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ABSTRACT. Let ¢(z) = 2™,z € U, for some positive integer m, and C,
be the composition operator on the Bergman space A2 induced by .
In this article, we completely determine the point spectrum, spectrum,

essential spectrum, and essential norm of the operators C;Cy, Cp,C3 as

well as self-commutator and anti-self-commutators of Cp,. We also find
the eigenfunctions of these operators.
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1. Introduction

Let ¢ be a holomorphic self-map of the unit disk U := {z € C : |z] < 1}.
The function ¢ induces the composition operator C,, defined on the space of
holomorphic functions on U by Cy f = f o . The restriction of C, to various
Banach spaces of holomorphic functions on U has been an active subject of
research for more than three decades and it will continue to be for decades to
come (see [11], [12] and [6]).

Let (z) = 2™,z € U, for some positive integer m, and C, : A> — A? be
the composition operator on the Bergman space A2 induced by ¢. The main
aim here is to find the spectrum, point spectrum, essential spectrum and essen-
tial norm of C;C,,, C,C; as well as self-commutator [C}, C,] = C:C, —C,C
and anti-self-commutator {C’;‘;, Cy} = C;Cy + C,Cy, for composition opera-
tors C, on the Bergman space.

In [3], by using Cowen’s formula for the adjoint of C, on H?(U), Bour-
don and MacCluer completely determined the spectrum, essential spectrum
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and point spectrum for self-commutators of automorphic composition opera-
tors acting on the Hardy space of unit disk. In [1], the first author extended
these results from the Hardy space to the Dirichlet space. In [2], the authors
obtained similar results for composition operators with monomial symbols on
the Dirichlet space.

The other problem which is important to the study of composition opera-
tors is finding the relationships between the properties of the symbol ¢ and
essential normality of the composition operator Cy,. Recall that an operator
T on a Hilbert space H is called essentially normal if its image in the Calkin
algebra is normal or equivalently if the self-commutator [T*,T] = T*T — TT*
is compact on H.

In [8], MacCluer and Pons determined which composition operators with au-
tomorphism symbol are essentially normal on A?(By) and H?(By) for N > 1.
They showed that the only essential normal automorphic composition opera-
tors are actually normal. This fact was first shown in the setting H?(U) by

N. Zorboska in [13]. Related results and some historical remarks can be found
in [3,9,13] and [8].
In [4], G. A. Chacén and G. R. Chacén considered composition operators

C, acting on the Dirichlet space D, where ¢ is a linear-fractional self-map of
the unit disk U. By using the E. Gallardo and A. Montes’ adjoint formula
given in [7], they showed that the essentially normal linear fractional com-
position operators on D are precisely those whose symbol is not a hyperbolic
non-automorphism with a boundary fixed point. They also obtained conditions
for the linear fractional symbols ¢ and 4 of the unit disk for which C},C,, or
C,Cy, is compact.

In the next section, after giving some background material, we present a
formula for the adjoint of C, on A?, when ¢ is an arbitrary monomial sym-
bol p(z) = 2™. In Section 3, we completely determine the point spectrum,
spectrum, and essential spectrum of C;,C,, and C,C7. Finally, in Section 4 we
determine the same for [C7, Cy] and {C7, Cy}.

2. Preliminaries

Throughout this paper, B(H) denotes the set of all bounded operators on a
Hilbert space H, and By(H) denotes the closed ideal of all compact operators
in B(H). The quotient Banach algebra B(H)/By(#) is known as the Calkin
algebra. For an operator T' € B(H), the essential norm of T is defined by

|T e == inf {||T + K| : K € Bo(H)},
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and the essential spectrum o.(T) is defined as the spectrum of the image
T = T + By(H) of T in the Calkin algebra B(H)/By(H). It is well known
that the essential spectrum of a normal operator consists of all points in the
spectrum of the operator except the isolated eigenvalues of finite multiplicity

(see [5]).

The Bergman space A2 is the set of all analytic functions in the disk that are
square integrable with respect to dA(z) = 7~ !rdrdf, the normalized Lebesgue

oo |fm)?
n=0 n+1

00, where f(n) denotes the nth Taylor coefficients of f. The inner product in
this space is given by

area measure on U. Equivalently an analytic function f isin A2 if 3

A

(f. g)az = /U F(2)g(2)dA(2).

The inner product of two functions f(z) = 3" f(n)z" and g(z) =32 ; §(n)z"
in A% may also be computed by

o = 32 L0
n=0

The reproducing kernel in A2 for the point w in the disk is given by

1
Ky(2) = ——, U.
@) =g *€
M. J. Martin and D. Vukotié¢ in [10] expressed and proved some formulas for

the adjoint of C, on the Hardy space, when ¢ is finite Blaschke product that
is also a rational self-map of the unit disk U. By using the same arguments
as in [10] for the Hardy space, one can prove the following theorem for the
Bergman space case.

Theorem 2.1. Let ¢(z) = z™. For an arbitrary point w = re'® in U, the
adjoint of C,, (viewed as an operator on the Bergman space A?) is given by the
formula

) - fomo)
o s = S

For the case m = 1, we have C, = C7 = I. Hence any results relating to
[Cs, Cypl and {C}, C,} in this case would be trivial. So we assume throughout
the paper that m > 2.

3. Spectrum of C;C,, and C,Cy,

Let p(z) = 2™. In this section we are going to find the point spectrum,
spectrum, essential spectrum, and the eigenfunctions of the operators C3C,,
and C,C.
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Theorem 3.1. Let ¢(z) = z™. If m > 2, then

" n+1

1

o0,02) = aCocU

m

N 1
0,0z = {o. L

Up(C;Csa) = Up(csaC:;)\ {0},
o(CyCp) = a(CL,CON {0},

and
1

0.(C5C,) = {m}

Proof. Since any points in the spectrum of a normal operator which is not in the
essential spectrum is an isolated eigenvalue of finite multiplicity, we first find the
eigenvalues of the operator C,C. Let A € C be an eigenvalue of the operator
C,Cy with a corresponding eigenfunction f € A%, Then C,CLf = Af. By
using formula (2.1) for C,C7, we have

= U.
mn+1 (mn)! o e

(3.1) -
n=0 k=0
By putting w = 0, it follows that f(0) = Af(0). If f(0) # 0, then A = 1. Thus
for the case A = 1, the function f = f(0) is a nonzero function in A2 that
satisfies the equation and hence A =1 is an eigenvalue of the operator C,Cy.

If f(0) =0, we have

e 1 (mn) 0 x  r(k) 0
Z(n+ ) f ()w'mn:)\zf |( ),wk:7 weU.
k=1

mn+1 (mn)! k

n=1

So we conclude that

k) (0
,\fk'()zo Jk#£mn, neN,
and )
1 ™0
A — nt / ():O ,n € N.
mn+1/ (mn)!
If A ¢ {O}U{Jrﬂl In € N}, then the above equations imply f = 0. For a
given natural number n and A = n:‘yﬁl, the function f,(z) = 2z™" is a non-
zero function in A2 that satisfies equation (3.1), and hence \ = n:‘rﬁl is an

eigenvalue of the operator C,,C7. If A = 0, for each natural number k£ which is
not a multiplie of m, the function f(z) = z* is a non-zero function in A? that
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satisfies equation (3.1). Hence A = 0 is an eigenvalue of the operator Cy,Cy;,
with infinite multiplicity. So 0 € 0.(C,C7,), and
1 [n € N} .

7002 = {5
o(CoC) = o (CoC) | {1} .

m

Now we show that

Since C,C} is a self-adjoint operator, we conclude that o(C,Cy) C R. First
assume that % # X €R and A is not in ap(C’qJC:',). So we have two cases:

Case1: A< —~or A > ﬁ, in the case A < .-, we show that ran(C,C},—\) =

A2 Let g(w ) Yool g anw™ be a function in AQ. By a simple computatlon7
we conclude that the function f defined by f(w) =3, c,w™, where

c { s re, k=mnforn e NU{0}
. =

mn+41
=k, k € N\ {mn|n € N}

is convergent in the unit disk U. Furthermore, since

el _ _laol® =P S Jamnl? 1
Z +k ‘1_/\|2+ Z 1 k+zmn+1 LH_MQ’

keN\{mn|neN} - n=1 mn+1
from
> ke
1+k |A|2
keN\{mn|neN} k=0
and
PR o <
n+1 —
—mn+1 | — /\\2 (E )2 1+k

it follows that f € A% Also for each w E U, (CS(,C':; - A f(w) = g(w). So
ran(C,Cl — ) = A% For the case A >
conclude that ran(C,C} — \) = A”.

— +1’ by a similar proof as above we

Case 2: ) is between two consecutive terms of the sequence {;;L}l }; let

(no + 1) +1 no + 1
m(no+1)+1 mng + 1’
for some ng. In the case n > ng + 1, we have A > 7:;;11 and by putting
1 1 1
By = max 2 T IERTY ESETR e
‘m-&-l | | - m(no+1) +1| | - mn0+1|



Self-commutators of composition operators 70

for each n € N we have

1
IES RN e < By.
mn+1
By using this inequality and a similar proof as in Case 1 above, we conclude
that ran(C,C}, — ) = A%,

Now let A = X, and define g € A? by

V=2

Suppose that there exists f(w) = Y po, ckw® such that (CuCy — Lyf =g
The last equality implies

o — —mevmk+1 k=mnforn €N,

70 k € N\ {mn|n € N} U {0}.

2
Since Y r |,:’°+|1 = o0, we conclude that f is not in A%, So we have

0 (CLCr) = {;} U op(CoCE).

Since the essential spectrum of a normal operator consists of all accumulation
points of the spectrum plus all isolated eigenvalues of infinite multiplicity, we

conclude that
N 1
Ue(cwcw) = {O, m} .

Now we do the same for the operator C7Cy. In this case, we have

oo

n o (mn)
(€0 Hw) = (0 + 3~ L T 0) oy e

— mn+1 (mn)!

If A=0, and (C;C,)f(w) = Af(w), then

(n)

mn+1 n!
n=1

and so f = 0. Therefore 0 is not an eigenvalue of C;C,, and so

o,(C: _{1}U{ ”“ GN}.

Now we show that ran(C%;C, — 0) = A. For given g(z) = > 1" an2z" in A%
we define f(w) = >"°7  b,w", where by = ag and for each natural number n,
by = an ";Til Hence f € A%, and (C;C, f)(w) = g(w), for each w € U. So 0
is not in the spectrum of C3C,, and from

o(CpCg) U{0} = o(CLC,) U{0}
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we conclude that
0(C;Cy) = a(CuCZ)\ {0}

For the essential spectrum of C7C,,, since

o(CpCl + By(A%) U {0} = 0(CLC, + Bo(A%)) U {0},

it follows that
. 1
UE(CLPC¢) = {m} .

4. The spectrum of [C},C,] and {C:,C}

In this section, we shall find the point spectrum, spectrum, essential spec-
trum, and eigenfunctions of the operators [C},C,] = C;C, — C,Cy and
{C’;, C¢} =CLC, + C,C7.

Theorem 4.1. Let ¢(z) = 2™. Then for m > 2

N - mn + 1 n+1
Up([CLP,CLpD - {m2n+1 mn+1|n€N}

U{Mw € N\ {mk|k € N}} u {0},

([0, Cy)) = 0, ([C5. Col) {_1}

m

and

0.([C5, Cy]) = {0,1}.

m

Proof. Let T = C;C, — C,C7. Then for each f € A? and w e U,

= (mn+1 n+1 )f(m")(()) mn

(4.1) (Tfw) = Z m2n+1 mn+1) (mn) v
. — 1) 100,

]
neN\{mk|keN} mn+1 v

Since all points in the spectrum of a normal operator which are not in the
essential spectrum are isolated eigenvalues of finite multiplicity, we first find
the eigenvalues.

Now let A € C be an eigenvalue of the operator 7' with a corresponding
eigenfunction f € A%. Then Tf = A\f and for each w € U,
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Z —(n+1) f(")(o)w

!
neN\{mk|keN} mn + 1 e

So Af(0) = 0. If f(0) # 0 we conclude that A = 0. For the case A = 0, the
function f = £(0) is a non-zero function in A2 that satisfies equation (4.2), and
hence A\ = 0 is an eigenvalue of the operator T. If f(0) = 0, we have

(mn—l—l n+1 )\) fmn)(0)

mn+1 mn+1 (mn)!

=0 ,neN,

and

—(n (n)
(St =) 5 o e e e

mn+1 n+1

m2n+1 mn+1"
the function 2™" is a non-zero function in .42 that satisfies

For each natural number n, we put A\, = For the case A\, =

mn+1 n+1

m2n+1 mn+17

equation (4.2), and hence \,, = ggﬁl - nyﬁl is an eigenvalue of the operator
T. For the case N\, = _7:&}1 , when n € N\ {mk|k € N} the function z" is a
non-zero function in A? that satisfies equation (4.2), and hence X, = —; 2L

is an eigenvalue of the operator T. Now if A # 0, and for each natural number
n, A # A, and for each n € N\ {mkl|k € N}, A # X, and if ([C}, Cy]f)(w) =
Af(w), we conclude that f = 0. Hence

mn + 1 n+1
* _ N N
7p([C5: Col {m2n+1 mn—f—l‘n6 }

U{Nn € N\ {mk|k N}}U{O}.

n+

Now we show that

(63 C.)) = (€ DU {5}

m

Since [C', Cy] is a self-adjoint operator, we conclude that o([C, Cy]) € R. For
this case we assume that A € R, A # =1 and \ ¢ op([C5, Cyp)), and we show

m’

that ran([C%, C,] — A) = A% For a given function g(w) = Y7 byw™ in A%,
we define f € A? by f(w) = > 72, a,w" such that

7%’1)\ k € N\ {mn|n € N},
be=9 1 —amy k = mn for n € NU{0}.

n(m—1)2
(m2n+1)(mn+1)
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By a simple computation we conclude that f € A* and (([C}, Cp] = A)f)(w) =

g(w). Now we assume that A = —L. We define g(w) = >~ a,w™ on U such
that )
o — — k € N\ {mn|n € N},
0 k = mn for n € NU {0}.

. . ) 1 . , o
Since lim, 00 {/ 7==5 =1, we have limsup,, ., {/ lan| =1. 80>~ ja,w"

is convergent on unit disk. Since

L an? 1 1 1
21T 2 (vV/mn + 1)2 S
n=0 neN\{mk|ke N} n=1

2
we conclude that Y >~ ‘Zi‘l < 00, and hence g € A?. Now we suppose that

there exists f € A% such that, for each w € U,
N 1
(1G5, Col + —) ) (w) = g(w).
If fw)=>,"byw", then
mktl k¢ N\ {mn|n € N},

by = 4 W1 Vmhil
0 k = mn for n € NU {0}.

So we conclude that f is not in A2, and hence

(63 C.l) = (e U { -}

m

Since all points in the spectrum of a normal operator which are not in the
essential spectrum are isolated eigenvalues of finite multiplicity, we conclude
that

0101, C,]) = {o, _;}.

In the next theorem, we do the same for the operator {Cj;, Ccp}.

Theorem 4.2. Let p(z) = 2™, and for each n € N, \,, = 2tl 4 ntl - gnd

m2n+1 mn-+1"

for each n € N\ {mk|k € N}, X = n?rﬁl Then for m > 2,
op({C5,Cp}) = {2 U{Au|n € N} U {X,|n € N\ {mk|k € N}},

s({cz e =atien e hU 2}

)
m m

and

r{CsCoh={m 2}

m m
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Proof. Let S = C3Cy 4 C,C. Then for each f € A* and w € U,
= mn+1 n+1"\ f(0)
— 2 mn
(SP)w) =2/0) + Z <m2n+1 * mn + 1) (mn)! v

w.
n+1 nl

n=1

+

m
neN\{mk|keN}

Let A € C be an eigenvalue of the operator S with a corresponding eigenfunction
f € A% Then Sf = Af. So we have

(4.3) (SHw) = A(0)+ i e (2!(0) w”, w e U.

n=1

Now we define:

A=+ o nel,
N o= otl n € N\ {mk|k € N}.

mn+1"’

By using formula (4.3), if f(0) # 0, for the case A = 2 the function f = f(0),
is a non-zero function in A2 that satisfies equation (4.3), and hence \ = 2 is
an eigenvalue of the operator S. If f(0) =0, we have

(mn)!

()\n _ A) f(mn)(o) -0 7 ne N’
N = N0 — g e N\ {mklk € N}.

)

n!
For each natural number n, A\, is an eigenvalue of the operator S with corre-
sponding eigenfunction z"™ € A2, and for each n € N\ {mk|k € N}, X, is an

eigenvalue of the operator S with corresponding eigenfunction 2" € A%. So we
conclude that

op({C2,Co 1) = {2} U {Anln € NYU {N,|n € N\ {mk|k € N}}.

Assume that, A € R, A ¢ 0,(5), A # L and A # 2. Then we obtain that
ran(S — ) = A% Now we show that = € ¢(S). For this case we define
g(w) =307 g apw™ with

0 = \/ﬁﬁ-l k € N\ {mn|n € N},
0 k = mn for n € NU{0}.

Then we conclude that >~ a,w™ is convergent on U. So the function g
defined by g(w) = Y07 ja,w™ is in A% If we assume that there exists an
f € A2, such that (S — L) f = g, then we conclude that f(w) = Y07 byw™
with

b — { ovmk+1 ke N\ {mn|n €N},

b 0 k = mn for n € NU {0}.
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2

Since $2°°  Lbul

n—0 iy = 00, we conclude that ran(S—-1) # A% and hence = € o(9).
Now we define G(w) = > 7 ¢,w™ with

) =2 k=mnforneN,
Cr = m

0 ke NU{0}\ {mn|n € N}.

By a similar proof as above, we conclude that there does not exist F' € A2 such
that (S )F =G. So 2 € 0(S). Then if m > 2, we have

s((ez e =aticn e hU 2}

_ 2
m

m’m
Since the essential spectrum of a normal operator consists of all points in the
spectrum of the operator except the isolated eigenvalues of finite multiplicity,

we conclude that L o
) =)
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