R € R,, be arbitrary. It is
quite straightforward to see that ¢(I) = R, where I = M, x, R. This completes
the proof. |
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Remark 1.3. (i) If I € LS,,xn (resp. I € RS.,uxn), there exists a unique
R € R, (resp. C € Cp,) such that

X1R
I=M,«.R= : X, €D, 1<i1<m
XnR
(resp.
I=CMupen ={(CYi -+ CYy):Y;eD™ 1<j<n}).

(ii) The matrix R € R,, (resp. C € C,;,) may not be a generator of I, for R
(resp. C) is a square matrix whereas I may consists of rectangular matrices.
However, if m > n (resp. m < n), then I is principal and in fact I = M,, R’
(resp. I = C'M,,), where R’ = ( R > (resp. C' = ( C Opx(n—m) )

0 m—mn)Xn
Note that if m = n, then R’ = R (r(esp. )C’ =C).

(iii) If I € LSmxn (resp. I € RSmxn), then dimI = mrank(R) (resp.
dim I = rank(C)n, where I is viewed as a left (resp. right) vector space over
D.

(iv) In view of the theorem, if m = n, the mapping ¢ gives rise to a new
operation on R, (resp. Cy,) as follows. Let Ry, Rs € R,, (resp. C1,Cs € Cp,).
By definition, Ry x Ry = ¢(M,R1.MpR3) (resp. Cy * Cy = ¢(C1 M,,.CaM,,)),
where . stands for the product of left (resp. right) ideals. It is now clear that
(Rn, V,*) (resp. (Cp,V,*)) forms a hemiring with a left (resp. right) identity
element and that the mapping ¢ is an isomorphism of hemirings for each n € N.

Motivated by [3, Exercise VIII1.3.3], we state the following.

Corollary 1.4. (i) Let I € LS,, with ¢(I) = R, where ¢ is as in Theorem
1.2. If rank(R) = r, then there exists an invertible matrix P € M,, such that
¢(P~YIP) =R, where R' = -E)T 8 .

(ii) Let I € RSy, with ¢(I) = C, where ¢ is as in Theorem 1.2. Ifrank(C) =
r, then there exists an invertible matriz P € M, such that ¢(P~1IP) = (",

, (I, 0
whereC-(O 0/

Proof. We prove (i). Part (ii) can be proved analogously. We have I = M, R.
There exists an invertible matrix P, which is a product of elementary matrices,
such that R’ := RP € R,, NC,. This clearly implies R’ = ( {)T 8 ), where
r = rank(R). We can write

P~YIP =P 'M,RP = M,R,
which implies ¢(P~1IP) = R/, as desired. O
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2. Submodules of nest modules

In this section we characterize submodules of Ty n) in terms of certain
finite sequences of left row reduced echelon or right column reduced echelon
matrices with entries from D. First we need the following useful lemma.

Lemma 2.1. (i) If J € ES(ﬁM’N)), then Row;(J) € LS m,xn for all 1 <i <
r.

(i) If J € RS(’YZMJV)), then Col;(J) € RSymxn; for all1 < j <s.

Proof. Tt suffices to prove (i). Part (ii) can be proved analogously. Let J €
ES(7ZM7N)) and 1 < i < r be given. Clearly, Row;(J) is additive. So it
remains to show that BRow;(J) C Row;(J) for all B € M,,,. To see this,
given B € M,,,, we can write

BRow,;(J) = Row;(B;;J) C Row;(J),

where B;; € Ty is the block matrix with B in the (7, 4) place and zero elsewhere.
This completes the proof. O

Let N = (n1,...,ns), where n; € Nand ny +---+ns; = n. Define Ry (r; D)
or simply Ry (r) as follows

Rn(r; D) =Rp(r)

ZI{(Rhn-,Rr)GRZ;:Rl2--~ZRT,COIJ-(RZ-):OVj<i,1§i§r,1§j§s},

Define V and A on Ry(r) componentwise, e.g., for R = (Ry,...,R,) and
R = (R},...,R.) in Ry(r; D), we write RV R' := (R VRY{,...,R, V R]).
Also when M = N, define % on R (r) componentwise via the mapping ¢. Note
that the operations V and A, we just defined on Ry(r), and the operation x
defined on R (r), are well-defined in the sense that RV R, RA R € Ry(r)
whenever R, R’ € Ry(r), and that R+ R’ € Ry (r) whenever R, R’ € Ry (r).
Likewise, for M = (my,...,m,) with m; € Nand m;+---+m, = m, we define

Cr(s;D) =Cas(s)

::{(Cl,...,CS)EC,Sn:C&§-~-gC’S,Rowi(Cj):OVj<i,1§i§r,1§j§s}.

Again define V, A on Cps(s) and, when M = N, define the operation * on

Ca(r) componentwise via ¢ in a similar fashion. It is easily checked that
(Rn(r),V,A) and (Cpr(s),V,A) are modular lattices, and that if M = N,
then (Ras(r),V,x) and (Car(r), V, *) are hemirings. Also, it is readily verified
that (LS(T(a,n)), +,N) and (RS(T(ar,n)), +,N) are modular lattices and that
(LS(Tn),+,.) and (RS(Tn),+,.) are hemirings. Our next result shows that
these modular lattices are pairwise isomorphic via a natural map exhibited in
the theorem below.
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Theorem 2.2. (i) There exists an isomorphism of lattices

with the property that
Mm1 Xan
Mmg X nRQ

I =
MmTvanr

where ®(I) = R = (Ry,...,R,) and R; = ¢(Rowi(I)) forall I € ES(ﬁMN))
and 1 <i<r.
(ii) There exists an isomorphism of lattices

®: RS(T(a,ny) — Cau(s)
with the property that
I=( CiMuxn, CaMpxn, - CsMuxn, ),
where ®(I) = C = (C1,...,Cs) with C; = ¢(Colj(l)) forall I € RS(T(M,N))
and 1 < j <s.

Proof. We prove (i). Part (ii) can be proved analogously. Let I € LS (7—( M, N))
be given. In view of Lemma 2.1 and the useful observation we made prior to
Theorem 1.2, we see that, for each 1 < ¢ < r, there exists a unique R; € M,
such that Row;(I) = M,,,xn R, i.e., d)(ROWZ-(I)) = R;, and moreover

Mm1 Xan
Mmg XnR2
I= .
Mmranr
It remains to show that (Ri,...,R,) € Rn(r), and hence ®(I) = R =
(R1,..., R,) is well-defined and that @ is an isomorphism of modular lattices.

First, we show that R; < R, whenever 1 < p,q < r and p < q. Recall that
Rowy(I) = My, xnRy. In particular, for a given and arbitrary 1 < i < n, we
have E1;R; € My, xnRqy = Rowy(I), where Ey; € My, xy, is a standard ma-
trix. Thus, there exists an A; € I such that Eq; Ry = Rowy(A;). Consequently,
the ¢th row of R4, which is the first row of Ey; R4, occurs as the i4th row of
A;, where ig =my +---+mg1+1. Let i, =mi+---+mp_1 +1ifp>1
and i, = 1 if p = 1. Clearly, i, < ;. Now note that E; ;, € Ty because

iplq

p < ¢, and that E; ; A; takes the i th row of A;, which is in fact the ith row
of Ry, to the i,th row of A;. This means row;(R,) = row; (Rowp(Eipiq Al)) €

row (Rowp(l)>, for E; ;. € Ta. That is, row;(R,) € row; (Mmean>, which

plq

easily implies row;(R,) € LRS(R,). But 1 < i < n was arbitrary. Therefore
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LRS(R,;) < LRS(R,), which means R, < R,. Next, we need to show that
Colj(R;) =0forall j <iwithl<i<randl<j<s. Butthisis obvious
because for each 1 < i < r, every row of R; occurs as a row of Row;(A) for some
A €I C T ny- In view of the useful observation made regarding the block
rows of the left submodules of T ny prior to Theorem 1.2, a proof almost
identical to that presented in Theorem 1.2 shows that

ROWZ'(Il + IQ) = ROWZ(Il) + ROWZ'(IQ), ROWi(Il n .[2) = ROWI(Il) N ROWZ'(IQ),

for all 11,15 € ZZS(T(M’N)) and 1 < ¢ < r. This clearly implies that the
mapping P is a homomorphism of lattices. That ® is one-to-one follows from
the fact that the ¢’s are all one-to-one by Theorem 1.2 and that I; = I if and
only if Row;(/;) = Row;(l2) for each 1 < ¢ < r. To see that ® is onto, for a
given R = (Ry,...,R,) € Rn(r), it is readily checked that ®(I) = R, where

Mm1 ><an

Mm2 ><nR2
1= .

Mmr X nRT
This completes the proof. O

Remark 2.3. (i) In the special case when m =r, s =n, m; =1, n; =1 for
all 1 <4 <m and 1 <j < n, the theorem characterizes one-sided submodules
of upper triangular rectangular matrices in terms of the elements of R, (m)
or C, (n), where e, € N* and e,,, € N are the elements whose components
are all 1. In the more special case when m = r = s =n and m; = n; =1 for
all 1 <14,j < n, the theorem characterizes all one-sided ideals of the ring of all
upper triangular square matrices with entries from D in terms of the elements
of Re, (n) or Ce, (n).

(ii) It is clear that the mapping ® is an isomorphism of hemirings whenever
M = N and (LS(Tn),+,.), (RS(Tn),+,.), (Rn(r),V,*), and (Cn(r),V,*)
are viewed as hemirings.

Lemma 2.4. (i) Let I € LSmxn with ¢(I) = R. Then I = M,, A for some
A € My, «n if and only if LRS(R) = LRS(A).

(i1) Let I € RSpmxn with ¢(I) = C. Then I = AM,, for some A € My, if
and only if RCS(C) = RCS(A).

Proof. We prove (i). Part (ii) can be proved in a similar fashion. First let
I € LS xn with ¢(I) = R € R, and I = M, A for some A € M, x,. We
need to show that LRS(R) = LRS(A). By Theorem 1.2, I = M,,«,R. Thus
I =M,A=M,x,R As A=1,A € I, we have A = XR for some X €
M, xn. So by the exercise we pointed out preceding Theorem 1.1, we have
LRS(A) € LRS(R). To see the reverse inclusion, let 1 <4 < n be given. It
follows that E1;R € I = M,,(D)A, where E1; € My« is a standard matrix.
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Thus LRS(E;R) € LRS(A). Consequently, row;(R) € LRS(A). This yields
LRS(R) C LRS(A), for 1 < i < n is arbitrary. Therefore, LRS(A) = LRS(R).
Next suppose LRS(A) = LRS(R). We need to show that I = M,,A. Note
that A € I because I = M,,x,R and A = XR for some X € M,,«n, for
LRS(A) C LRS(R). This yields M,,A C I. For the reverse inclusion, again
since LRS(R) C LRS(A), we obtain R = PA for some P € M, x,,. But

I =MpxnR= My, PAC M,,A.
This completes the proof. O
We need the following proposition to characterize principal submodules of
Toa,n)-

Proposition 2.5. (i) Let 0 # J € LS (T(m,n)) with ®(J)=(R1,..., Rk, 0n,...,0,),
where 1 < k < r is the largest index for which Ry # 0, and A € T(y,n)- Then
J =TuA if and only if

Row;(J) = My, xm; Row;(A) + -+ + M, xm, Rowi (A)
for all 1 <i <k if and only if
LRS(R;) = LRS(Row;(A)) + - - - + LRS(Rowy(A4)),

foralll <i<k.

ii) Let 0 # J € RS(T(m,n)) with ®(J) = (O, ..., 00, Ch, ..., Cs), where
< k < s is the smallest index for which Cy # 0, and A € Ty ny. Then
= ATnN if and only if

Col;(J) = Colg(A) My, xn, + -+ + Colj(A) My, xn,
for all k < j < s if and only if

RCS(C;) = RCS(Colk(A)) + -+ - + RCS(Col;(A))
forallk <j<s.

Proof. The assertion easily follows from the useful observations we have already
made, namely J = Ty A if and only if M,,,«xnR; = Row;(J) = Row;(Tyr A)
for all 1 <4 < r, and that J = ATy if and only if CjM,xn; = Col;(J) =
Colj(ATn) forall1 <j <s. O

Corollary 2.6. Let A € Tyuxn- Then

(i) given J € LS(Tmxn), J = TmA if and only if row;(J) = ({rowg(4) : i <
kE <m}) for each 1 <i<m.

(ii) giwen J € RS(Tmxn), J = AT, if and only if col;(J) = ({colx(A) : 1 <
k <j}) for each 1 < j <n.

Proof. This corollary is a special case of the preceding proposition. O

The following characterizes the principal submodules of Taz, n)-
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Theorem 2.7. (i) Let 0 # J € LS(T(n,ny) with ®(J) = (R1, ..., Rk, 0n,...,0,),
where 1 < k < r is the largest index for which Ry # 0,. Then J is principal
if and only if rank(R;) — rank(R; 1) < my for each 1 <i < k. By convention,
Rr+1 = On

(ii) Let 0 # J € RS(Tm,ny) with ®(J) = (Om, -+, 0, G, ..., C), where
1 < k < s is the smallest index for which Cy # 0,,. Then J is principal if
and only if rank(C;) — rank(C;_1) < n; for each k < j < s. By convention,
Co = Om.

Proof. We prove (i). Part (i) can be proved analogously. First, let J = Tps A
for some A € T ny. It follows from Proposition 2.5 that
LRS(R;) = LRS(Row;(A)) + - - - + LRS(Rowy (A)).
It is plain that
rank(R;) = dimLRS(R;)
< dimLRS(Row;(4)) + dim (LRS(Rowi+1(4)) + -+ + LRS(Rowy (4)))
< m;+dim LRS(Ri_H),
and hence rank(R;) — rank(R;4+1) < m; for each 1 <14 < k, as desired. Next,
let rank(R;) — rank(R; 1) < m; for each 1 <14 < k. In view of Proposition 2.5,
it suffices to find an A € T(;;, vy such that
LRS(R;) = LRS(Row;(A)) + - - - + LRS(Row(A4)),
for all 1 <4 < k. We find A by finding its block rows, i.e., Row;(A)’s where
1 <4 < r. To this end, set Row;(A) = Oy, xn for each & < i < r. By
hypothesis rank(Ry) < my. Thus there exists an Ay € My, xn, Whose rows
are chosen from those of LRS(R},) or are zero, such that LRS(Ax) = LRS(Ry).
Set Rowy(A) = Ai. Now as rank(Ry_1) — rank(Rg) < mp_1 and LRS(Ry) C
LRS(Rj—1), we can find Ay_1 € My, _, xn, whose rows are chosen from those
of LRS(Rk—1) or are zero, such that rank(Ay_1) = rank(Ri_1) — rank(Ry) <
my_1. Continuing in this way, we obtain an A € Ty, n) such that
rank(Row;(A)) = rank(A;) = rank(R;_1) — rank(R;) < m;
for all 1 <7 < k. It remains to show that
LRS(R;) = LRS(Row;(A)) + - - - + LRS(Rowy(A4)),

forall1 <i<k. Fix1 <i <k and let a be an arbitrary nonzero row of R;. As
R; > -+ > Ry, there exists a largest ¢ < ¢’ < k such that « is in LRS(R;/), and
hence not in LRS(R;/;1). But this means « is in LRS(A;/) = LRS(Row;/ (4)).
Consequently,

o € LRS(Rowy(4)) € LRS(Row;(A)) + - - - + LRS(Rowg(A)).

This implies

A

LRS(R;) € LRS(Row;(A)) + --- + LRS(Row(A)),
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for @ was an arbitrary nonzero row of R;. The reverse inclusion is trivial
because by the way we constructed A;’s, we have

LRS(ROWP(A)) C LRS(R,) C LRS(R;)
for each + < p < k. This yields
LRS (Rowi(A)) +---+LRS (Rowk(A)) C LRS(Ry),
which is what we want. This completes the proof. (|

Corollary 2.8. (i) Let 0 # J € LS(Trmxn) with®(J) = (Ry,..., Rk, 05 ..., 0,),
where 1 < k < m is the largest index for which Ry # 0,. Then J is principal if
and only if rank(R;) — rank(R; 1) € {0,1} for each 1 <i < k. By convention,
Rr+1 = On

(ii) Let 0 # J € RS(Tmxn) with ®(J) = (O, ..., 0m,Ck,...,Cp), where
1 < k <n is the smallest index for which Cy # Op,. Then J is principal if and
only if rank(C;) — rank(C;_1) € {0,1} for each k < j < n. By convention,
CO = Om.

Proof. This is a quick consequence of the preceding theorem. O

3. Subbimodules of nest modules

We now intend to characterize subbimodules of nest modules. As it turns
out the only subbimodules of M,,«, are 0 and M,,x, itself. A proof can be
given based on [9, Corollary 1.10]. Here, we present a proof based on one of
the facts we left as an exercise preceding Theorem 1.1.

Lemma 3.1. The only subbimodules of M,,xn are the trivial ones, namely 0
and M, xn-

Proof. Let I be a nonzero subbimodule of M,,x,. We show that I = M,,xn.
As I # 0, there is a nonzero element A = (aij) € I. Thus there are 1 < ig <m
and 1 < jo < n such that a;,;, # 0. Let B = (b;;) € My, xn, be arbitrary. Set
K :={(i,j):1<i<m,1<j<n,b; #0} We can write B = E(i7j)€KBij,
where B;; = F;;BE;;, which is the matrix whose entries are all zero except
for its (¢,7) entry which is the same as that of B. Note that E;; € M,, and
E;; € M, are standard matrices. Clearly,

LRS(Bij) < <ej> = LRS(EiioAEjjo)v

where e; € D,, is the row vector whose components are all zero except for its
ith component which is 1. Again E;;, € M,, and E;;, € M, are standard
matrices. Thus there is a C;; € M, such that B;; = C;;E;;, AEj;,, implying
that B;; € I for each (4,j) € K. This yields B € I. Therefore, I = My, x»n, as
desired. O
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Remark 3.2. It is possible to use Theorem 1.2, to present a short proof of
this lemma. To this end, viewing the given nonzero subbimodule I as a left
submodule, it suffices to show that rank(R) = n, where R = ¢(I). As I is a
nonzero subbimodule of M,,«», we have I P = I for any invertible P € M,,. So
I. 0
0 0
But r = n, for otherwise multiplying I from the right by the permutation matrix
P obtained by exchanging the rth column and the nth column of the identity
matrix, we see that ¢(I) could be both R, RP € R,,, which is impossible as
R # RP.

we must have R € R,,NC,, implying that R = ( , where r = rank(R).

The following characterizes all subbimodules of nest modules of matrices.

Theorem 3.3. Let J be a nonzero subbimodule of Tar,ny. Then there ex-
ists a unique 1 < i < min(r,s), which depends on J, a unique increasing
sequence (ji,...,J:) such that k < ji < s and jr < Jey1 of o = k < i
for all 1 < k < i, and a unique sequence (Ri,...,R;) with Ry = I, if

j1 =1, R = (0““"—“) I, € M, if 5 > 1, and R, =
n—ry (n—r1)Xry
( Orkx(nfrk) Irk e M, ka > 2, where r, = le_ ny p?"O’U’lde
On—rk O(n*’f’k)xrk o
Jjx > 1, such that
Mmlanl
J_ O'mi+1><n

Omen

Moreover, every subbimodule of T(n, Ny is principal.

Proof. Let J be a nonzero subbimodule of 7—(M,N) and 1 <14 < r be the largest
integer for which Row;(J) # 0. If r < s, then ¢ < r = min(r,s). If r > s,
then Rowy(J) = 0 for each k > r because I C T(ps,n). Thus i < s = min(r, s).
Now we show that Jj; is a subbimodule of M,,, xn, for each 1 < k < r and
1<i<s. Let X € Jy, and B € My, and C € M,, be arbitrary. It follows
that X = Ay for some A € J. We can write EkkAa” = ER’M But AeJ
and J is a subbimodule. Thus BXC' € Ji;, and hence Ji; is a subbimodule
of My, xn,. It follows from the preceding lemma that Ji; = Oy, xn, or Jry =
M, xn,- For 1 < k <4, let k < ji < s be the smallest integer for which
Jkjn # Omkmjk, or equivalently, Ji;, = Mm;cxwk' So there exists an A € J
such that Ay;, = E11 € Mmkxn].k. For 1 <u < i, let p, =1+ Zg;ll my.
Clearly, Ep,p, € Myxn N Tar for each 1 < k <1 < 4. Thus Ep, ;A€ J. On
the other hand, the pyth row of Ep,,, A € J is the same as its p;th row, and
hence Ayj;, # 0. Therefore, Jy;, # Oy, xny, - This yields jr < j;. That is, the
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sequence (J1,...,J;) is increasing. Note that if jp = k < i, then jx < jx+1, for
J € T(m,n)- To prove the equality, note first that

ROW1 (J)

ROWI(J)
Om,l_*_l Xn

J =

077“« Xn

for Rowy,(J) = Oy xp for each k > i. But Rowg(J) = ( Omyxar  Mmgxy, ) =
M, xn (D) Ry, where x), = Zj":_ll n; and y; = Z;ij nj. Note that if ji =1,
then k =1, 1 =0, y3 = n, and Ry = I,,, and hence Row1(J) = My, xn =
M, xn(D)Ry. Conversely, with an 1 <4 < min(r, s), an increasing sequence
(.jlv"'a.ji) Wlthk’gjk §sandjk < Jk+1 1f]k:k<zf0ra111§k:§z, and a
sequence (R, ..., R;) as in the statement of the theorem, a simple calculation
with block matrices shows that

Mm1 Xan

Mmi XnRi

Omi+1 Xn

Omr Xn

is in fact a subbimodule of T ny. Clearly the subbimodule {0,,x,} is prin-
cipal. So let
M7n1 X an

va X ’I’LR’L
J — 7
OmH,l Xn
OmTXn
be a nonzero subbimodule of 75 n). Then J is generated by any matrix
A € J for which Ay;, #0foralll <k <4, e.g., for

Ay
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where Ay = ( Omyxar Empt ) € My xnRi, where Ep, 1 € My, xy, for
each 1 < k < i. Clearly, the subbimodule generated by A shares the same
1 <4 < min(r,s) and ji’s (1 < k <) as J. This implies that J is generated
by A. So the proof is complete. O

Remark 3.4. (i) In the special case M = N, the theorem characterizes two-
sided ideals of the nest algebra Tj;. Moreover any two-sided ideal of Ty is
principal.

(ii) In the special case when m =17, s=mn,m; =1, n; =1forall 1 <i<m
and 1 < j < n, the theorem characterizes subbimodules of upper triangular
rectangular matrices and in the more special case when m = r = s = n and
m; =n; =1 for all 1 <4,5 < n, the theorem characterizes all two-sided ideals
of the ring of all upper triangular square matrices with entries from D.
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