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1. Introduction

In this paper, we study the existence of nontrivial solutions to the following
p-Kirchhoff-type elliptic system

(a—f—c(/RN(|Vu|p+bu|p)da:)T> (= A yu+blulP2u)

1
= aFu(u,v)—FMu\q*Qu, reRY,

(1.1) (a + c(/RN(|Vv|p+b|v|p)dx)T) (—Apv+blvP?v)

1
:ﬁFv(u,11)—|—u|v|q_2v7 z e RN,

u,v € Wl’p(RN),

where a,b > 0,¢,7 > A\, p € RV, 1 <p<N,p<q<d<p*:A’,’—fp,F(u,v) c

Cl(R?),F, = ?TZ’ v = %—f and Apu = div(|Vul[P~2Vu).
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nonlocal elliptic system of p-Kirchhoff-type 130

System (1.1) is a generalization of a model introduced by Kirchhoff [10].
More precisely, Kirchhoff proposed a model given by the equation
P, E [F
(1.2) pi— (2 4+ — | wldz)ug, =0, 0<z <L, t>0.
h 2L J,
which takes into account the changes in length of string produced by transverse
vibration. The parameters in (1.2) have the following meaning: L is the length
of the string, h is the area of cross-section, F is the Young modulus of material,
p is the mass density and P, is the initial tension.
The equation

(1.3) pit — M(|Vu|3)Au = f(z,u), € Q, t >0,

generalizes equation (1.2), where M : Rt — R is a given function, { is a
domain of RY. The stationary counterpart of (1.3) is Kirchhoff-type elliptic
equation

(14) ~M(|Vul})Au = f(z,u), 7€ Q, t >0,

Some classical and interesting results of Kirchhoff-type elliptic equation can be
found, for example, in [1,4,12,14,18,19].

In this paper, we investigate the existence of nontrivial and radially symmet-
ric solutions for system (1.1). In particular, we are interested in the nonlinear
term F(u,v) including the two cases: F(u,v) = |u|*|v|® with a+ 3 =d, and
F(u,v) = (u? +v?)¥2, where p(1 + 1) < d < px and the asymptotic behavior
of F(u,v) is different as u? + v2 — oo. Furthermore, we assume p < ¢ < d
in system (1.1), that is, the nonlinear term Alu|? + p|v|? is a lower degree
perturbation of F(u,v).

For F(u,v) = |u|%v|?, the authors in [2,3,5-8, 11, 13] considered the exis-
tence of solution for (1.1) with ¢ = 0. Under the assumption p(7 + 1) < g <
d < p*, the authors in [9,20,21] studied the existence of solutions for Kirchhoff-
type elliptic equation. Clearly, it is an interesting problem for the existence of
solution for system (1.1) with p < ¢ < p(7 +1) < d < p*. It is noticeable that
the Mountain Pass Theorem, Fountain Theorem, Ekeland’s variational prin-
ciple, and the other variational methods have been used to get the existence
of solutions in the above references. But, we know that the Nehari manifold
and fibrering maps methods are useful to prove the existence of at least two
solutions for (1.4) with a concave-convex term, see [19, 20] and the references
therein.

For the nonlinearity f(u), problem (1.1) is not compact, that is, the min-
imizing sequences are bounded, but not pre-compact in W1?(RY). To over-
come this diffculty, motivated by [17], we will use the Nehari manifold and the
fibering maps method and Mountain Pass Theorem to study the existence of
solutions for system (1.1).
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In order to state our main results, we first introduce some Sobolev spaces and
norms. Let C§°(RY) denote the collection of smooth functions with compact
support and

(1.5) C@(RN) = {u € C*(RM)|u(z) = u(|z|),z € RN},
Let X = ©L?(RY) be the completion of C§5.(RY) under the norm
(1.6 Jullx = ([ | (Fupda)'/e
RN

We will work on the space Y = X N LP(RY), which is a subspace of the Sobolev
space WHP(RY), endowed with the norm

(1.7) [ully = (/RN(IVUIp + blul?)d) /P

with the constant b > 0. It is well known that the embedding ¥ — L™(RY)
for p < m < p* is continuous, and there exists a constant ¢, > 0 such that

(1.8) [ullm < emllully, Yu €Y,
where || - || is the usual norm of L™(RY).
Obviously, under the norm | - ||y, Y is a Banach space. For the product

space E =Y x Y | the norm of (u,v) € E is defined by
(1.9) [(u,vlle = [lullx + llully-

Definition 1.1. A pair of functions (u,v) € E is said to be a (weak)
solution of (1.1) if for any (¢, ) € E, there holds

(a+c||u||§’,7)/ (|Vu|P~2VuV + blu|P~2up)dz+

RN

(1.10) (a+c||v||§’;)/ (IVoP2VoVi + bloP~2uy)da
RN

1
=3 | P+ oot [ Ol 2o+ ol o)

Let J(u,v) : E — R be the energy functional associated with system (1.1)
defined by

J(u,v) = %A(u,v) + ]9)(7 +1)B(u,v) — é/ﬂw F(u,v)dz

(1.11) .

o [ Ol ol
q JrN
Here and in the sequel, we denote

T74+1 7+1
(1.12) A(u,v) = [l + o2, Blu,v) = [lul57 + o] 7.
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It is easy to see that the functional J € C'(E,R) and its Gateaux derivative
is given by

I (u,v)(p,¢) = (a+ CIIUH’{/T)/ (IVulP2VuVep + blulP"*up)da
RN

1 i ) )
-l /R (Fup+ Fai)dr + (a+ clolf) /R (VIO bl

— [l ol o)
RN
Throughout this paper, we make the following assumptions:
(H) Let F(u,v) € C*(R?) be positively homogeneous of degree d € (p, p*),
that is, F(tu,tv) = t4F(u,v)(t > 0) for any (u,v) € R2. Also, assume
F(u,0) = F(0,v) = Fy(u,0) = F,(0,v) = 0 and F(u,v) > 0 for any
(u,v) € R?\ {(0,0)}. Furthermore, there exists a constant k; > 0 such
that
0 < F(u,v) < ka(Jul” + [v]"), V(u,v) € R?,
and
|Fulu,v)| < R (Jul ™+ o] 1),
| (u,0)] < ka(ful®™t + o471, W(u,0) € R,
with p(t + 1) < d < p*.
Remark 1.1. By the hypothesis (H), we have the so-called Euler identity
Fu(u,v)u + Fy(u,v)v = dF(u,v), ¥(u,v) € R%,
Clearly, the functions F(u,v) = |u|*|v|? with a + 8 = d and F(u,v) = (u? +
v2)%? satisfy (H).
Here are the main results of this paper.

Theorem 1.2. Let (H) and 1 < p(t+ 1) < g < d < p* hold. Then, for any
a,b>0,¢,7 >0 and A\, u € R, the system (1.1) admits at least a pair of positive
ground state solution (u,v) € E with J(u,v) > 0.

Theorem 1.3. Let (H) and 1 < p < q¢ < p(r+1) < d < p* hold. Then, for
any a,b > 0,¢,7 > 0 and \,u € R, the system (1.1) admits at least a pair of
positive ground state solution (u,v) € E with J(u,v) > 0.

Remark 1.4. For the problem (1.1) with p = 2,7 =1, = p, Li et al. in [12]
proved that there exists at least one positive solution for any ¢ € [0, ¢g) with
some small ¢y > 0.

Remark 1.5. For the problem (1.1) with ¢ = 0, if the perturbation terms
Aul|9=2u and plv|9=2v are replaced by f(z) and g(z) respectively, such that
|| fllp» and ||g|l,s are small, the authors in [6] proved that problem (1.1) has at
least one nontrivial solution (u,v) € E with J(u,v) <0.
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This paper is organized as follows. In Section 2, we set up the variational
framework and derive some Lemmas, we shall discuss the proof of Theorem 1.2
in Section 3. The proof of Theorem 1.3 is given in Section 4.

2. Preliminaries
For the space Y, one can give a pointwise estimate for function in Y.

Lemma 2.1. [15]. There exists a constant C = C(p, N) > 0 such that for
everyu €Y,

(2.1) Ju(@)| < Clz|®=M77||Vulp, Yo € RV \ {0}.
Lemma 2.2. Let m € (p,p*). Then the embedding Y — L™(RY) is compact.

Proof. Let {uy} be a bounded sequence in Y. Without loss of a generality, we
assume that up — 0in Y and ||ux|ly < M,VEk € N with some M > 0. For our
purpose, it is enough to show that uz — 0 in L,,(RY). By the Sobolev-Rellich

embedding theorem in a bounded domain, we can assume uj, — 0 in L (RY)

and uy(z) — 0 a.e. in RN as k — oo. Let B be the unit sphere in RV with
the center at the origin and B¢ = R™ \ B. Then, as k — oo, we have

/RN lug (z)|"dz = /B |u1€(x)|mdx+/Bc lug (z)|"dx = / lug ()| dx + o(1).

Fix ¢ > p* = %p- By Lemma 2.1, we have

2.2 up(2)|2 < Cylz|"IN-P/P 1 e RN and Vk € N
(2.2) |ur ()| ; ;

where C; > 0, independent of k. Since ¢ > p*, we get |z|~9N-P)/P ¢ L1(B¢)
and then, by Lebesgue dominated convergence theorem,

(2.3) / lug (z)]9dx — 0, as k — oo.

Let s € (0,1) be so that m = ps + (1 — s)g. Then, it follows from the Holder
inequality that

/|uk|mdx:/ |uk\p8|uk|q<1*s>dxg(/ \uk|pdx)s(/ | da) .
C BL‘ BC BC

Since { [. |ug|Pdz} is bounded and { [5. |ux|9dz} — 0, we have { [}, |ux|™dx}
— 0 as k — co. Moreover, we obtain from (2.3) that

(2.4) / lug|™dx — 0 as k — o0
RN

and the embedding Y < L™(RY) is compact. This completes the proof of
Lemma 2.2. O
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To prove the existence of solution for the system (1.1), we introduce the
Nehari manifold

(2.5) N ={(u,v) € E\ {0,0}J (u,v)(u,v) =0}
that is, (u,v) € N if and only if (u,v) # (0,0) and

(2.6) aA(u,v) + cB(u,v) = / (F(u,v) + Mu|? + plv]|?)dz.
RN
Furthermore, we define the fibering maps ¢(t) = J(tu, tv) for t > 0. Clearly,
(u,v) € N if and only if ¢/(1) = 0 and, more generally, (tu,tv) € N if and only
if ¢'(t) = 0, that is, elements in N correspond to stationary points of fibering
maps ¢(t). By definition, we have
a c .

B() = I (tus o) = (el + (1ol + - (57 + ol70)

td t

- — F(u,v)dx — —/ (Aul? + plv]|?)dx,

d Jg~ q JrN

and

¢ (t) = atP"  A(u, v) +ctPTTI I B (0, v) — 1971 / F(u,v)dz
RN

=t [ Ol + el

Notice that, if (u,v) € N, then
1 1 1 1
J(u,v) = a(g - a)A(%U) + C(m - g)B(U’ v)
+ (} 1 F(u,v)dz
q dJgn
(2'7) 1 1 1 1
= a(}; - E)A(U,U) + C(m - E)B(uav)
(G2 [ O+ lad)a

In the following, we derive some properties for the Nehari manifold N.
Lemma 2.3. Let p < q <d and (H). Then, the Nehari manifold N # (.
Proof. Let (u,v) € E, (u,v) # (0,0). Consider the following function for ¢ > 0:

Y (t) = I (tu, to) (tu, tv) = a(|[tully + [[t0]]5) + e([tulf7 + [v]F7)

— td/ F(u,v)dz — tq/ (Alul? + plv[?)dz.
RN RN

Since p < g < d, it follows that () > 0 for small ¢ > 0 and y(t) — oo ast — oo.
Then there exists ¢; > 0 such that «(¢;) = 0. Obviously, (t1u,t1v) # (0,0).
We conclude that (tju,tv) € N and N # (. O
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Lemma 2.4. Let (H) and p(t + 1) < g < d hold. Then, the functional J is
coercive and bounded below on N and satisfies

2.8 d= inf J(uv)>0.
( ) (u,IU%EN (u U)

Proof. Let (u,v) € N. Then it follows from (1.8) and (2.6) that

(2.9) aA(u,v) + e¢B(u,v) = /RN (F(u,v) + A|u]? + plv|?)dx

< Collull$ + [loll§- + l[ull§ +lvl3)

where Cy = max{cqk1, ¢, max{|A|, ||} } and ¢, is the constant in (1.8). Notice
that for any m > 1,

(2.10) 27w, o)l < Mully + ol 7 < Nl (w,v) |-
Then it follows from (2.9) that

(2.11) 2'"Pa < Co([l(u, )| + I (u, ) |57).

If |(u,v)|| g <1, (2.11) gives a < 2PCy||(u, v)||% ", So we have
(2.12)  |(u,v)]|g > min{1, (2°Coa~ ") 73 = Cy, Y(u,v) € N.
Therefore, if (u,v) € N, we have from (2.7) and (2.12) that

(2.13) J(u,0) > pu|full% + palluliT > Cy
where
11
=a(=->)>0,
1 a(p q)
(2.14) _ L 1oy
b2 c(p(7+ 1) q) -

02 = 1)161{j —|—po{7(7—+1) > 0.

This shows that J is coercive and bounded below on A and d > C5 > 0. This
completes the proof of Lemma 2.4 O

Lemma 2.5. Let (H) and p(t+1) < g < d hold. Then, there exists (u,v) € N'
such that J(u,v) =d and u,v >0 a.e. in RY.

Proof. Let {(un,vy,)} be aminimizing sequence for d in N'. The fact J (un,v,) =
J(|tt|, |vn|) implies that {(Jun|,|vs|)} is also a minimizing sequence, so that
we can assume from beginning that u,,v, < 0 a.e. in RV, Since J is coercive
and bounded below on N, the sequence {(un,vy,)} is bounded in E. We can
assume that, up to a subsequence, (un,v,) — (u,v) in E. By Lemma 2.2, we
have u, — u,v, — v in L4RY) N LI(RY), and, again up to a subsequence,
un () = u(z),v,(2) = v(z) a.e. in RY. So that u(x),v(x) > 0 a.e. in RY and
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(u,v) € Y . We now prove that (u,v) € N and J(u,v) = d.
Since (uy,v,) € N, then,

(2.15) aA(un,vn) + cB(un, vy) = / (F(un,vn) + Aun|? + plog|?)de.
]RN

By the weakly lower semi-continuity of norms, we have from (2.12) and (2.15)
that

(2.16) 0<C3 < aA(u,v)+ cB(u,v) < / (F(u,v) + Mul? + pl|v|?)dx.

RN
This implies that (u,v) # (0,0). If the equality in (2.16) holds, then (u,v) € N.
So, arguing by contradiction, we assume that

(2.17)  aA(u,v) + c¢B(u,v) < / (F(u,v) + Nu|? + plv]|?)dz.

RN
Let v(t) = J'(tu, tv)(tu, tv). Clearly, v(¢t) > 0 for small ¢ > 0 and (1) < 0. So
that there exists ¢ € (0,1) such that «(¢) = 0 and (tu,tv) € N. Then we have
from (2.11) and the weakly lower semi-continuity of norms that

T74+1 T+1
d < J(tu,to) = pr(ltulls + to]8) + pa(lftul 37 + [[to]57Y)

+p3td/ F(u,v)dx
RN

T+1 T+1
< ol + el + pa(ll + el 37) + s / Fluv)de

< Pl A(un,00) + p2Bluns ) 4 91 [ Pl a)do)
n oo R

= liminf J(u,,v,) = d,
n—oo
where p1, py are given in (2.14) and p3 = ¢~ ' —d~! > 0.
This contradiction proves that the equality in (2.16) holds and then (u,v) €
N. Again, the application of the weakly lower semi-continuity of norms, we
get J(u,v) < linrr_ligf J(tup,v,) = d. On the other hand, for every (u,v) €

N, J(u,v) > d. So J(u,v) = d and Lemma 2.5 is proved. O

3. Proof of Theorem 1.2

We can now prove the main result of this paper by use of lemmas in Section
2.

Proof of Theorem 1.2 Clearly, it is enough to prove that u is a critical
point for J in X, that is, J'(u, v) (¢, 1) = 0 for all (p, ) € E and thus J'(u,v) =
0 in E*, where (u,v) is in the position of Lemma 2.5.
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For every (¢, 1) € E, we choose € > 0 such that (u+ s, v+ sy) # (0,0) for
all s € (—¢,¢). Define a function w(s,t) : (—¢,€) x (0,00) — R by
s,t)= (t(u +50), t(v + s¥))(t(u + s), (v + s1))

=c(lltCu+ Q)5+t + ) [F) allttu + s)l

e+ s0)§) =t [ Flut sputsu)do—t ksl lo+sl)

Then
w(0,1) = aA(u,v) + ¢B(u,v) — F(u,v)dz
(3.1) RN
= Mull§ = pllvl[§ =0
and
Ow
E(O, 1) = paA(u,v) + pe(r + 1) B(u, v)
—d/ F(u,v)dr — q(\|ul|2 + p||v||2
(32) - (u,v) Allllg + plivlg)

= (p— q)aA(u,v) + c(p(T +1) = ¢) B(u,v)
Jr(qfal)/ﬂw F(u,v)dx < 0.

So, by the Implicit Function Theorem, there exists a C'! function ¢ : (—¢g, &)
(C (—¢,¢)) — R such that ¢(0) = 1 and w(s,t(s)) = 0 for all s € (—ep,ep)-
This also shows that ¢(s) # 0, at least for ey small enough. Therefore, (s)(u+
sp,v + sp) € N. Denote t = ¢(s) and

X(s>:J@<u+w),t<v+s¢>):%”(Huwng

P (TH)

C T4+1 (T+1
o st][B) + ——— (lu + sl 57 o + sy BT

p(T+1)
1 1

“ 4 o F(t(u+ sp), (o + sv))de = Z(Alft(u + s@)lg + pllt(v + sv)llg.

We see that the function x(s) is differentiable and has a minimum point at

s = 0. Therefore,

(3.3) 0= x'(0) =t'(0)w(0,1) + J'(u,v) (¢, ¥).

Since (u,v) € N, it follows from (3.1) that J'(u,v)(p, ) = 0 for every (p,1) €
E and thus J'(u,v) = 0 in E*. So, (u,v) is a critical point for J and then
(u,v) is a pair of weak solutions of the problem (1.1) in E. Since J(u,v) =
J(|ul,|v]) = d > 0, we can assume u,v > 0 a.e. in RY. Furthermore, the
application of maximum principle in [15] yields u(x),v(z) > 0 in RY. Thus,
the proof of Theorem 1.2 is completed.
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4. Proof of Theorem 1.3

In this Section, we use the Mountain Pass Theorem in [23] to prove Theorem
1.3. First, we have

Lemma 4.1. Let p < g < p(t +1) < d and (H) hold. Then, the functional J
defined by (1.11) satisfies J(0,0) =0 and

(I). there exist p > 0;a > 0 such that J(u,v) > « for ||(u,v)||g = p;

(II). there exists (ug,vo) € E with ||(uo,v0)||g = p such that J(ug,vo) < 0.

Proof. In fact, it follows from (H) and (1.8) that

a c
=-A — B
) = 2 A00) + - Bo)
1 1
—&/ F(u,v)dx—f/ (Au]? + plv]|?)dx
(4.1) RN q JrN
2 -7q P
> p P
> 2wl + S ol

= Cl(u, )1 — Cll(w, v) |1

where C3,Cy are the given constants. Since p < ¢ < p(7+1) < d, The relation
(4.1) implies that (I) is true. To prove (II) , we choose (u1,v1) € E,uy,v; #0
and ||(u1,v1)||g = 1 such that F(uy,v1) > 0 and write

n(t) = J(tur, tvr) = —([[tur||§ + [ltve]§)

a
p
C (t+1) p(T+1)
———(|[tu |y t
(4.2) + P 1)(|| urlly "+ ltodlly” )
td

tq
—— | F(u,v)dz — f/ (Aua|? + plvr|?)de.
d RN q JrN

Clearly, n(t) > 0 for small ¢ > 0 and n(t) — —oc as t — +00. Then there exists
large ¢1 > p such that n(t1) < 0, that is, J(u1,v1) < 0. Denote ug = t1uy,vg =
t1vg. Then ||(ug,vo)|lg = t1 > p and J(ug,ve) < 0. This completes the proof
of Lemma 4.1. O

Lemma 4.2. Assume (H) andp < ¢ < p(t+1) < d. Let {(un,vyn)} be a (PS),
sequence of J in E. Then {(un,v,)} has a strongly convergent subsequence in
E.

Proof. Let {(un,vn)} be a (PS). sequence in E, that is,

(4.3) J(Un,vn) = ¢, J (Un,vn) = 0, in E*.
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We first show that {(u,,v,)} is bounded in E. In fact, for large n, we have
from Holder inequality that

1 +c+ ||una 1}nHE‘ Z J(unavn) - d 1J’(un,vn)(un, Un
—p4A(Unavn)+pSB unavn — Pe )\|un|q+ﬂlvn|q)dx
(4.4) RN
> 277y |, o) 1% + P52 7P|, )[R

= Pocill(wn, va) |5 (1AL + (1)

Wlthp4:a’(%7é) >07p5:6(ﬁ75) >07p6:(%7é) >079:%

Since 1 < p < g < p(1 + 1), (4.4) implies that {(un,v,)} is bounded in E.
Then there exists (u,v) € E and a subsequence of {(uy,v,)}, still denoted by
{(tn,vn)}, such that (u,,v,) = (u,v) weakly in E. Without loss of generality,
we assume ||(u,v,)||g < M for some constant M and all n € N. By Lemma
2.2, we have u,, — u,v, — v in L™(RY) with p < m < p* and then u,(z) —
u(z), v, (z) — v(z) a.e. in RY. In particular, we have u,(r) — u(z),v,(z) —
v(x) in L4RN).

In the following we prove that (un,v,) = (u,v) in E. Denote

P, =J' (u,vp) (n—u, v, —0)
=(@a+cllun|l¥) / (VP2 Vi, V @y — ) 4|t |P~ 210y, (g, — ) d

(4.5)
el / (V00 P29, ¥ (0, 1)

+ blug [P vn(vnf ))dx)— R, —Sp,—T,—K,,

= Jon Fultin, vy)(tn — u)dz,
(4.6) S, = fRN (Up, vp) (v, — v)dz,
T = A [ |unl|?™ 2 (U, — u)da,
Ky = [gn [0p]7 200 (0 — v)da.
The fact J'(un,v,) — 0 in E* implies that P,, — 0 as n — oo. Similarly, the

fact u, — u,v, — v in Y implies that @),, — 0 as n — oo, where

Qn = (a+ cllunll?) / (VP2 V 11 ¥ (1, — )
P=2y (u, —u
(4.7) +b|un| n( n ))
+ (a+ elloml) / (IV0n P29,V (0, — v)
)

+ b, P20, (vy, — 0))di).
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We now prove R, — 0,5, — 0,7, — 0 and K,, —» 0 as n — oco. It follows
from the assumption (Hz) and (1.8) that

Rl < [ 1P, 00) 0 = w)ld

<k / (a4 [l i — uld
RN

< kn((lunllg™ + loall gl — ulla
< Brca(lunlly + llvally ) lun — ulla
< 2k1cqM P Hu, — ulla — 0 as n — oco.
Similarly, we have
[Sn| < 2k1chd_1||vn —v||q,
(4.9) Tl < NegM T up — ullq,
K| < [plegMTH o, — vl

and S, — 0,7, — 0, K,, — 0 as n — oo, where the constant ¢, was in (1.8).
Notice that

P,—Q,=(a+ CHunH:ng)Un +(a+ c||vn||€,T)Vn

(4.10) "R, S, T, - K,

where

(4.11) U = Jon ([Vun|P2Vu, — |VulP~2Vu)V (u, — u)
H([ulP~2un — [ulP~?u) (uy — u))da,

and

(4.12) Vi = Jox (VR [P72V0, — [V0|P~2V0)V (0, — v)

+b(jv|P~2v, — |v[P~20) (v, — v))da.

Then it follows from (4.9) and P, — @Q,, — 0 that U,, — 0,V,, — 0 as n — oo,
that is, (un,v,) = (u,v) in E as n — co. Thus J(u,v) satisfies (P.S) condition
on E and we finish the proof of Lemma 4.2. O

Proof of Theorem 1.3. By Lemmas 4.1 and 4.2, J(u, v) satisfies all assumptions
in Mountain Pass Theorem in [16]. Then there exists (u,v) € E such that (u,v)
is a pair of solutions of (1.1). Furthermore, J(u,v) > «. This completes the
proof of Theorem 1.3. O
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