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ABSTRACT. Let A and B be two C*-algebras such that B is prime. In
this paper, we investigate the additivity of maps ® from A onto B that
are bijective, unital and that satisfy ®(AP + nPA*) = ®(A)®(P) +
n®(P)®(A)*, for all A€ Aand P € {P1,l4— P1} where P is a nontriv-
ial projection in A. If n is a non-zero complex number such that |n| # 1,
then ® is additive. Moreover, if 7 is rational, then @ is x-additive.
Keywords: Maps preserving Jordan n.-product, Additive, Prime C*-
algebras.
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1. Introduction

Let R and R be rings. We say that the map ® : R — R’ “preserves
products” or is “multiplicative” if ®(AB) = ®(A)P(B) for all A, B € R. The
question of when a multiplicative map is additive was discussed by several
authors: see [20] and references therein. Motivated by this, many authors paid
more attention to maps on rings (and algebras) that preserve the Lie product
[A,B] = AB — BA or the Jordan product Ao B = AB + BA. (See, for
example, [1,2,6,10,13,16-18,24,25].) These results show that, in some sense,
the Jordan product or Lie product structure is enough to determine the ring
or algebraic structure. Historically, many mathematicians devoted themselves
to the study of additive or linear Jordan or Lie product preservers between
rings or operator algebras. Such maps are called Jordan homomorphisms or
Lie homomorphisms respectively. See, for example, [3-5,11, ].

Let R be a *-ring and 1 be a non-zero complex scalar. For A B e R, de-
note the Jordan 7.-product of A and B by A e, B = AB + nBA* and the
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Lie n,-product by [A, B! = AB — nBA*. In particular, Ae; B = AB + BA*
and [A, B]! = AB — BA* are the Jordan 1,-product and the Lie 1,-product,
respectively. These products are playing an increasingly important role, and
have been studied by many authors (for example, see [7,23,26]). A fundamental
problem is to determine the conditions under which maps preserving Jordan
n«-products or Lie 7n,-products on rings or algebras are isomorphisms. In [8], J.
Cui and C. K. Li proved that a bijective map on a factor von Neumann algebra
which preserves the Lie 1,-product ([A, B]}) must be a *-isomorphism. More-
over, in [15] C. Li et al, discussed nonlinear bijective maps preserving Jordan
1.-product (Ae; B). They proved that such a mapping on factor von Neumann
algebras is also a #-ring isomorphism. These two articles also discussed new
products for arbitrary operators on factor von Neumann algebras. In addition,
A. Taghavi et al [27], proved that a bijective unital map (not necessarily linear)
on a prime C*-algebra which preserves both the Lie 1,-product and the Jor-
dan 1,-product in the case where one of the operators is a projection must be
x-additive (i.e., additive and star-preserving). In a recent paper [9], L. Dai and
F. Lu proved that a bijective map on a von Neumann algebra which preserves
the Jordan n.-product is a linear x-isomorphism if 7 is not real, it is and is
a sum of a linear x-isomorphism and a conjugate linear x-isomorphism if 7 is
real.

In this paper, we will consider when a bijective unital map on a prime C*-
algebra which preserves the Jordan 7,-product ®(A e, P) = ®(A) e, &(P) is
additive. We denote the real part of an operator T by R(T); i.e., R(T) = %
A C*-algebra A is prime if AAB = 0 for A, B € A implies that either A = 0
or B=0.

2. Main results
We need the following lemmas.

Lemma 2.1. Let A and B be two C*-algebras and ® : A — B be a map which
satisfies O(A e, P) = O(A) e, ®(P) for all A € A and some P € A where n
is a non-zero complex number such that |n| # 1. Let A, B and T be in A such
that ®(T) = ®(A) + ®(B). Then we have

(2.1) O(T e, P)=B(As, P)+d(Be,P).
Proof. Multiply the equations ®(T) = ®(A) + &(B) and ®(T)* = (A)* +
®(B)* by ®(P) from the right and n®(P) from the left. We get

O(T)(P) = 2(A)2(P) + &(B)2(P),
and

n®(P)®(T)" = n®(P)®(A)" +1®(P)®(B)".

By adding the two equations, we get
O(T)2(P)+n®(P)®(T)" = ®(A)®(P)+nP(P)P(A)"+2(B)®(P)+n®(P)®(B)*.
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O

Lemma 2.2. Let A be a C*-algebra. Suppose T € A and n is a non-zero
complex number such that |n| # 1. If T+ nT* =0, then T = 0.

Proof. Let T +nT* =0. Then T* 4+ 7T = 0. By an easy computation we have
(1—7m)T =0. Thus T = 0. ]

Lemma 2.3. Let A and B be two C*-algebras with identities and ® : A — B
be a bijective map which satisfies (A e, P) = ®(A) e, ®(P) for all A€ A and
P e{P,,I— P}, where Py is a nontrivial projection in A and n is a non-zero
complex number such that |n| # 1. Then ®(0) = 0.

Proof. Let ®(T) = 0. We prove that 7' = 0. To show this, apply Lemma 2.1
to ®(T) =0 for P, and P, = I — P;. This gives

O(T e, P)=0,
and

O(T e, P) =0.
So, by injectivity of ®, we obtain T'e, P; = T'e,, P,. By the definition of Jordan
ne-product, we have TPy +nP\T* = TPy, +nPT*; ie., (TP, —TP)+n(TP, —
TP)* = 0. Now, applying Lemma 2.2, we obtain TP, = TP,. We multiply
the latter equation by P, on the right; it follows that TP, = 0. Thus TP, =0
also. Now we put I — P, instead of Py in TP} = 0, obtaining T'(I — P3) = 0.
Therefore T' = 0 since TP, = 0. O

Our main theorem is as follows:
Main Theorem. Let A and B be two C*-algebras such that B is prime, with
14 and Ip their respective identities. Let ® : A — B be a unital bijective map
which satisfies ®(Ae, P) = ®(A)e, ®(P) forallAc Aand P € {P1,I4— P},
where Py is a nontrivial projection in A and n is a non-zero complex number
such that |n| # 1. Then ® is additive. Moreover, if n is rational, then ® is
x-additive.

Proof of Main Theorem. Let Py = I4 — Py and let A;; = P,AP;, 4,5 = 1,2.
Then A = Z?,j:l A;j. For every A € A we may write A = Ay + A2+ Ao +
Ago. In all that follows, when we write A;;, it indicates that A;; € A;;. To

show additivity of ® on A we will use the above partition of A and establish
that @ is additive on each A;;, 4,5 =1,2. O

Claim 2.4. For every A1 € A1 and Doy € Ags, we have
CI)(AU + D22) = (I’(AH) + @(Dgg).

Since @ is surjective, we can find an element T' = T11 + T1o +To1 +Tos € A
such that

(2.2) ®(T) = ©(A11) + @(D22).
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We now show T' = A1 + Dyy. We apply Lemma 2.1 to (2.2) for P;. We write
q)(T .77 Pl) = (I)(All .77 Pl) + (I)(DQQ .71 Pl),
SO
O(Thy + To1 + 01y + 77T2*1) = <I>(A11 +nAi).
By the injectivity of ®, we get Th1 + 11 + 117, + 115 = A1 +nAj,. Multiply
the latter equation by P, on the right and left side, respectively, to obtain
T21 = T2*1 = 0. Thus we have T11 +77T1*1 = A11 —|—77ATD or (T11 —A11) +77(T11 —
A11)* = 0. By Lemma 2.2, we get 717 = Aj;. Similarly, applying Lemma 2.1
to (2.2) for Py gives
@(T .77 P2) = (I)(All .77 PQ) —|— (I)(DQQ .17 PQ),
and hence
(Ti2 + Too + 015 + 113;) = (D22 + 1D3y).
By the injectivity of ®, we get T1o + Too + n17s + 1159 = Dag + nD3,.
Multiply the latter equation by P; on the right and left side respectively,
to obtain Tiy = Ty, = 0. Thus we have Toy + 015, = Dao + nD3,, or
(T22 — D22) + 77(T22 - DQQ)* = 0. By Lemma 2.2, we get Ths = Das.

Claim 2.5. For every Bys € Ay2, Co1 € As1, we have
®(B1g + Ca1) = ©(B12) + D(Ca1).
Let T'=Ty1 4+ T12 + T51 + 122 € A be such that

(2.3) O(T) = ©(Bi2) + 2(Co1).
Applying Lemma 2.1 to (2.3) for P;, we have obtain
(I)(T .U Pl) = (I)(Blg .”7 P1)+q>(621 077 Pl)

= (13(021 .77 Pl)
Thus, by the injectivity of ®, we have T' o, P, = Cy; o, P;. It follows that
Tiy + To1 + 17, + 0Ty = Cor +1C3;.

Multiplying the above equation by P» on the left, gives To1 = Co; and T7; = 0.
Similarly, we can obtain T3 = Bjs and Tby = 0 by applying Lemma 2.1 to
(2.3) for Ps.

Claim 2.6. For every A1 € A1 and Bis € Aja, we have
q)(All —+ Blg) = (p(All) —+ (I)(Blg)

Since ® is surjective, we can find an element T' = T11 + T1o +To1 +To0 € A
such that

(2.4) O(T) = ®(A11) + ®(B12).
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We show that T'= Ay, + Bi2. We apply Lemma 2.1 to (2.4) for P;, we can
write T11 = A11 and T21 =0.

Similarly, we apply Lemma 2.1 to (2.4) for P, we will have T12 = By and
Too = 0. So, T = A1 + Bqs.

Note that the equation ®(Cay + Dag) = ®(Ca1) + P(Da2), where Coy € Agy
and Doy € Ass, can be obtained as above.

Claim 2.7. For every A1 € A1 and Cyy € Aoy, we have
<I>(A11 + 021) = (I’(AH) + (13(021).

Since @ is surjective, we can find an element 7' = Ty1 + T2 +To1 +Tos € A
such that

(2.5) O(T) = ®(A11) + 2(Ca).

We show that T = Aj; + C12. We apply Lemma 2.1 to (2.5) for Py; then we
have ®(T e, P») = 0. This means that ®(T12 + The + 17, + 1T5;) = 0. By
Lemma 2.3 and Lemma 2.2, we obtain T3 = T2 = 0. On the other hand, we
apply Lemma 2.1 to (2.5) for P;. Then, by Claim 2.6, we have

(I)(T ., Pl) = (I)(AH ., Pl) + @(021 ., Pl)
(A1 + nAiy) + @(Ca1 +1C5)
= O(Ai +nAjy) + P2R(C3) + (n — 1)C3)
= @®(An +nAf; +2R(C3) + (n —1)C3)

We get the following;:
@(Tn + Ty + 017, + T2*1> =®(A11 +nA7; +Co1 + 77051).

Now we use Lemma 2.2 to obtain 771 = A;; and To; = Coy.
Note that the fact that @(Blg + D22) = @(Blg) + ‘I)(DQQ), where Blg S Alg
and Dy € Agg, can be obtained as above.

Claim 2.8. For every A;j, Bij € A;j such that 1 <i # j < 2, we have
O(A;; + Bij) = ©(Ai5) + (B;j).
Let T'=Ti1 + T2 + To1 + T2 € A be such that
(2.6) O(T) = (Aij) + @(B;j).
Applying Lemma 2.1 to (2.6) for P;, we get
Therefore, ®(7}; + Tj; + n13; +n1};) = 0. So, by Lemma 2.2, we have Tj; =

X2

Tj; = 0. On the other hand, we apply Lemma 2.1 to (2.6) for P; again. By
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Claim 2.5, we see that
O(TP; +nP;T*) = ®(AyP;+nP;Aj;) + ®(Bi; P +nP;Bj;)
= @(AZJ + T}A ) + (I)(Blj + UB;Z)
= P2R(A};) + (n— 1)A;) + 22nR(By;) + (1 —n)Bij)
= Q2R(A4]) + (n— DAj; + 20R(Bi;) + (1 — n)Byj)
= @©(A;j; +nAj; + Bij +1Bj;).
So,
Tij + Ty + 0T +nT}; = Ay +nAj; + Bij +nBj;.
By Lemma 2.2, we have T}; = 0 and T;; = A;; + Byj.
Claim 2.9. For every Ai1 € Ay1, Bia € Ay, Co1 € As1, we have
®(A11 + Bia + Co1) = ®(A11) + ©(B12) + ©(Ca).
Let T =Ti1 + Ti2 + 121 + Ths € A be such that
(2.7) ®(T) = ®(A11) + D(Bi2) + D(Ca1).
Applying Lemma 2.1 to (2.7) for P, we have
(I)(T °, P2) = (I)(All ®, PQ) + (I)(Blg o, PQ) + (I)(CQI ®, Pg)
= (I)(Blg 07] P2)
Thus, by injectivity of ®, we have T" o, P, = B2 e, P,. It follows that
Too + Thz2 + 155 + 017y = Bz + 1By,.

Multiply the above equation by P; on the left to get T = Bi and Ty, = 0.
Similarly, we apply Lemma 2.1 to (2.7) for P,. By Claim 2.6, we have the
following

(P(T.n Pl) = (I) 1. P1>+CI)(312 .77 Pl)—i-q)(CQl 077 Pl)
= Ay 0, P) + O(Cyy 0, P1)
= ®(An +nAj) + @(C +nC3y)

(4
(
(
= O(Ay +147) + SR(C) + (n— 1)C3)
(
(

hd

= O(An +nAj; +2R(C3) + (n — 1)C54)

= ®(An +nAj; + Ca1 +1C3)
Injectivity of ® implies 111 + To1 + 017y + 115, = A1 + Co1 + nA5, +nC3y.
We have T11 = A11 and T21 = 021.

Claim 2.10. For every Ay € Aq1, Bis € Aja, Co1 € Aay and Dos € Ass, we
have

®(A11 + Bia + Co1 + Da2) = ®(Aq1) + ®(Bi2) + ©(Ca1) + P(D22).
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Assume T = T11 + T12 + T21 + TQQ. Then

(2.8) O(T) = ®(A11) + @(B12) + ©(C21) + P(Da2).
Applying Lemma 2.1 to (2.8) for Py, Claim 2.5 and Claim 2.9, we obtain
(I)(T.n Pl) = & A11 °, P1)+(P(B12 ®, P1)+(I)(021 °, P1)+(1)(D22 °, Pl)

(
= O(A1 0, P1)+ D(Co1 0, P1)
= ©(An +nAf) + 2(Cor +nC3)
= (A1 +1A4) + 2(Ca1) + 2(nC3)
= ®(An + 1A + Co1 +1C3)
Since @ is injective we have 111 + T + 017 + 115 = A1+ Car +nA7 +1C5,.
We obtain T1; = Ay and Ty = Co;. Similarly, apply Lemma 2.1 to (2.8) for Py

and the same computation as above to easily obtain T3 = Bis and T = Dos.
So, ®(A11 + Bia + Co1 + Daz) = ®(A11) + ©(Biz2) + ®(Ca1) + $(D22).

Lemma 2.11. Let @ satisfy the assumptions of the Main Theorem. Then, for
every A € A we have the following

O(Ae,I)=D(A)e, O(I).
Proof. The definition of the Jordan n,-product implies that

(2.9) D(Ae, P)=D(A)e, (P),
and
(2.10) O(Ae, Pr) =D(A) e, ().

Add Equations (2.9) and (2.10) together, to get
D(Ae, Pr)+ (Ae, Pr) =P(A) e, (D(P1) + ©(12)).
By Claims 2.4, 2.8 and 2.10, we obtain
D(Ae, P+ Ae, Py) = D(A) e, &P, + P),
Equivalently,
O(Ae, (P + P)) =D(A) e, O(P + Ps),
so, B(A e, I) = D(A)e, (I). O

Lemma 2.12. Let ® satisfy the assumptions of the Main Theorem. Then
®(Py) and ®(P,) are nontrivial orthogonal projections in B.

Proof. Let P € {Py, P,}, where P; for 1 < ¢ < 2 are nontrivial projections in
A. By Lemma 2.11 and the definition of the Jordan 7,-product we have
O(Pe,I) = ®(P)e, d(I)
O(le,P) = ®(I)e, d(P).
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Since ® is unital, the above equations give us

O(P +nP) O(P) 4+ n@(P)*
(2.11) (P +nP) = B(P)+nd(P),
so we obtain ®(P) = ®(P)*. On the other hand, ®(P e, P) = &(P) o, ®(P).
Then ®(P+nP) = ®(P)2+n®(P)2. It follows from (2.11) that ®(P)+nd(P) =
®(P)2+n®(P)?. Now, Lemma 2.2 implies ®(P)? = ®&(P). We show that ®(Py)
and ®(Pz) are orthogonal. Let ®(P;) = Q1 and ®(P2) = Q2. Then, by Claim
2.4, Q1+Q2 = 1. Also, Q1.Q2 = ©(P1).9(P) = ®(P1).(®(1)—®(F1)) =0. O
Lemma 2.13. Let ® satisfy the assumptions of the Main Theorem. Then
(212) D(AP;) = D(A)B(P,).
for1<i<2.

Proof. Tt is easy to check that ®(AP; e, I) = ®(A e, P;). The above equation
can be written ®(AP;) +nP(AP,)* = ( YO(P, )+n<I>(P )®(A)*. Equivalently,

(P(AP) — ®(A)2(F)) +n(P(AR) — ©(A)®(F;))" =0,
Applying Lemma 2.2, we get ®(AP;) = ®(A)P(F;). O
Now, lemma 2.12 ensures that there exist nontrivial projections Q:(i=1,2)

such that @ (P, ) Q; and Q1 + Q2 = I. We can write B = Z B;; where
= QiBQ;, 1,7 =1,2.

1,7=1

The primeness property of B is only used in the following claim.
Claim 2.14. For every Ay, By € Ay, 1 <1i <2, we have
®(A;; + Bii) = ©(Ay) + (Bii).
First, we will prove that ®(P;A+ P,B) = ®(P,A)+ ®(P;B) for every A, B €

A.
By Lemma 2.13, Claim 2.8 and for every T}; € Bj; such that i # j we obtain

(®(P;A+ P,B) — ®(P,A) — ®(PB)T;; = (®(PA+ P.B)— ®(PA)

—®(P;B))Q;TQ:

= (®(PA+ PB)Q; — ®(PA)Q;
—®(P;B)Q;)TQ:

= (®(PAP; + P,BP;) — ®(P,AF;)
—®(P;BP;))TQ;

= (®(Aij + Bij) — ©(4ij)
—®(Bi;))TQi

= (®(Aiy) + @(Bi;) — ©(Ay)
—®(Bi;))TQi
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By the primeness of B, we have
(2.13) O(P,A+ P,B) = ®(P,A) + (P A).

Now, multiply the right side of equation (2.13) by ®(F;) = @; and use Lemma
2.13 to obtain

O(PAP; + P,BP;) = ®(P,AP;) + ®(P,BP;).

So, additivity of ® follows from Claims 2.8, 2.10 and 2.14. It remains to
prove that ® is x-preserving for non-zero rational numbers n such that |n| # 1.
Since ® is Jordan n,-product preserving, we have

O(Ae,I)=D(A)e, O(I).
Since ® is unital,
O(A+nA")=P(A) +nP(A)*.
Additivity of ® and the above equation imply
(2.14) O(nA*) = nd®(A)".

Let n = 7, where a,b are integers. It is easy to see that
1 1
(2.15) (I)(EA*) = B(I)(A*)'
Now, by additivity of ® and (2.15), we have ®($A*) = §®(A*). It follows that
®(nA*) = n®(A*). Hence, by the latter equation and equation (2.14), we get
O(A*) = B(A)*.
(|
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