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1. Introduction

In finite dimensions, polynomials in an operator are the simplest and yet
the most important type of a functional calculus. It provides particular de-
compositions for the operator resulting a transparent structure of the operator
revealing some of its important properties ([2,3,5]). Throughout the paper, the
notation V is fixed for a linear space with the ground field F, and L(V') denotes
the algebra of all linear operators on V. The parts of the domain appearing in
the above mentioned decompositions are invariant subspaces of the following

types:

(1.1) S(f,T) = U ker(f"(T)), (spectral subspace)
n=1
(1.2) Z(v,T) = spang{v,Tv,T?v,...}, (cyclic subspace)

for some f € F[z] and some v € V; the linear span spany M of M is the smallest
linear subspace of V containing a subset M which, if M # 0, is equivalent to
the family of all (finite) linear combinations of the elements of the set M with
coeflicients from the field F. (Note that f™(T) = [f(T)]™ and spany § = {0}.)
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Operator decomposition theorems 176

We drop the subscript F in spany if no ambiguity arises. More generally, if
A C V, then Z(A,T) will denote span[J,c Z (v, T)]. If M; (j € J) is a family
of linear subspaces of V', then span(UjeJ Mj), abbreviated as span;.;Mj, is
the totality of all vectors represented as v = ¥,cyv; in which v; € M; and all
but finitely many v; are 0. (The sum X, means the finite sum of the nonzero
terms only.) It is immediate that

(1.3) span . M; = U{Z M; : J finite subset of J}.
jet

The space span;c;M; is denoted by &;ecpM; if the representation v = ¥ yv;
is unique or, equivalently, v; = 0 for all j € J whenever v = 0. Again, it is
immediate that

(1.4) ey M; = U{@jeJMj : J finite subset of J}.

As a consequence of (1.3)-(1.4), if {W;; : i € Z, j € J;} is a family of linear
subspaces of V for index sets J; and some linearly ordered set Z such that
J; C Jp for i < k € T, then

(1.5) span{W,,; : i€Z, jel;} = U span {W;; : j €I}
i€T

Moreover, if span {W;; : je J;} =@ {W;; : j € l;} for all i € Z, then
(16) S5 {W” €1, j€ .,]]7,} =Ujez @ {Wz] 1 j € Jl}

If V is finite-dimensional, then V' = ker(f(7T')) for some nonzero f € Flx]; f
is called an annihilator of T. If f = p’fl p’;2 e pﬁh is the prime factorization of
an annihilator f of T, it follows from the primary decomposition theorem

that
(1.7) V=al,Sp,T), and T = &/ T|s(p. 1)

The collection of all annihilators of T' form a principal ideal in IF [z] generated by
the so-called minimal polynomial of 7. The minimal polynomial of T'[s,, 1)
is equal to p;"", where m; < k; is the power of p; appearing in the prime
factorization of the minimal polynomial of T' (i = 1,2,...,h). If m; = 0, then
S(p;, T) = {0} which is justified by the fact that the minimal polynomial of the
zero operator is the constant polynomial 1(x) = 1 or the identity polynomial
id(z) = « depending on whether or not V' = {0}.

The family of all prime polynomials [3] (p. 135) in F[z] is denoted by P or,
simply, P if no ambiguity arises. In general, a minimal polynomial f means the
(nonzero) monic polynomial [3] (p. 120) generating the ideal of all polynomials
g satisfying a certain (nice) condition. The ideals that we are usually dealing
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with in this paper are of one of the following forms:

(1.8) {g € Flz]: ¢(T) =0},

(1.9) {g € Flz] : g(T)w =0},

(1.10) {g €Fl[z]: g(T)w e W} and
]

(1.11) {g€F[z]: g(N\;)=0;i=1,2,--- ,n}

for some fixed T, W,w, A;, where T' € L(V), W is an invariant subspace of T,
w € Vand A,...,\, are in an extension G of the field F. The generator of
the ideal (1.8) is called the minimal polynomial of T, that of (1.9) is called
the local minimal polynomial of T at w, that of (1.10) is called the minimal
T-conductor of w into W, and that of (1.11) is called the minimal F-vanisher
at A1, Ag,..., Ay € G. Finally, the notation

(1.12) rPye XDY meansz € X and y € Y

i.e., besides expressing t+y € X @Y, it also asserts that z € X and y € Y’; the
mere notation x +y € X @Y does not reveal any information on the locations
of x and y.

The cyclic decomposition theorem (for T on a finite-dimensional space
V') employs the primary decomposition theorem to yield a different decompo-
sition
(1.13) V =@ @aen, Z(a,T),
in which

(1) r is a positive integer,
(2) for 1 < j <, the operator T'|;(q 1) has a fixed minimal polynomial f;
as o runs in a given nonempty finite subset A; of V', and
(3) if 1 S ] S T — ].7 then fj 7& fj+1|fj~
(In case V' = {0}, the equation (1.13) reduces to V = Z(0,T).)
However, the cyclic decomposition theorem has the following simple version.

Theorem 1.1. (Simplified cyclic decomposition theorem) For T € L(V)
with a minimal polynomial f € Flx], the following equivalent assertions are
true.

(1) There exists a subset A of V such that V = @®{Z(a,T): a € A}.

(2) There exists a subset A of Upep, S(p,T') such that V = ®{Z(a,T): a €
A}

(3) There exist subsets Ay, ..., A, of V' for which (1.13) holds.

Proof. Assume (1) holds and let a € A be arbitrary. Let g = p¥ph? ... pf* be
the prime factorization of the minimal polynomial of S = T'|z(,r). In view of
the primary decomposition theorem Z(a,T) = ®%_,S(p;, S) and a = &%_,5;,
where 8; € S(p;,S) = {z € Z(a,T) : p}(S)z = p§(T)z = 0;¢ € N}. Then
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Z(o,T) D@4, Z(B,5) = ®5-,Z(8;,T) D Z(a, T). Now, replacing each a by
its components (1, B2, etc., yields a new set A satisfying (2).

Next, assume (2) holds and let p1,pa,...,ps be the distinct prime factors
of f. Rearrange the prime factors in such a way that the cardinality of the
set O := AN S(pr,T) increases as k increases. Let O be indexed as Oy =
{ag; : 1 € Ix} and assume without loss of generality that 7, C Zy4q for
1=1,2,...,s—1. Let ky = 1, ko, ..., k, be the indices at which the cardinalities
of Ty, and T, _; are different. (Set Zy = ().) Now, define

Aj = {@kaj Qp; ;1€ ij\l-kjfl}, (j =1,2,... ,T).

Again, by letting o = @g>k; ki, fj = lg>k; pr and applying the primary
decomposition theorem to S = T'|z(q,1), one can conclude that
Z(a,T) = ®k>k; S(pk, S) D Ok, Z (i, T) D Z(a, T),
which implies that Z(a,T) = @g>r, Z(aki, T') and that T has a local minimal
polynomial f; at o € A;. This proves (3) and the proof of (3) = (1) is clear.
The proof that T satisfies (3) is the classical cyclic decomposition theorem

in finite-dimensional case. The proof in the infinite dimension follows from
Theorem 1.5 of the present paper. O

Let A be as in Parts (1) or (2) of Theorem 1.1; for Part (2), define A =
A1U---UA,.. Any of the cyclic decompositions given in Theorem 1.1 specifies
a rational canonical form T = ®,cp T, in which

[0 0 0 -~ 0 —¢ ]
100 -+ 0 —¢
01 0 -+ 0 —co

(1.14) Tola.=1. . . . . . s a €A
00 0 -+ 0 —cpo
00 0 -+ 1 —cp

with respect to the ordered basis A, := {a,Ta,T?a,...,T* *a}, where ¢
and ¢;’s are the parameters appearing in the minimal polynomial f,(z) =
2l e 12+ ezt of T at a.

(Note that the 1 x 1 matrix [0] represents the matrix of the zero operator on
a 1-dimensional space, and that the matrix of the zero operator on the space
{0} is a vacuous matrix.)

Furthermore, if the minimal polynomial f of T splits in F as

(1.15) F@) = (2 =A™ (@ = )™ - (= Ag)™
it yields a primary decomposition V' = @' ;S(id — A\;1,T'). Also, applying the

cyclic decomposition theorem to each operator S = T'|sia—»,1,7) yields the
so-called Jordan decomposition

(1.16) S(id — M1, T) = &7, Bacn,, Z(a,T),
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where T has a minimal polynomial (x — A;1)%# for all a € A;; and some finite
sequence of positive integers k;; > ki > -+ > kyp,. For a € Ay, the restriction
of the operator T'— \; to Z(«,T) is a nilpotent operator N,; and, hence, the
matrix of T| Z(a,) With Tespect to the basis

C = {a, (T — ND)a, (T — N, ..., (T — \DFal,
is the so-called Jordan block

X 0 0 - 0 0 i
1 A O 0 O
0 1 i 0 O
(117) [)\1[ + Nij]C = . : . . :
o 0 o0 -+ X\ O
L 0O 0 O e 1 i

The direct sum of all Jordan blocks related to a given operator T is called its
Jordan canonical form.

The aim of the present paper is to see the extent to which the primary
decomposition (1.7), the cyclic decomposition (1.13), the rational canonical
form (1.14), the Jordan decomposition (1.16) and the Jordan canonical form
(1.17) can be extended when the underlying space is infinite-dimensional; this
is done in Section 2. (See also [1,4,5].) The uniqueness of the decompositions
is discussed in Section 3. The proofs in Section 2 are simplification as well
as adaptation to the infinite dimension of those given in [4]. The paper is
concluded with a section on open problems.

The following lemma constitutes some essential facts needed in the proof of
our main results. The proof is left to the interested reader.

Lemma 1.2. Letp € Pr and let f = p™g for some nonnegative integer m and
some polynomial g € Fx] not divisible by p. Let T € L(V), let v € V and let
W be an invariant subspace of T. The following assertions are true.
(1) If f is the minimal polynomial of T, then p™ is the minimal polynomial
of T|spr). Moreover, if m > 1, then there exists uw € V such that
PN (T)g(T)u # 0.
(2) If f is the local minimal polynomial of T atv and if p™ 1 (T)g(T)y =0
for somey € Z(v,T), then y = p(T)u for some u € Z(v,T).
(3) If f is the minimal polynomial of T and h is the minimal T-conductor
of v into W, then hl|f.
(4) If f is the minimal T-conductor of v into W, then p is the minimal
T-conductor of u := p™ =Y (T)g(T)v into W.

The following examples reveal the motivation for the main result of the paper
stated in Theorem 1.5.
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Example 1.3. Let A = N (resp. A = Z) and define T € L(V&) to be the
forward shift defined by Te,, = e,4+1 (n € A), where e, is the nth element of
the standard basis of V. Fix p(z) = 2™ + apm_12™ 1 +---+a12 +ag € P and
v=ep+bp1en1+ -+ bp_ren_ € V\{0} with a;,0; e F, me N, ne A
and k > 0. Then p"(T)v = y + eptrm # 0 for all positive integers r, where y €
span{e; : j < n+rm—1}. This shows that span,cpS(p, T) = ©pepS(p, T) =
{0} and Vg = Z(e1,T) (resp. V&g = Z(&,T)), where é = {e,, : n € Z}. (See
Section 4 for the definition of T-invariant sequences ¥.)

Example 1.4. With the notation of Example 1.3, assume A = N. Let S €
L(VF) be the backward shift defined by Se,, = e,,—; where we set eg = 0. Then
S™y = 0, which shows that V& = S(id, S), where id(x) = x. Moreover, if
id # p € P, then p"(S)v = z + afe, # 0, where z € span{ej,es,...,e,_1}.
Thus, S(p, S) = {0} for id # p € P and that Vg = @pcpS(p, T).

The two extreme Examples 1.3 and 1.4 point out the following infinite di-
mensional versions of the primary and cyclic decomposition theorems combined
in one theorem; the proof will be given in the next section.

Theorem 1.5. (The primary-cyclic decomposition theorem) Let T €
L(U) be an arbitrary linear operator on a general mnonzero vector space U
such that T has a minimal polynomial f. Then there exists a subset A of
[Upep S(p,T)] such that

(1.18) span,cp,1S(9, 1) = @pep S(p,T), and

(1.19) U = &pep SO, T) = Baen Z(a,T).

Moreover, if W C U is such that Z(W,T) = @yew Z(w,T) andU = Z(W,T)+
Z(O(W),T), then A can be chosen to satisfy W C A, where

(1.20) O(W) := {8 € U: deg(fy) <deg(fy,) Ywe W}
(1.21) fe = the minimal polynomial of T at ¢ for all ¢ € U.

Note. Some summands in (1.18) may be trivial.

2. Proof of Theorem 1.5

Proof. We break the proof into several steps.

Step 1. Prove that span cp, S(9,7) = @pep S(p, T).

Fix g € Flz] and y € S(g, T) with the prime factorization g = pi"* p5"* - - - p.*.
Apply the primary decomposition theorem to the restriction S of T to the
finite-dimensional invariant subspace Z(y,T), to conclude that y = y; + y2 +
oty with y; € S(py,T) (4 = 1,2,...,k). Thus spangcg,) S(g,7) =
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span,.p S(p,T). In view of (1.3) and (1.4), it follows from the primary de-
composition theorem for the finite-dimensional spaces that

span,.p S(p,T) = U{Z S(p,T) : P finite subset of P}
pEP
= U{@pepS(p, T) : P finite subset of P}
= ®pEPS(p7 T)

Step 2. Prove that U = @pep [UNS(p,T)).

It follows from Step 1 that U = @pep S(p.T) = @per S(p,T). But
S(p,T) # {0} if and only if p|f and thus U = @,ep S(p,T).

To proceed to the next step, we retreat without loss of generality to a simpler
case of the problem. We may and shall assume without loss of generality in the
remainder of the proof that U = S(p, T) for some p € Py; i.e., T has a minimal
polynomial f(x) = p* for some p € Pp.

Step 3. For W as in the last conclusion of the theorem, show that there
exists a mazimal subset A of V(= S(p,T)) such that W C A and

(2.1) V =Z(AT) = ®uerZ(w,T).

Let X be the collection of all pairs (©2,0) such that W Cc Q C V, Z(Q,T) =
GuvecaZ(w,T) and V = Z(0,T) + Z(Q,T), where © = O() as defined in
the theorem. Define (2,0) < (Q,0") in X if Q@ C €. Note that, in view
of Lemma 1.2, there exists w € S(p,T) such that p™~1(T)w # 0. There-
fore, ({w},V) € X # (. We prove that every monotone increasing chain
{(€2;,0),} ey of elements of X has an upper bound in X. Here, the index set
J is linearly ordered. Let = U;¢jQ2; and let © = ©(2). By (1.3)-(1.6),

Z(Q,T) =Uje1Z(Q,T) = Ujeg Bueq; Z(w,T) = DueaZ(w,T).

Let m = m(Q) := min{deg(f,) : w € Q} and let n; = n(0;) (i € J), where
n(0) := max{deg(fy) : 0 € ©}. Since {n,}icr is decreasing, it follows that
n; = n for some constant integer n and for all ¢ greater than or equal to a fixed
k€] . Let ©=0,. Then V =2(0,,T)+2Z(Q:,T)C Z(0,T)+Z(Q,T)=V
and, hence, (Q2,0) € X.

Now, by the Hausdorff maximal principle, X contains a maximal element
(A, ©) with the corresponding parameters m = m(2) and n = n(0). Let
6 € © be arbitrary and assume p is its minimal T-conductor to Z(A,T). Then
v = v(f) = deg(p’) < n and, thus, p*(T)0 = p"(T)¢ where ¢ = g1(T)w; @
g2(Twa @ -+ ® gu(T)w,, for some integers p > 1 and h > 0, some w; € Q,
and some g; € Flz] (i = 1,2,...,u) such that p t g1. Let ¢t be the smallest
nonnegative integer such that p/**(7)0 = 0. Then p"*(T)w; = 0, which
implies that h > £. Let /"~¢(T)¢ and observe that the minimal polynomial of
T at 0’ is p*. Choose § with a maximal ¢ and call it wg. Let Q' = QU {wo}, let
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©’ = ©(Q) and observe that (2,0) =< (Q,0’) € X. Thus, wp = 0 and, hence,
wo = 0. This means that V = Z (A, T). The complete proof follows from the
special case that W = {0}. O

The formula (1.19) is the cyclic decomposition of the underlying space of T
and the corresponding rational canonical form is formulated as

(22) T = @QGATQ7

where each T, is an operator satisfying (1.14).
We conclude the section with a result which was crossed by a couple of times
in the above arguments.

Corollary 2.1. If p1,pa,...,pr € P are distinct and if o; € S(p;, T) for
i=1,2,...,r, then ®_,Z(;, T) = Z(Z1_,;, T).

The proof follows from the fact that the local minimal polynomial of T
at each «; is of the form pj* (i = 1,2,...,r), and that of T at > ,_, «; is
q :=pi*---pir. Hence,

dim®]_; Z(o, T Z deg p;’ = deg ¢ = dim Z(Z a;, T

i=1
Since Z(3°1_, i, T) C ®i—y Z(0u,T), it follows that Z(3~)_, o, T) = &i—1 Z(, T).

3. Uniqueness results

One of the main features of the cyclic decomposition (1.13) for the operators
on a finite-dimensional subspace is the uniqueness of the cardinalities card(4A;),
j=1,2,...,r. Whether the result remains true in the infinite dimension is left
as an open problem. Here, we show that the polynomials appearing in (1.19)
are unique. In fact, more is revealed by the following theorem.

Theorem 3.1. Fiz T and U as in Theorem 1.5 and let A and T be two dif-
ferent collections of nonzero vectors establishing the cyclic decompositions of
the form (1.19). Fiz p € P and j € N. Define A(p,j) = {a € A : p’ is the
minimal polynomial of T at a} and define T'(p, j), accordingly. Then

card(A(p,j)) = card(I'(p, 7)) if 0 < card(A(p,j)) < co.

Proof. Assume card(A(p, j)) > n for some n € N. Fix a subset Ag = {1, as,
,apn} of A(p, 7). There exists a finite subset T'g = {81, B2, ..., Bm } of T such
that Ag C W := @, Z(5;,T). Obviously, W is finite-dimensional and T’y
yields a cyclic decomposition for T|y,. On the other hand, W = Wy & Wh,
where Wy = &7, Z (o, T) and Wi = WN®@aco Z(a, T) with © = A\Ay. Find
Ay C Wy such that Wy = @aen, Z(,T) and define Q2 = AgUA;. By Theorem
5 W =@ueq Z(w,T) and, by the uniqueness of the finite-dimensional case,
[y NT(p,7) has at least n elements. O
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4. Open problems

For a general operator T' € L(V) the following problems remain unsettled.
Problem 1. When is there an invariant subspace W of T' such that

V=We&l[&perSp,T)?

In the following, ¥ = (v, )nex C V is called an invariant sequence of T €
L(V),if K=Nor Z and v, 1 = T, for all n € K. For an invariant sequence
¥ = (vn)nek, we define Z(9,T) = UperZ(vn,T) and observe that, if K = N,
then Z(0,T) = Z(v1,T).

Problem 2. If V=W & [®,epS(p, T)] for some invariant subspace W of
T, when is it true that

W = ®see Z(0,T)
for some collection & of invariant sequences of T'7
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