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ABSTRACT. Let S be a monoid. In this paper, we prove every class of S-
acts having a flatness property is closed under directed colimits, it extends
some known results. Furthermore this result implies that every S-act has
a flatness cover if and only if it has a flatness precover.
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1. Introduction

Throughout this paper, S always stands for a monoid. A nonempty set A
is called a right S-act, usually denoted Ag, if S acts on A unitarily from the
right; that is, there exists a mapping A X S — A, (a,s) — as, satisfying the
conditions (as)t = a(st) and al = a, for every a € A and all s,t € S. All right
S-acts and their homomorphisms form a category which is denoted by Act-S.
Similarly, S-Act is the category of all left S-acts and their homomorphisms.
Now we give the definition of colimits of S-acts.

Let T be a set with a preorder (that is, a reflexive and transitive relation).
A direct system is a collection of S-acts (X;);er together with S-maps ¢; ; :
X; — X for all ¢ < j € I such that

1. ¢y =1x,, for all i € I; and

2. ¢jri; = ¢ix, whenever i < j < k.

The colimit of the system (X;);cr is an S-act X together with S-maps
«; @ X; — X such that

1. a; = a¢; j, whenever i < j,

2. If Y is an S-act and 3; : X; — Y are S-maps such that 3; = B,¢;;
whenever i < j, then there exists a unique S-map ¥ : X — Y such that the
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diagram

(27

Xi *>X
Bi

L
Y

commutes for all 7 € I.

If the indexing set I satisfies the property that for all i,j € I there exists
k € I such that k > ¢,j then we say that I is directed. In this case we call the
colimit a directed colimit.

By [ [l]], the colimit of S-acts is easy to demonstrate. In fact let A; :
X; — iLejIXi be the natural inclusion and let p be the right congruence on

‘UIXi generated by R = {(Ai(x:), Aj(¢ij(z:)))|zs € Xi,4 < j € I}, Then

1€

X = (AUIXi)/P and a; : X; — X given by «;(z;) = A\i(x;)p are such that
1€

(X, ;) is a colimit of (X, ¢; ;).

Let S be a monoid, A an S-act, and X a class of S-acts. In 2012, Bailey
and Renshaw initiated the study of Enochs’ notion of cover to the category of
acts over monoids. They introduced the concept of an X-cover and X-precover
for a class X of S-acts. This is the analogue of Enochs’ definition for covers
of modules over rings. An S-map g : P — A for some P € X is called an
X-precover of an S-act A, if for every S-map ¢’ : P — A, for P’ € X, there
exists an S-map f: P/ — P with ¢’ = gf. That is the following diagram

P/
g

4 g
P——A

commutes. If in addition the precover satisfies the condition that each S-map
f: P — P with gf = g is an isomorphism, then we shall call it an X-cover.

Pullbacks in the category of left S-acts are defined as in any category. Note
that pullbacks do not necessarily exist in this category. If a pullback of the
homomorphisms f: sM —s@ and g: sN —¢ @ does exist in the category of
left S-acts, then it is determined up to isomorphism, and we may assume that
it is equal to

P = {(m,n) €sM xsN|f(m) = g(n)}
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together with the restrictions p; and po of the projections of sM xg N onto
sM and gN, respectively. The pullback diagram

SP$SM

in the category of left S-acts will be henceforth denoted by P(M, N, f,g,@Q).
Tensoring the pullback diagram P(M, N, f, g,Q) by any right S-act Ag pro-
duces the commutative diagram

1A®p1

Ag ®g P Ag ®s M
1A®P2l \LlA@f
As @ N ———> A5 ®s @

A®g

in the category of sets. For the pullback of mappings 14 ® f and 14 ® g in the
category of sets we may take

P'={(a®@m,d @n) € (As @sM) x (As @sN)la @ f(m) = d’ @ g(n)}.

It follows from the definition of pullbacks that there exists a unique mapping
¢ : As @sP — P’ such that the diagram

As ®g P

As®s N

14®g
is commutative. This mapping is given by
pla® (m,n)) = (a@m,a®@n)

for every a € Ag and (m,n) €g P, and will be called the mapping ¢ corre-
sponding to the pullback diagram P(M,N, f,g,Q)(for Ag).

All kinds of flatness properties of S-acts are investigated in many articles,
such as [ [1]- [10]]. For a complete discussion of flatness of S-acts, the reader
is referred to [ [3,7]]. And all the flatness properties and their relations are as
follows.
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pullback flat

equalizer flat weakly pullback flat
/ condition (P) weakly kernel flat

condition (E)

/ \ / prmmpally weakly kernel flat

condition (WP)

\\ / \ translation kernel flat

weakly flat condition ( PWP)

NS

principally weakly flat

torsion free

Figure 1

In 2012, Bailey and Renshaw prove the following result.

Theorem 1.1 ([ [1], Theorem 4.11]). Let S be a monoid, let A be an S-act and
let X be a class of S-acts closed under directed colimits. If A has an X -precover
then A has an X -cover.

From this result, it is clear that it is an important problem to find the
classes of S-acts which are closed under directed colimits. So far, it has only
been proved that every class of S-acts having some flatness properties is closed
under directed colimits, such as strongly flat property, condition (P), flatness
and torsion freeness. But for other flatness properties, the results are not
known. In this paper, after basic results and definitions, we prove every class
of S-acts having a flatness property is closed under directed colimits.

2. Main results
In order to prove our main result. We need the following two lemmas.

Lemma 2.1 ([ [5], Proposition 8.1.8]). Let S be a monoid, a,a’ € Ag,b,b €g
B. Thena®b=a @V in As ®sB if and only if there exist a natural number
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k and elements ay,--- ,ar € Ag,ba, -+ by, €sB, s1,t1, -+, Sk, tx € S such that
a=as1,
ait; = asss, s1b = t1ba,
aktk = a', Skbk = tkb/.

Lemma 2.2 ([ [9], Lemma 3.5 and Corollary 3.6]). Let (X, ¢; ;) be a direct
system of S-acts and S-morphisms with a directed index set and with directed
colimit (X, ;). Then o;(x;) = aj(x;) if and only if ¢; x(x;) = ¢jk(x;) for
some k > 1,j. Consequently a; is a monomorphism if and only if ¢; 1, is a
monomorphism for all k > i.

We begin by proving the following result.

Lemma 2.3. Let S be a monoid, let (A;, ¢; ;) be a direct system of S-acts
with directed index set I and let (A, «;) be the directed colimit. Suppose for
each A; the mapping ¢ corresponding to the pullback diagram P(M, N, f,g,Q)
s surjective, then for A the mapping @ corresponding to the pullback diagram
P(M, N, f,g,Q) is surjective.

Proof. Suppose that (z ® m,y ® n) belongs to the pullback of P(A® M, A ®
N,1a® f,la®9g,A®Q), where z,y € A,m € M,n € N. Then 2 ® f(m) =
y®g(n)in A® Q. If we can find some a € A, (m/,n’) € P(M, N, f,g,Q) such
that ¢(a ® (m/,n')) = (x ® m,y ®n), then the result follows.

Since z @ f(m) = y ® g(n), by Lemma 2.1 there exist a natural number k

and elements ay,--- ,ar € As,q2," - ,qx €5Q, s1,t1, -+, Sk, tx, € S such that
r = a181,
a1ty = agsz, s1f(m) = tiga,
akly =Y, Skqr = trg(n).

Denote x by ap and y by api1, so there exist aéj € A;; with a; = aij(agj),
where i; € I and j =0,1,--- ,k,k + 1. Hence we have

Qs (a‘;o) = Q4 (a;1 81)’

Qg (a‘gltl) = iy (a’;232)7 Slf(m) = t1qo,

iy, (a’;ktk) = Qppy (a;k+1)> Skqr = tkg(n)-
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Since I is directed, by Lemma 2.2 we can always find some [ > ig,41, -+ ,ig41
such that

¢io,l(a;0) = (bihl(a;l )517

Gy 1 (a;, )t = Gy (ai,)s2, s1f(m) = t1qa,
¢ik,l(a/ik)tk = ¢ik+1,l(aék+1)a Skqk = tkg(n)'
Hence we have ¢;,(aj) @ f(m) = ¢, (al,,,) ® g(n) in A ® Q. That is

(hig1(aiy) @ m, iy, a(aj, ) ®n) belongs to the pullback of P(4; ® M, A @
N, 14, ® f,14, ® g, A1 ® Q). By assumption, for A; the mapping ¢ corre-
sponding to the pullback diagram P(M, N, f, g, Q) is surjective, so there exist
a’ € A,m' € M and n' € N such that ¢(a” ® (m/,n')) = (¢iy.(aj,) @
m, i, 0(ai, ) ®n), where f(m') = g(n'). That is ¢;y(a;) @ m = a” @m’
and ¢, 1(a;,, ) @n=a"@n"

Since ¢;, 1(a;, ) @ m = a” ®@m’, by Lemma 2.1, there exist a natural number

p and elements ci,---,¢, € Aj,ma, -+ ,my €M, ur,v1,- - ,Up,vp € S such
that
/
¢i0,l(ai0) = 01517
c1ty = ca82, um = v1Mma,
_ _ /
Cptp = a’, UpMy = VpM.

. . . B Py ,
Acting o on left column equations and since z = ay,(a} ) = i, i(a;,) we
have

x = qyc1)s1,

a(c1)ts = aq(c2)sa, urm = vyma,

ay(ep)t, = ay(a”), upmy, = vpym'.
Hence z @ m = ay(a”) @ m’ in A® M. Since ¢;,,,(a;,, ) ®n =a" @n', by a
similar way we can prove y @ n = o;(a’) ® n’ in A ® N. Now we finally have
plai(a”) @ (m',n')) = (u(d") @ m',ay(a”) @ ') = (x @ m,y @ n). O

Lemma 2.4. Let S be o monoid, let (A;, ¢; ;) be a direct system of S-acts
with directed index set and let (A, «y;) be the directed colimit. Suppose for
each A; the mapping ¢ corresponding to the pullback diagram P(M, N, f,g,Q)
s injective, then for A the mapping @ corresponding to the pullback diagram
P(M,N, f,g,Q) is injective.
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Proof. For any a,a’ € A,m,m’ € M and n,n’ € N, suppose
a@m=ad @m’' in Ag@sM, f(m)=g(n)
a®@n=ad ®n in Ag®@gN, f(m')=g(n').

That is (a®(m,n)) = @(a’®@(m’,n’)) belongs to the pullback of P(AQ M, A®
N,14® f,14 ® g, AR Q), where (m,n),(m’,n') € As QgP.

We will show that a ® (m,n) = a’ ® (m/,n’) in Ag ®sP. Since a ® m =
a ®@m' in Ag ®s M, as in the proof of Lemma 2.3, we can always find some
li > o, ipy1 and ai, € Ay, @), € Ay, with oy (ai,) = a, g, (ai ) =d
such that

tpt+1

Doy (@fy) @M = ¢y, 0, (@) ) @m' in Ay, @sM.

where ig,ip+1 € I. Similarly, we can find ly > jo,j4+1 and a;, € A4j,, a €

jq+1
Aj, ., with ajy(aj,) = a, aj,,, (a = a’ such that

/
Ja+1 jq+1)

¢i0,12 (a;()) ®@n = ¢iq+1712 (a‘/ ) ® n' in Al2 ®gN.

lg41

Then we can always find [ > [, 15 such that

Gigi(ai,) @m = ¢, a(a;  )@m' in Ay @sM,  f(m) = g(n)
Gioi(ai,) @n =i, a(a;, ) ®n' in Ay@sN,  f(m') =g(n').

lg41
Hence <p(¢)i0’l(a;0) ® (m,n)) = <P(¢iq+1,l(a§q+1) ® (m/,n’)). By assumption,
for A; the mapping ¢ corresponding to the pullback diagram P(M, N, f, g, Q)

is injective, hence ¢y, (aj) ® (m,n) = ¢, (a; ) ® (m',n') in A ®s P.

By Lemma 2.1 there exist a natural number r and elements di,---,d, €
Alv (m27n2)7 Tty (mmn'r') ESP7 T1,Y1, "y Try Yr € S such that

big1(a,) = dizy,

diy1 = daza, z1(m, n) = y1(ma, n2),

dry, = ¢iq+1,l(a;q+1)a xr(mra nr) = yr(m/’ TL/).

Acting o on left column equations and since a = ay,(a;,) = i, (aj,) and
a =y, (a; )= aidi,(a; ) we have

a = a(dy)xy,

a;(di)yr = ay(da)x, x1(m,n) = y1(ma,na),

ay(d )y, = d, r(Mmp,ny) =y (m',n').

Now we have proved that a ® (m,n) =d ® (m’,n’) in Ag ®gP. O
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Definition 2.5 ([ [6]]). An act Ag is called equalizer flat if the functor Ag®g—
preserves equalizers.

Now we will prove that every directed colimit of a direct system of equalizer
flat S-acts is equalizer flat.

Lemma 2.6 ([ [¢], Lemma 1.1 and Corollary 1.2]). Let

l fl
X Y
fa

E

be a commutative diagram in S-Act. Then this diagram is an equalizer if and
only if E is isomorphic to the S-act E = {z € X|fi(z) = fa(z)}, where
l(z) ==.

Proposition 2.7. Let S be a monoid. Every directed colimit of a direct system
of equalizer flat S-acts is equalizer flat.

Proof. Let (A, ¢;;) be a direct system of S-acts and S-morphisms with a
directed index set and with directed colimit (A, «;). If every A; is equalizer
flat, we will prove that A is equalizer flat. Let the pair (F,l) be an equalizer
in the following diagram

1 fl
EFE——X Y
f2
Since every equalizer flat S-act is flat, then by Lemma 2.4 and [ [7], Proposition

4] Ag is flat and we have the following diagram

1401 1a®f1
AQF ——= A® X ARQY
1a®f2

and 14 ® [ is a monomorphism. By definition, the equalizer of 14 ® f; and
1a®f2is B/ = {a®x € A®X|(14®f1)(a®x) = (14® f2)(a®x),a € A,x € X}.
By the definition of an equalizer, it is clear that A ® F C E’, we only need to
prove that B/ C A® E. Suppose a € A,z € X such that a ® x € E’. Since
a® f1(z) =a® fo(x) in A®Y. By Lemma 2.1 there exist a natural number n

and elements a1, ,a, € As, Y2, ,Yn €sY, S1,t1, * , Sn, tn € .S such that
a=asy,
aity = azsz, s1f1(z) = tiye,

ant, = a, SnYn = tnf2(x)'
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Denote a by ap and a’ by a,11, then there exist a;j € A;, with a; =
a;, (agj),j =0,1,--- ,n. Hence we have

i (aj,) = ag, (ag, s1),

iy (ag, t1) = iy (af, 52), s1fi(z) = tiys,
a5, (a’{intn) = Oy, (a;0)7 SnYn = tan(x)
Since I is directed, by Lemma 2.2 we can always find some [ > i1,42, - , iy,

such that

bigi(as,) = @iy i(aj,)s1,
by (a5, )t = diy(ai,)s2, sifi(z) = tiye,

bia(ay Jtn = diga(aj,), SnlYn = tnfa(T).

This means that ¢;,(a} ) ® fi(x) = ¢iyi(a;,) @ fo(xr) in Ay @Y. Since 4 is
equalizer flat, the equalizer of 14, ® f1 and 14, ® f2 is A;® F and ¢i0,l(a§0)®x €
A QFE. Thenzxe Fanda®r € AR E. O

Remark 2.8. In [ [3,7]], except equalizer flatness, by systematically varying
the requirements on ¢ and the types of pullbacks considered, the author obtains
all of the known flatness conditions in figure 1. For example, let Ag be a right
S-act, they prove:

(1)As satisfies condition (P) if and only if the corresponding ¢ is surjective for
every pullback diagram P(M, N, {, g, Q).

(2)Ag is strongly flat if and only if the corresponding ¢ is bijective for every
pullback diagram P(M, N, {, g, Q).

(8)S-act Ag satisfies condition (PWP) if and only if the corresponding ¢ is
surjective for every pullback diagram P(Ss, Ss, f, f, S), where s € S.

In the following Theorem 2.9, if we say that a right S-act A has flatness
property, it means A has one of the properties in the Figure 1. If we say a class
of S-acts having a flatness property, it means every object of the class has one
of the flatness property.

Now we can prove the main result of this paper.

Theorem 2.9. Every class of S-acts having a flatness property is closed under
directed colimits.

Proof. By Lemma 2.3, Lemma 2.4, Proposition 2.7 and Remark 2.8, the result
is clear. ]
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Remark 2.10. By Theorem 1.1 and Theorem 2.9, when we investigate the
flatness covers of S-acts, we only need to consider their precovers. Furthermore,
these results imply that if an S-act A has a flatness precover, then A has a
flatness cover.

Corollary 2.11 ([ [10], Proposition 5.2]). Let S be a monoid. Every directed
colimit of a direct system of strongly flat acts is strongly flat.

Corollary 2.12 ([ [1], Proposition 2.9]). Let S be a monoid. Every directed
colimit of a direct system of acts that satisfy condition (P), satisfy condition

(P).
Let T# be the class of torsion free S-acts, then we also have

Corollary 2.13 ([ [2], Lemma 5.3]). Tr is closed under directed colimits
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