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ABSTRACT. A toroidalization of a dominant morphism ¢ : X — Y of
algebraic varieties over a field of characteristic zero is a toroidal lifting of ¢
obtained by performing sequences of blow ups of nonsingular subvarieties
above X and Y. We give a proof of toroidalization of locally toroidal
morphisms of 3-folds.
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1. Introduction

The problem of toroidalization is to obtain, for a dominant morphism ¢ :
X — Y of varieties over an algebraically closed field € of characteristic zero, a
morphism ¢ : X — Y such that there exists a commutative diagram

X4>Y

3| |~

XﬁY

where A\: X = X and 7: Y — Y are sequences of monoidal transforms, i.e.,
blow ups with nonsingular centers, X and Y are nonsingular, and there eX1st
sunple normal crossing (SNC) divisors Dy and Dg = @*(Dy)rea OD Y and
X respectively, such that ¢ is toroidal with respect to D and Dy, i. e, P is
locally given by monomials in appropriate étale local parameters on X with
respect to D g and Dg. The toroidal morphism ¢ is called a toroidalization of
®.

The precise definitions of toroidal varieties and their morphisms are in [17],
and more recently, in [, Definition 4.3]. In the case of a nonsingular variety
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Toroidalization of locally toroidal morphisms of 3-folds 372

X, the choice of a SNC divisor on X makes it into a toroidal variety — see [7],
or Section 2 of this paper for definition of SNC divisor.

The idea of toroidalization, which is fundamental in studying the structure
of birational morphisms, is first proposed in [I, Problem 6.2.1 |. This problem
does not have a positive answer in positive characteristic p > 0, even for maps
of curves, for instance, y = P + 2P+ [7].

The existence of toroidalization has been proven completely when Y is a
curve, or when X and Y are of dimension < 3. When Y is a curve, toroidal-
ization follows from embedded resolution of hypersurface singularities [16], or
from any of the simplified proofs including [3, 4, 14].

In the case when X and Y are surfaces, several proofs of toroidalization have
been constructed — see, for instance, Corollary 6.2.3 [1], or [13], which includes
the case when only tame ramification occurs in positive characteristic.

In [6], and with a simpler proof in [9], toroidalization has been solved for
morphisms from 3-folds to surfaces by S. D. Cutkosky, where he introduced
the concept of strongly prepared morphism. Toroidalization of a strongly pre-
pared morphism from an n-fold to a surface has also been proven by Cutkosky
and Kascheyeva in [11]. In [8], Cutkosky proves toroidalization for dominant
morphisms of 3-folds.

Toroidalization, locally along a fixed valuation, has been proven in all di-
mensions by Cutkosky in [5]. This led up to the notion of locally toroidal
morphism.

Suppose that ¢ : X — Y is a dominant morphism of nonsingular varieties
over an algebraically closed field of characteristic zero. Let J be a finite set.
The morphism ¢ is locally toroidal if there exist open covers {U;};cs of X and
{Vi}jes of Y, and SNC divisors D; on U; and E; on V; such that for all j € J,
Y = <P|Uj : Uj — Vj’ @;(Ej)red = D]‘, (Yol Uj \ Dj — V] \ Ej is SIIIOOth7
and ¢; : U; — Vj is toroidal with respect to E; and D;. We will say that ¢ is
locally toroidal with respect to £ = {U;, D;,V;, E;}; if these conditions hold
— also, see Definition 1.3 [15].

Patching problems for locally toroidal morphisms which are local resolutions
of singularities along a valuation appear in [19] and [18].

The following question of existence of toroidalization for locally toroidal
morphisms, proposed by S. D. Cutkosky, has been considered by Hanumanthu
in [15] where he provided a positive answer to the question in the case of a
locally toroidal morphism from an n-fold to a surface.

Question 1.1. [Cutkosky, Question 1.4 [15]] Suppose that ¢ : X — Y is a morphism
of nonsingular varieties which is locally toroidal with respect to £ = {Uj, D;, V;, E; } ;.
Does there exist a commutative diagram



373 Ahmadian

such that A : X 3 Xand7m:Y —Y are sequences of monoidal transforms,
X and Y are nonsingular, and there exist SNC divisors Eand D = %) (E)rcd
onY and X respectively, such that ¢ is toroidal with respect to E and D?

In this paper, we prove toroidalization for locally toroidal morphisms of
3-folds.

Theorem 1.2 (Main Theorem). Suppose ¢ : X — Y is a morphism of non-
singular 3-folds which is locally toroidal with respect to L = {U;,D;,V;, E;};.
Then there exists a commutative diagram

such that A : X Xandn:Y =Y are sequences of monoidal transforms, X
and Y are nonsingular, and there exist SNC divisors E and D = @ (E)red on
Y and X respectively, such that ¢ is toroidal with respect to E and D.

This theorem is proven in subsection 4.2. It is expected that the methods
of this paper can be extended to give a positive answer to Question 1.1.

2. Notations, Definitions, and Main Ideas

Throughout this paper, ¢ is an algebraically closed field of characteristic
zero. A variety is a quasi projective variety over . A curve, surface or 3-fold
is a variety of respective dimension 1, 2 or 3. If D = Y d;D; is an effective
divisor with d; € Zso and D; prime divisors, then (>_d;D;)req := Y. D;.

An effective divisor D on a nonsingular variety X is simple normal crossing
(SNC) if at each p € X there exist regular parameters (z1,...,2,) in Ox,, and
natural numbers aq, ..., a, such that Zp , = z7* - - - 2% Ox , where Ip C Ox
is the ideal sheaf of D.

2.1. Locally Toroidal Morphisms of 3-folds. In this subsection, we provide
a necessary and sufficient condition for a morphism of 3-folds to be locally
toroidal using the list of toroidal forms for a dominant morphism of 3-folds ([]
pages 21-22).

Definition 2.1 ([8] page 19). Suppose that V is a nonsingular three dimen-
sional variety over an algebraically closed field of characteristic zero and F' is
a reduced SNC divisor on V. Suppose that ¢ € V is a closed point. ¢ is called
an n-point for F if ¢ lies in exactly n irreducible components of F'. We have
that 0 < n < 3. We say that u,v,w are (formal) permissible parameters at ¢
(for F) if u, v, w are regular parameters in Oy, and

1) w =0 is a (formal) local equation of F if ¢ is a 1-point,
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2) uv =0 is a (formal) local equation of F at ¢ if ¢ is a 2-point and
3) wvw = 0 is a (formal) local equation of F' at ¢ if ¢ is a 3-point.

We say that permissible parameters u, v, w are algebraic permissible param-
eters if u,v,w € Ox 4.

Proposition 2.2 ([3] pages 21-22). Suppose that p : X =Y is a morphism of
nonsingular 3-folds and {U;};,{V;}; are open covers of X and Y respectively
and Dj is a SNC divisor on Uj;, E; is a SNC divisor on V; such that for all
j€J, i Ui =V, ¢5(Ej)ea = Dj and U; \ Dj — V; \ Ej is smooth.

Then ¢ : X =Y is locally toroidal with respect to L = {U;,D;,V;,E;}; if
and only if the following condition holds for all j € J and p € D;.

Let ¢ = ¢(p) = ¢;(p) € E;. Then there exist (algebraic) permissible param-
eters u,v,w at q for E; and (formal) permissible parameters x,y,z at p for D;
such that one of the following forms holds:

T1) p is a 3-point of D; and q is a 3-point of E;,
J J

uw=z%%’2¢ v=alyd, w=ay"s,

where a,b,c,d, e, f,g,h,i € N and

a b ¢
det | d e f | #O0.
g h 1

(T2) p is a 2-point of D; and q is a 3-point of Ej,
u=2%" v=a%° w=a1%"(z+a),

with 0 # o € € and a,b,d, e, f,g,h € N satisfy ae —bd # 0 and (g, h) #
(0,0).
(T3) pis a I-point of D; and q is a 3-point of Ej,
u=2z" v=a%(y+a), w=21(z+p),

with 0 # o, 0# B € t and a,d,g > 0.
(T4) pis a 2-point of D; and q is a 2-point of Ej,

with ae — bd # 0.
(T5) pis a I-point of D; and q is a 2-point of Ej,
u=2x" v=ay+a), w=2z
with 0 # « € ¥ and a,d > 0.
(T6) p is a I-point of D; and q is a 1-point of Ej,

u=z% v=y, w=z,

with a > 0. O
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2.2. Embedded Resolution of Surface Singularities and Its Properties.
In order to have a SNC divisor (a toroidal structure) on Y containing all Ej,
we construct the reduced divisor Ey = (3 je JEj)red on Y where E; is the

Zariski closure of E; in Y. However E is not necessarily SNC and we need to
apply the algorithm of embedded resolution of surface singularities. Theorem
2.4 below, follows from this algorithm and its proof, starting with the resolution
datum R = (0,0, Ey,Y) (Theorem 5.19 [7]).

Due to the fact that all centers in the algorithm are permissible (Definition
5.21 [7]), we establish further properties of the centers (conclusions 1), 2) of
Theorem 2.4) which are basic to the procedure for proving our main result.

Definition 2.3. Suppose that D is a SNC divisor on a nonsingular variety
X, Z is a nonsingular subvariety of X, and p € X. We say that Z makes
SNCs with D at p if there exist regular parameters x1,...,xq at p, 7 > 0 and
my,...,mq > 0such that 27" 25" - - 2))'"" = 0 is a local equation of D at p and
x1 = -+ =z, = 0 are local equations of Z at p. (If p ¢ Z then take r = 0 and
if p ¢ D then take m; = 0 for all 7).

Theorem 2.4. Suppose that Y is a nonsingular projective three dimensional
variety over an algebraically closed field of characteristic zero. Let J be a
finite set. Suppose that {V;}jes is an open cover of Y and E; for j € J
are reduced SNC' divisors on V;. Let E; be the Zariski closure of E; in'Y,
and let Ey = (ZjeJEj)red' Then there exists a proper birational morphism
7:Y =Y such that Y is nonsingular, W*(Eo)red is a SNC divisor on'Y , and
7w has a factorization

Y=Y, 3Y, - =Y 3y .- BYy=Y

such that each ; is the blowup of a nonsingular center Z;_1 C Y;_1 which is
either a point or a curve. Let Il; = myo---om : Y; =Y. Forj € J, let
Vig = 7N (Vy), mig = (milvi,) = Vig = Viewg, Wiy = (Wilv,,) = Vig = Vj,
Ei; =117 (Ej)rea and E; ; be the Zariski closure of E; j in Y;.
Let E; = (ZjeJEiJ)YCd’ a divisor on Y;. We further have that
1) E;j is a SNC divisor on V; ; for alli,j, and Z; N\ V;; makes SNCs with
E;; on Vij for alli,j. (Although possibly Z; N E;; # 0 but Z; \'Vi; ¢
Ey).
2) Ez g H:(E())red for all 1.

The remainder of this subsection is devoted to the proof of Theorem 2.4.
At the end, we will provide all possible local equations of a nonsingular curve
C C Y such that for all j € J, CNV; makes SNCs with E; (Remark-Definition
2.8).

Example 2.5. This example shows that the inclusion of 2) of the conclusions
of Theorem 2.4 will not in general be an equality. Let Y be a nonsingular
3-fold. Suppose that S C Y is a singular surface and Z is the singular locus of
S.
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Let {Vi1 =Y \ Z,V, = Y} which is clearly an open cover of Y and consider
the SNC divisors By = S\ Z on V4 and E = 0 on Va. Then Ey = S. Embedded
resolution of singularities 77, : Y7 — Y of S has an exceptional locus F' which
appears in WT(E()). However, Vi1 NF =0 and E1 32 =0 on V2. So, F is not
contained in E1,1 + E172.

Lemma 2.6. Suppose that A is the strict transform on Y; of an irreducible
component of Eo. If Zy N A # 0 then Z; C A.

Proof. Let D be the strict transform of Ey on Y;. Let r be the maximum
multiplicity of points of D on Y;. Since Z; is permissible for the resolution
algorithm, Z; C D and D has order r at all points of D. Let By,..., B, be
the irreducible components of D containing Z; and let A,C1,...,Cs be the
irreducible components of D which contain ¢ but do not contain Z;. Let @ be
the generic point of Z;. Then the multiplicity satisfies

ro= (D) =vg(A) + 3 vg(C) + X ve(Bi)
> > ve(Bi)
> Y vg(B;) by upper semicontinuity of multiplicity (Appendix A.19 [7])
= voD)=r
giving a contradiction. (|

Lemma 2.7. Suppose that X is a nonsingular variety and D = A+ B is a
SNC divisor on X where A and B have no irreducible components in common.
Suppose that Z is a nonsingular subvariety of X such that Z makes SNCs with
A and if C is an irreducible component of B then either Z C C or ZNC = .
Then Z makes SNC's with D.

Proof. Suppose that ¢ € ZN Supp(D). Let R =0Ox 4 and P =7z 4. Let m be
the maximal ideal of R and let m’ be the maximal ideal of R/P = Og,. We
have a short exact sequence of L = R/m vector spaces

0— P/PNm?= (P +m?)/m?> - m/m? - m'/(m')? — 0.

Let z; = 0 for 1 <t < r be local equations at ¢ of the irreducible components
of A which contain ¢ and let x; = 0 for r +1 < t < s be local equations at
q of the irreducible components of B which contain ¢. Since A + B is a SNC
divisor,

(2.1) the classes Ty,...,Ts of x1,..., 7, in m/m? are linearly independent.
After possibly reindexing the x;, we may assume that xy,...,z. ¢ P and
ZTet1,---,Z, € P. By assumption, we have that x,y1,...,2s € P. Since
A makes SNCs with Z, x1,...,x, can be extended to a regular system of
parameters

Letlseo s Try Yty ooy Yagsy L1ye oo 3 Tey 1y -+ -5 R
of R such that {ZTo11,...,7,} is a basis of P+ m?/m? and {Zc11,...,%p} is a

basis of m/m?2. In particular,
(2.2) Span(Zy,...,Z.) N (P +m?)/m?* = {0}.
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By (2.1), Teq1,. .., Zs are linearly independent, so they can be extended to
a basis {Tci1,...,Ts,01,...,04} of (P +m?)/m?. By (2.2),

fﬁ,l,...,fS,le..,Od,fl,...,Tc
are linearly independent in m/m?, so we can extend them to a basis
{ECJrl,...,fs,al,...7Jd,fl,...,56,7'1,...,7'6}
of m/m2. Let ui,...,uq € P be such that the class of u; in P/P Nm? =

(P+m?)/m?is 0; for 1 <i < d and let vy,...,v. €m be such that v; = 7; for
1 < i <e. Then (by definition)

(2.3) TodlyenvsLgyUlynveyUdy Ly vy Loy Vlye- s Ve

is a regular system of parameters in R. Let I be the ideal
I=(Teq1,- oy Tsyuny. ., Ug).

We have that

(2.4) s—c+d=dimR—dimR/I

by Proposition A.4 [2]. Let n be the maximal ideal of R/I. From the exact
sequence

0— (I+m?)/m?> - m/m?> = n/n®> =0
of L-vector spaces, we see that

dimn/n?> = dimm/m? — dim(I + m?)/m?
= dimm/m? — (s — c+d)
= dimm/m? — (dim R — dim R/I) by (2.4)
— dimR/I

since R is a regular local ring. Thus R/I is a regular local ring; in particular,
I is a prime ideal. Since I and P have the same height, I = P. Thus by (2.3),
7 makes SNCs with D = A+ B at q. a

Now we give the proof of Theorem 2.4.

Proof of Theorem 2.4. We first prove 1). We will establish 1) by induction on
i that Fj;; is a SNC divisor on V;; and Z; N'V;; makes SNCs with E; ; at
all points of Z; N'V; ;. Since E;q ; will be a SNC divisor if Z; N'V; ; makes
SNCs with Fj; j, we may assume by induction that E; ; is a SNC divisor. Let
Z = Z; NV, ;. We must show that Z makes SNCs with F; ;. We decompose
E;; = A+ B where B is the strict transform of E; on V; to V;; and A is
the sum of exceptional components of II; ;. Since Z; is permissible for the
resolution datum of the algorithm, Z; makes SNCs with A. By Lemmas 2.6
and 2.7, we conclude that Z makes SNCs with E; ;.

And clearly, 2) follows since Z; C II? (EO)red for all ¢, as Z; is a permissible
center for the algorithm (Definition 5.21 [7]). O



Toroidalization of locally toroidal morphisms of 3-folds 378

Remark—Definition 2.8. Suppose that ¢ : X — Y is a morphism of non-
singular 3-folds, which is locally toroidal with respect to £ = {U;, D;,V;, E;};
and C C Y is a nonsingular curve such that for all j € J, C'NV; makes SNCs
with E;. If ¢ € E; N C for some j, then there exist algebraic permissible
parameters u, v, w at ¢ for E; such that one of the following holds.

1) g is a 3-point of E; (which has local equation wvw = 0 at ¢) and
u = v = 0 are local equations of C' at ¢ and, C is called a 2T-curve
for E; at gq.

2) qis a 2-point of E; (which has local equation uv =0 at ¢) and u = v =0
are local equations of C at g and, C' is called a 2-curve for E; at q.

3) ¢ is a 2-point of E; (which has local equation uv = 0 at ¢) and u =
w = 0 are local equations of C at g and, C'is called a 1*-curve for E;
at q.

4) qis a 1-point of E; (which has local equationu =0 at ¢) andu=v =0
are local equations of C at g and, C' is called a 1-curve for E; at q.

5) g¢isa l-point of E; (which has local equation u = 0 at ¢) and v = w =0
are local equations of C' at ¢ and, C'is called a 0"-curve for E; at g.

If g € (CNV;)\ Ej, ie., qis a 0-point for Ej}, there exist regular parameters
u, v, w at ¢ such that v = v = 0 are local equations of C at g and C is called a
O-curve for F; at q.

2.3. Extended Strategy for the Proof. Suppose that ¢ : X — Y is alocally
toroidal morphism of nonsingular 3-folds with respect to £ = {U;, D;,V;,E;};
and m : Y7 — Y is the blow up of a permissible center Z C Y satisfying the
conclusions 1), 2) of the Theorem 2.4. Then we will obtain

—1 7
T 0P, -
Ve

7
X ——Y.
©

The locus of indeterminant points of the rational map 7, ' o is the set W (X)
defined in Definition 2.9 below. Due to the toroidal forms of Proposition 2.2,
we will describe Wz (X) explicitly in Proposition 2.10.

To resolve the indeterminancy of the rational map X --» Y7, we will provide
a careful algorithm for principalization of monomial ideals in Definition 2.11
so that the resulting morphism, after resolution of indeterminancy, is again
locally toroidal. We must be very careful about how we principalize, as most
resolutions of indeterminancy will not have this property — see Example 2.14.

Definition 2.9. Suppose that ¢ : X — Y is a dominant morphism of nonsin-
gular varieties and Z C Y is a nonsingular subvariety. Define

Wz(X) = {p € X | Zz0x pis not invertible}

where Zz is the ideal sheaf of Z in Oy-.
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Suppose that X is a 3-fold. We will say that W (X) is SNC if the reduced
ideal sheaf Zyy, (x) has the property that for every close point p € Wz(X), there
are regular parameters x,¥, z in Ox , such that one of the following forms hold:

(N D Tw,(x)p = (93 y) ( ) (¥, 2),
(N.3) IWZ<X> p= (m )

(N.4) = (2,9, 2).

Proposition 2.10. Suppose that ¢ : X — Y is a morphism of nonsingular 3-
folds which is locally toroidal with respect to L ={U;,D;,V;,E;};. Let Z CY

be a point q or a nonsingular curve C such that for all j € J, C' NV; makes
SNCs with E;. Then Wz(X) is SNC.

Proof. First, suppose that Z is a point ¢ € Y and Z, is the ideal sheaf of ¢ in
Oy . Since X is nonsingular we have the factorization Z,0x = JK where J is
an invertible ideal sheaf and dim Oy /K < dim X — 1 (Lemma 15.8 [10]). Then
VK =TIy, (x) and Supp(Ox /K) = W,(X).

Let p € W,(X) which is obviously contained in ¢~!(q). Suppose that p € U;
for some j € J.

If ¢ ¢ E;, then ¢ is smooth at p since ¢ is locally toroidal. So there exist
regular parameters z,y, z in Ox ), and regular parameters u, v, w in Oy,4 such
that v =z, v =y and w = z. Thus

Z,0xp = (u,v,w)O0x p = (z,y,2) = K,

and Ty, (x),p = \/IC>p = (x,y,2). So, (N.4) holds for p.

If ¢ € E; for some j € J, then p must lie in D; C U; and, since ¢; : U; = V;
is toroidal with respect to E; and D;, by Proposition 2.2, one of the toroidal
forms (T1) through (T6) holds.

Suppose that (T1) holds for ¢ € E; and p € W,(X) C ¢~ 1(¢q) C Dy, then
there exist algebraic permissible parameters u,v,w at ¢ for E; and (formal)
permissible parameters z,y, z at p for D; such that p is a 3-point of D; with
local equation zyz = 0, ¢ is a 3-point for F; with local equation uvw = 0, and

u = xaybzc
v =y

w = z9y"s*,

a b ¢
where a,b,c,d,e, f,g,h,ie Nanddet | d e f | #0.
g h 1

In addition, D; is a SNC divisor on U; and there exist regular parameters
z,¥, 7z in Ox j such that gz = 0 is a local equation of D;. So there exists unit
series 0y, 0y,0, € @X’p such that, after possibly interchanging the variables,
T =0,T, y =0,y and z = 0, 2Z.
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Set 6, = 026%6¢, 5, =6

zYyYz

466! and 6, = 696167, Then we have
u = 0,7y’z"
v = 5,2z
w = 6,TIY" 2.

In fact, 6, , and d,, are units in Ox , since, for instance,

U ~
0y = Faghze € QF(Oxp)NOxp=0x,
by Lemma 2.1 [5]. So, & = &, 'u, v = §; v and w = J,; w are regular algebraic

permissible parameters at ¢ and we have
7,0x p = (4,9,w)Ox , = (z%5°z°, 2%5°z 295" 7).
Let d; = min{a,d, g}, dy = min{b,e, h} and d, = min{c, f, i}, then
Z,0x,p = (3% g z9)C,.

Since Z,0x,p is a monomial ideal, so are ) and Zyy, (x)p = \/IC7P. Therefore,
Tw,(x),p must be one of the ideals in (N.1) through (N.4). Geometrically, there
exists an affine neighborhood U, of p such that U, N W,(X) is a finite union
of coordinate subspaces, i.e., vector subspaces of ¥ defined by setting some
subset of variables Z, §, Z equal to zero (page 440, Proposition 1. [12]).

The proof is similar when one of the forms (T2) through (T6) holds, also
when Z is a nonsingular curve C' C Y such that, for all j € J, C NV, makes
SNCs with Ej. O

Definition 2.11. Suppose that ¢ : X — Y is a morphism of nonsingular
3-folds, which is locally toroidal with respect to £ = {U;,D;,V;,E;};. Let
Z C Y be a point or a nonsingular curve C' such that for all j € J, CNV;
makes SNCs with E;. A principalization sequence of Z is a sequence

o X 2 X = X A X o X A X
such that each \; : X; — X;_1 is the blow up of a nonsingular curve or point
in Wz(X,_1) satisfying the following conditions.
1) Wz(X;) is SNC for all i.
2) Since X is nonsingular, we have a factorization Z;Ox = JZp where
Tz is the ideal sheaf of Z in Oy, J is an invertible ideal sheaf and
dimOx/Zy < dim X — 1 (Lemma 15.8 [10]). Thus Supp(Ox/Zy) =
Wz(X). Let Z; be the weak transform of Zy (page 65 [7]), so that
Supp(Ox /Z;) = Wz(X;). Let

ri = max{v,(Z;) | p € X;}
where v,(Z;) is the order of (Z;), in Ox, ,, (Definition A.17 [7]). Then

for all i, Z; is an irreducible component of maximal dimension of

MazWz(X;) ={p e Xi | vp(L;) = r;i}.
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Example 2.14 shows that we have to be careful in our construction of a
principalization of an ideal sheaf in order to obtain a locally toroidal morphism.
This is the reason for the condition 2) in the statement of Definition 2.11.

Definition 2.12. The composition of a principalization sequence and a toroidal
form is called a quasi-toroidal form.

In Section 3, we will apply this algorithm to resolve the indeterminancy of
the rational map 77{1 op : X --+ Y] considering Z to be different types of points
(Definition 2.1) and different types of permissible curves (Remark—Definition
2.8). Meanwhile we will provide a thorough list of quasi-toroidal forms. We
will see that any principalization sequence A of Z which is actually a resolution
of indeterminancy of X --+ Y7 is finite.

Then we will prove, in Section 4, that the induced morphism ¢, : X; — Y3
which gives the commutative diagram

XlL)Yl

| I
X — Y
o]
is locally toroidal with respect to the modified local toroidal structure.
Iterative use of this process results in Theorem 2.13 below, which is proven

in subsection 4.2. Finally, in the proof of our main result Theorem 1.2, we
will prove that ¢ constructed in Theorem 2.13 is actually our desired toroidal
morphism.

Theorem 2.13. Suppose that ¢ : X — Y is a morphism of nonsingular 3-
folds which is locally toroidal with respect to L = {U;,D;,V;,E;};. Let E;
be the Zariski closure of E; in'Y, and let Ey = (ZJGJE Jred- Then there
exist proper birational morphzsms 7:Y > Y and A : X — X such that Y
and X are nonsingular, m (Eo)rcd is a SNC divisor on' Y and, @ : X Y
is locally toroidal with respect to L= {UJ,DJ7 Vj, E;} s where U; = A~Y(U;),
V; = n V), Dj = ()\|Uj) (Dj)rea and E; = (7T|Vj) (Ej)red. Furthermore,
there exists a commutative diagram

An A1

(LT) X=X, X, e X, X
¢=¢nl ¢nll i‘bl lﬁa
Y =Y, ——=Yo S Vi ——=Y

such that each m; is the blow up of a nonsingular center Z; 1 C Y;_1 which is
either a point or a curve, and each X\; is a principalization sequence of Z;_1
with WZi,l(Xi) = (D

Letll; =mo--rom:Y; >Y and A, =X \1o---0)\; : X; > X. ForjeJ,
l@t Vvi’j = H;l(‘/}), Hi,j = ( Vi,j) . V;;’j — V}', Ei,j = H;‘k,j(Ej)redy and let

%
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Uij = AN U;), Ay = (Ailv,,) = Uiy = Uj, Dijj = A] j(Dj)rea- We further
have that, for all i, 7,

1) D, ; is a SNC divisor on U; ; and E; ; is a SNC divisor on 'V, ;.
2) (,ZSZ : Xz — Y; 8 locally toroidal w.r.t. ,Cl = {Ui,iji,javvi,iji,j}J-

Example 2.14. This example shows that if ¢ : X — Y is locally toroidal
and Z C Y is a nonsingular curve such that C' N V; makes SNCs with E; for
all j, then most sequences of blow ups of points and nonsingular curves which
principalize Z;Ox will not lead to a resolution of indeterminacy ¢, : X1 — Y
(where Y7 is the blow up of Z) such that ¢; is locally toroidal. This is why
we need the restriction 2) of Definition 2.11. For our example, we consider the
following germ of a locally toroidal map ¢ : X — Y.

Suppose that C' is a 2-curve at the point ¢ € Y which is a 2-point of Ej.
So, there exist algebraic permissible parameters u,v,w at ¢ for E; such that
uv = 0 is a local equation of E; at ¢ and u = v = 0 are local equations of C' at
q. We consider p € ¢~1(g) to be a 2-point of D; and that there exist (formal)
permissible parameters z,y, z at p such that zy = 0 is a local equation of D;
at p and

u=2z%y, v=ay?, w=z

Suppose that 7 : Y7 — Y is the blow up of C, and we want to resolve the
indeterminancy. We note that

(u,0)Ox , = (z2y, 2y°) = (xy)(z, y?).

So, We(X) NUj contains the curve # = y = 0. Now, the point p which has
local equations = y = z = 0 makes SNCs with W (X). If we blow it up to
get A1 : X1 — X, we also have that D1 ; = (A1]y,)*(Dj)rea is a SNC divisor
on Uj.

Consider the point p; € Al_l(p) which has regular parameters x1,y1, 21 de-
fined by

r =T, Yy=7T1Y1, 2 = T121-

Then Dy ; has the local equation x1y; = 0 at p1, so x1,y1,21 are permissible
parameters at p;. Substituting into w, v, w, we obtain

_ .3 _ 4,3 —
U =Y, V=2T1Y], W= T2

Thus the rational map ¢ ; : Uy ; --» V4 is a morphism at pq, and ¢1 = ¢1,;(p1)
has regular parameters u; = u, v1 = ¢, wy = w. These are permissible
parameters at g, for Ey ; = (7]y;)"(Ej)rea and ujv; = 0 is a local equation of
Ey ; at g1. However, local equations of ¢; ; at p; are

3 2
Uy = Y1, V1 = T1Y;, W1 = X121

which is not toroidal with respect to Dy ; and Ej ;.
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3. Principalization

This Section is devoted to proving that any principalization sequence (Defi-
nition 2.11) of a permissible center Z in the resolution algorithm is finite. That
is Theorem 3.3 and the proof is based on a detailed analysis of the principal-
ization sequences of all types of permissible centers.

Suppose that ¢ : X — Y is a locally toroidal morphism of nonsingular
3-folds with respect to £ = {U;,D;,V;, E;};. Let

(P) o Xy A X o = X 2 X e X 2L X

be a principalization sequence of a point ¢ € Y or a nonsingular curve C' C Y
such that C' N V; makes SNCs with E; for all j € J, and let A; = Aj0--- A

3.1. Analysis of Principalization Sequences of Points. In the following
Lemma, we study the sequence (P) for all possibilities of a center that is a
point ¢ € Y (Definition 2.1).

Lemma 3.1. Suppose j € J and q € V;. There exist algebraic permissible
parameters u,v,w at q for E; such that for alli, if p € (po ;)" (q)NA;(U;),
then
I D;; = (Ai|lu;)*(Dj)rea is a SNC divisor in a neighborhood of p, and there
exist formal permissible parameters x,y,z at p for D; ; such that
(i) If ¢ is a 3-point for Ej, and uvw = 0 is a local equation of E; at g,
one of the following forms holds at p.
(qt1) p is a S-point for D, ;, xyz = 0 is a local equation of D; ; at p and

(T1) holds.

(qt2) p is a 2-point for D; ;, xy = 0 is a local equation of D; ; at p and
(T2) holds.

(qt3) p is a 1-point for D; ;, x = 0 is a local equation of D; ; at p and
(T8) holds.

(i) If ¢ is a 2-point for E;, and uv = 0 is a local equation of E; at q, one
of the following forms holds at p.
(qtq) p is a 2-point and xy = 0 is a local equation of D; ; at p, and
w=z% v=aly w= xgyh(z +a)
with ae — bd # 0, g < min{a,d}, h < min{b, e}, and a € L.
(qt5) p is a 3-point and xyz = 0 is a local equation of D; ; at p, and
u=a%’2¢, v=aly w=a9y"s

where g = min{a,d, g}, h = min{b, e, h} and i = min{c, f,i}, and

a b ¢
det | d e f | #0.
g h i

(qt6) p is a I-point and x =0 is a local equation of D; ; at p, and
uw=2x% v=a%y+a), w=2a29z+p)
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with a,d >0, o, € ¢, « # 0 and g < min{a,d}.
(qt7) p is a 2-point and xz = 0 is a local equation of D; ; at p, and

u=x% v=a%y+a), w=a929""

with a,d >0, 0# a €t and g+ 1 < min{a,d}.
(iii) If ¢ is @ 1-point for E;, and u = 0 is a local equation of E; at q, one
of the following forms holds at p.
(qt8) p is a I-point and x =0 is a local equation of D; ; at p, and

u=2z% v= x“/(y +a), w= x“/(z +0)
where a,a’ € N satisfy a >0 and a’ < a, and o, 3 € L.
(qt9) p is a 2-point and xy = 0 is a local equation of D; ; at p, and
=z v=a"y" !, w=a"y" (2 +a)
with « € € and a,a’ € N satisfy a >0 and o’ +1 < a.
(qtro) p is a 2-point and xz = 0 is a local equation of D; ; at p, and

’ ’ ’ ’
u:xczza7 v =% yza+17 w = % Za+1

where a,a’ € N satisfy a >0 and a’ +1 < a.
(iv) If ¢ is a 0-point for E;, i.e., ¢ € V; \ E;, one of the following forms
holds at p.
(qt11) p is a O-point for D; ;, and u = z,v =y, w = 2.
(qt12) p is a 0-point for D; ;, and
u=2xz,v=a(y+a),w=2x(z+ P) with o, B € L.
(qt13) p is a O-point for D; ;, and
u=uzy,v=y,w=1y(z+a) with a € .
(qtrq) p is a O-point for D; ;, and uw = xz,v = yz,w = 2.
II. W,(X;) is SNC for all i. Precisely, if p € Wq(X;), then there exist (for-
mal) permissible parameters x,y,z at p for D; ; such that one of the following

possibilities holds. The weak transform of Zy defined by 2) of Definition 2.11
on X; is denoted by T; which satisfies /I; = Ty, (x,)-

(qtr.np) We are in the case (qt1) and qu(Xi),P is one of the ideals (N.1) through
(N.4). A

(qtz.np) We are in the case (qtz) and Ly, (x,),p = (T,Y)-

(qtg.np) We are in the case (qt4) with equations

u=2%" v=a%° w=a%y"z
where ae — bd # 0, and
g < min{a,d} or h < min{b,e} or (a —d)(b —e) < 0.
Then I; satisfies

Iz',p _ (xmin{a—!Ld—g}7 Z)m(xmax{a—g,d—g}’ymax{b—h,e—h}7 Z)r—](ymim{b—h,e—h}7 Z)
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In particular, if g = min{a, d}, h = min{b, e},

ji . (xmax{a—g,d—g}’ ymauc{b—h,e—h}7 Z)
Hence j:Wq(Xi),p is one of the ideals (N.2), (N.3) or (N.4).
(qt6.np) We are in the case (qt6) with equations

u=2z% v=a%(y+a), w=2a%2

where 0 # a € ¢ and g < min{a,d}. In addition, qu(Xi),p = (z,2).
(qt8.up) We are in the case (qt8) with equations

’ ’
/
u=z% v=x%y, w=2%2 and d’ < a.

Further, Z; satisfies fz-,p = (gca_a/hy7 z) witha—a' > 0. Thus iWq(Xi),p =
(x,y,2). A A
(qtrrnp) We are in the case (qt11), and Z; satisfies I; , = (x,y,2) = Lw,(x,).p-

Proof. By Proposition 2.2 and Proposition 2.10, X satisfies the conclusions of
the lemma. If we prove conclusion I, then, by an argument similar to that
of Proposition 2.10, we will obtain conclusion II. So, it remains to show that
conclusion I holds. Inductively, we assume that the conclusions hold for A;_;
and we prove them for A;.

Suppose that p € (po ;)" (q)NA;HU;) = A7 ((pohi—1) M (@) NA (U;))
and let T;_1 C W,(X;_1) be the center of A;.

We can assume that p € )\gl(TZ—,l) since A; is an isomorphism out of the
center, i.e., at points p € X; \ \; /(T;_1). Let p = \i(p) € Ti_1.

By the induction hypothesis, there exist formal permissible parameters Z, , Z
at p for D;_1 ; such that one of the cases (qti.np) through (qtr1.np) of the
conclusion IT of the lemma holds. All of the cases are similar. We will work
out in detail the case when (qt4.np) holds for p (so ¢ € V; is a 2-point for Ej,
P is a 2-point for D;_, ;, and we are in the case (qt4)).

Suppose that (qtg4.np) holds for p, then, by the induction hypothesis, the
weak transform Z;_1 of Zy on X;_; satisfies

jifl = (i,min{a—g,d—g}7 z)m(i,max{a—g,d—g}7 grnax{b—h,e—h}7 E)H(QInin{b_h’e_h}7 2)
where ae — bd # 0, and

g < min{a,d} or h < min{b,e} or (a —d)(b—e) < 0.
We note that fi_l,ﬁ has order r;_1 = 1 at p. The center T;_; is the point p
if and only if min{a — g,d — g} = min{b — h,e — h} = 0, and then Z;_, ; =
(n’cmax{“_g’d_g}7ymax{b—h’e_h},i). In this case, T = § = z = 0 are clearly

formal local equations of T;_1 at p. Hence there exist permissible parameters
x,y,z at p € )\;1(}5) for D; ; such that one of the following equations holds.

(pb1) T=x,g=z(y+a),z=2(2+08), a,8 € tor,

(pb2) I=xy,g=vy,z=y(z+a), a € tor,

8

(pb3) T =

8

2, Y =Yz, 2 = 2.
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However, if g < min{a,d}, i.e., min{a — g,d — g} > 0, r;,_1 is 1 at all points
of the curve with local equations Z = z = 0 at p, or if min{b—h,e—h} > 0, this
order is 1 at all points of the curve which has local equations § = Z = 0 at p.
Since T;_1 is an irreducible component of maximal dimension of MaxW,(X;_1)
due to condition 2) of Definition 2.11, and W, (X;_1) is SNC, if g < min{a, d} or
h < min{b, e}, we have that T;_ is a curve and either =2z =0,or § =2 =10
are formal local equations of T;_; at p.

After possibly permuting Z,y, we can assume that ¢ < min{a,d} and z =
zZ = 0 are local equations of T;_1 at p. Thus there exist permissible parameters
z,y,z at p e A, L(p) for D; ; such that one of the following equations holds.

(cb3) I=x,j=y,z2=xz(2+a), a €tor,

(cbg) T=xz,§=y,z =z

|

Since T;—1 makes SNCs with D;_; ;, we have that D, ; = (\;
is a SNC divisor.

Suppose that T;_; is a point. This case only happen if min{a—g,d—g} =0
and min{b — h,e — h} = 0, so that g = min{a,d} and h = min{b,e}. In this
case, since (qt4.np) holds for p, we must have (a — d)(b — e) < 0. Then, after
possibly interchanging Z and g (as §Z = g = 0 is a local equation of D;_; ; at
P), we must have ¢ = a = min{a,d}, h = e = min{b,e}, g < d and h < b and
S0

Ui, ; )*(Difl,j)red

(3.1) g+h+1<min{a+b,d+e}.

(gt4.np.1) Suppose that (pb1) holds with « = § = 0. Then p is a 2-point of
D; ; with local equation zy = 0, and

l,a+byb

_ Id+eye

w = I

u =
v

y'z

a+b b a b
det< die e)det( d e>7£0.
So, we are in the case (qt4) since (3.1) holds. (Similarly, if (pb1) holds with
a=0,84#0or, (pb2) holds, we are in the case (qt4)).
(qtg.np.2) If (pb1) holds with o # 0,8 = 0, then 22(y + o) = 0 is a local
equation of divisor whose support is D; ; and this implies that z = 0 is a local
equation of D; ; and p is a 1-point of D; ;. In addition,

where

u=2""(y + )’
v ="y + a)°

w = xg+h+1(y + a)hz
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where a + b,d + e > 0 since ae — bd # 0. Hence

a+b 0 _
det<g+h+1 1)—a—i—b>0

and so, there exist (unique) v1,v2 € Q such that

- (ot ()= (h):

Then we can set

T=ay+a)”
Z=z(y+ a)”?
& = ¢ n(d+e)

j=(y+ a)e—’v1(d+e) —a

which satisfy

87@ 373 37€ oM 0 0
% % % =| 0 (e—m(d+e))asmld+e—1 g
E % & 0 0 a2

ox 8y Oz (07070)
=(e—y(d+ e))a71+'yz+ef'n(d+e)fl 40

since @ # 0 and e — vy (d + €) # 0. (Otherwise, if e — vy, (d + €) = 0, due to the
first equation in (3.2), we have that

a+b b Y1 (0
d+e e -1/ \0
which contradicts ae — bd # 0).

So, we obtain permissible parameters Z, 7y, Z at p for D; ; such that £ =0 is
a local equation of D; ; at p and

u = iﬂr‘rb

v = 3G+ a)
w = g9tz
with a + b,d + e > 0 since ae — bd # 0, & # 0 since a # 0 and, g+ h + 1 <
min{a + b,d + e} due to (3.1). So, we are in the case (qt6).
(qt4.np.3) If (pb1) holds and both «, 3 are nonzero, then x3(y+a)(z+8) = 0
is a local equation of a divisor whose support is D; ; which implies that x = 0
is a local equation of D; ; at p and p is a 1-point of D; ;. Further,
u =2y + a)?
o= 2™ (y + )

w =2 (y + )" (2 + B)
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where a + b,d + e > 0 since ae — bd # 0. So, we can set

T = :c(era)%er

& = o~ (aE)drere _ o el
j=(y+0) —a

F=a G athtDThg _  C220=2

(ah—bg)—b

= (y+a) T (54 6) - 5

which satisfy

o8 0F 0 2
% n g Lo .
Yy Jdy Y _ ae—bd et —1
zonog| |0 Gwmlel O
9z 2z 0z ah—bg—by  *h=ba=b ah—bg—
oz 0y 0z (0,00 0 ( = Yo aFb B o a+b
ae —bd, ae—bdtah—bg_
= ( I

a+b

since o # 0 and ae — bd # 0.
Therefore, we obtain permissible parameters Z, 4, Z at p for D; ; such that
Z = 0 is a local equation of D; ; at p and

u =zt

v=7z"(g+a)

w = ingthl(g + B)
with a +b,d+ e > 0 since ae — bd # 0, d,B;éOsince a,f#£0and, g+h+1<
min{a + b,d + e} due to (3.1). So, we are in the case (qt6).

(qtg.np.4) If (pb3) holds, then p is a 3-point of D; ; with local equation
xyz = 0 and,

u:xaybza-&-b
U:mdyezd+e
w = gIyh9thHl
where
a b a+b a b 0
det | d e d+e =det| d e 0 | =ae—bd#0,
g h g+h+1 g h 1

g < min{a,d} and h < min{b, e} since (qt4.np) holds for p, and g + h + 1 <
min{a + b,d + e} due to (3.1). So, we are in the case (qt5).

Now, suppose that T;_; is the curve with local equations £ =z =0 at p (so
that ¢ < min{a,d}). Then one of the equations (cb3), or (cbs) holds.
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(qt4.np.5) Suppose that (cb3) holds, then p is a 2-point of D; ; with local
equation zy = 0 and,

u = 2%°
v = x%y°
w =29y (2 + )

where ae — bd # 0, g + 1 < min{a,d} since g < min{a,d}, h < min{b, e} and
a € £. So, we are in the case (qt4).

(qt4.np.6) If (cbg) holds, then p is a 3-point of D;; with local equation
zyz = 0 and,

uw= iraybza
v = xdyezd
w = xgyhzg+1

where g < min{a,d}, h < min{b, e}, and g+ 1 < min{a, d} since g < min{a, d}.
So, we are in the case (qt5).

Therefore, in the case when (qt4.np) holds for p, and similarly, in other cases,
the conclusion I of the lemma holds for all 4. In all the cases, we have that
W,(X;) is SNC, by an argument similar to that of Proposition 2.10. O

3.2. Analysis of Principalization Sequences of Curves. In the following
Lemma, we study the sequence (P) for all possibilities of a permissible center
that is a nonsingular curve C C Y — see Remark—Definition 2.8.

Lemma 3.2. Suppose that j € J and ¢ € CNV;. There exist algebraic
permissible parameters u,v,w at q for E; such that for all i, if p lies in (¢ o
A)~Hg) N AT (U), then

I. D;j = (Ailu;)*(Dj)rea is a SNC divisor in a neighborhood of p, and there
exist formal permissible parameters x,y,z at p for D;; such that

(i) If ¢ is a S-point for E; and uwvw = 0 is a local equation of E; at q, and
C is a 2" -curve for E; at q such that w = v = 0 are local equations
of C at q, then one of the quasi-toroidal forms (qt1), (qt2) or (qt3) of
Lemma 3.1 holds at p.

(ii) If q is a 2-point for E; and uv = 0 is a local equation of E; at q, and
C is a 2-curve for E; at q such that u = v = 0 are local equations of C
at q, then one of the following forms holds at p.

(qt1s) p is a 2-point and xy = 0 is a local equation of D; ; at p and (T4)
holds.
(qt16) p is a I-point and x = 0 is a local equation of D; ; at p and (T5)
holds.
(iii) If q is a 2-point for E; and uwv =0 is a local equation of E; at q, and
C is a 1T -curve for E; at q such that w =w = 0 are local equations of
C at q, then one of the following forms holds at p.
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(qtr7) p is a 2-point and xy = 0 is a local equation of D; ; at p, and
u=2%" v=a%° w=2%"(z+a)

with ae —bd # 0 and g < a,h < b and, a € L.
(qt18) p is a 3-point and xyz = 0 is a local equation of D; ; at p, and

u=ax%z¢, v =2yt w=aIyhs
a b c
where g < a, h<bandi<canddet| d e f | #O0.
g h 1

(qtr9) p is a I-point and x = 0 is a local equation of D; ; at p, and
u=2z% v=2a%y+a), w=2a2z+p)

where a,d >0, o, €€, a#0 and g < a.
(qt20) p is a 2-point and xz = 0 is a local equation of D; ; at p, and

u=2z%2% v=a%(y+a), w=a929"

with a,d >0,0#actand g+ 1< a.
(iv) If q is a 1-point for E; and w =0 is a local equation of E; at q, and C
is a 1-curve for E; at q such that w = v = 0 are local equations of C
at q, then one of the following forms holds at p.
(qt21) p is a I-point and x = 0 is a local equation of D; ; at p, and

u=a% v=a"(y+a), w=z

where a,a’ € N satisfy a >0 and a’ < a, and « € L.
(qt22) p is a 2-point and xy = 0 is a local equation of D; ; at p, and

’

!
u:xaya’ v :xa ya —+1

, W=z
where a,a’ € N satisfy a >0 and a’ +1 < a.
(v) If q is a 1-point for E; and uw =0 is a local equation of E; at q, and C
is a 0T -curve for E; at q such that v =w =0 are local equations of C
at q, then one of the following forms holds at p.
(qt23) p is a I-point for D, ;, x = 0 is a local equation of D; ; at p and
(T6) holds.
(qtz4) p is a 1-point for D; j, x =0 is a local equation of D; ; at p and,

u=z"v=y,w=y(z+ o) witha >0 and o € .
(qt25) p is a 1-point for D; j, x =0 is a local equation of D; ; at p and,
u=2x%v=yz,w=z with a > 0.

(vi) If q is a O-point for Ej, i.e., ¢ € (CNV;)\ Ej, and C is a 0-curve for
E; at q such that w=v = 0 are local equations of C' at q, then (qt11)
or one of the following forms holds at p.
(qt26) p is a O-point for D; ; and u = z,v = z(y + a),w = z with a € L.
(qtz7) p is a O-point for D; ; and u = zy,v =y, w = 2.
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II. W (X;) is SNC for alli. Precisely, if p € We(X;), then there exist (formal)
permissible parameters x,y,z at p (for D; ;) such that one of the following
possibilities holds. The weak transform of Zy defined by 2) of Definition 2.11
on X; is denoted by I; which satisfies \/I; = Tweo(x,)-

(qtr.cnp) We are in the case (a.1) with (a —d)(b—e) <0 or, (a—d)(c— f) <0
or, (b—e)(c— f) < 0. Further, at most two of these three conditions
can hold and, after possibly permuting the parameters x,y,z, we can
assume (a —d)(b—e) <0 and (a —d)(c— f) <0. Then I; satisfies

T, = (xla=dl ylo=elle=fly = (gla=dl ylb=ely q (gla=dl le=fl),
(qtz.cnp) We are in the case (a.2) with (a — d)(b—e) < 0, and I; satisfies

L p = (alomdl ylo=el),
(qtr5.np) We are in the case (b.1) with equations

uw=z%" v=a%’ w=2

where (a —d)(b— ) < 0. Further, T; satisfies T; , = (w12~ ylb=el).

(qtr7.np) We are in the case (c.1) with equations
u=2%" v=a%° w=a%y"z
where g < a or h < b and, ae —bd # 0. So, I; satisfies
Tip=(a""9,2) N (4", 2)

witha—g>0o0rb—h>0.

(qtr9.np) We are in the case (c.3) with equations
u=2z% v=a%(y+a), w=2a%2

where a,d >0, 0 # a € £, g < a, and Z; satisfies i’i,p = (%79, 2z) with

a—g>0.
(qtz1.np) We are in the case (d.1) with equations

u=x°, U:J;a,y, w=2z

and o/ < a. In addition, T; satisfies T; , = (=%, y) with a —a’ > 0.
(qt23.np) We are in the case (e.1), and I; satisfies Z; , = (y, 2).
(qti1.cnp) We are in the case (f.1), and T; satisfies L, , = (x,y).

Proof. The proof is completely similar to that of Lemma 3.1. By Proposition
2.2, after changing the parameters w, v, w, if necessary, X satisfies the conclu-
sion I of the lemma. Conclusion II also holds for X by Proposition 2.10. If we
prove conclusion I, then, by an argument similar to that of Proposition 2.10,
we will obtain conclusion II. So, it remains to show that conclusion I holds.
Inductively, we assume that the conclusions hold for A;_; and we prove them
for A;.

Suppose that p € (po ;)" () NA;H(U;) = A\ ((po A1) (@) NA (U;))
and let T;_; C We(X;_1) be the center of A;.

We can assume that p € A;l(Ti,l) since A; is an isomorphism out of the
center, i.e., at points p € X;\ )\Zl(Ti,l). Let p = \i(p) € T;—1. By the
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induction hypothesis, there exist formal permissible parameters z, ¥, zZ at p for
D;_1 ; such that one of the cases (qt1.cnp) through (qti1.cnp) of conclusion II
of the lemma holds. All of the cases are similar. We will work out in detail
the case when (qt23.np) holds for p (so ¢ € C'NV; is a 1-point for Ej, C is
a 0T-curve for E; at ¢, and p is a 1-point for D;_; ;, and we are in the case
(qt23)).

Suppose that (qtz3.np) holds for p, then, by the induction hypothesis, the
weak transform Z;_; of Zy on X;_1 satisfies 7:'1-,14—, = (g, 2).

We note that Z-_Lﬁ has order 1 at p as well as all points of the curve that has
local equations § = Z = 0 at p. Since T;_; must be an irreducible component
of maximal dimension of MaxW¢(X;_1) due to condition 2) of Definition 2.11,
we have that T;_1 is a curve and § = Z = 0 are local equations of T;_; at p.
Thus there exist permissible parameters x,y, z for D; j at p € A, 1(13) such that
one of the following equations hold.

(cbs) I=x,j=y,Z2=y(z+a), a € tor,

(cb6) T=x,=yz2z==z

In addition, since T;_; makes SNCs with D;_;;, we have that D;; =
(Milo; ;)" (Di—1,5)rea is a SNC divisor.

By substituting (cb5) and (cb6) in (qtz3.np), we obtain (qtz4) and (qtzs5)
respectively, and in both cases = 0 is a local equation of D; ; at p.

Therefore, in the case when (qtz23.np) holds for p, and similarly, in other
cases, the conclusion I of the lemma holds for all 7. In all the cases, we have
that We(X;) is SNC, by an argument similar to that of Proposition 2.10. O

3.3. Principalization Sequences Are Finite. In this subsection we prove
the following theorem, that is, any principalization sequence is finite.

Theorem 3.3. Suppose that ¢ : X — Y is a morphism of nonsingular 3-folds,
which is locally toroidal with respect to L ={U;,D;,V;,E;};. Let Z CY be a
point or a nonsingular curve C such that C'N'V; makes SNCs with E; for all
j € J. Then any principalization sequence of Z, obtained by successive blow
ups of centers satisfying the conditions of Definition 2.11, will terminate after
a finite number n = 0 of blow ups with Wz(X,,) = 0.

Proof. We will show that any principalization sequence must terminate with
Wz(X,) = 0 after some finite number n of iterations.

Suppose that the algorithm of Definition 2.11 does not end in a finite number
of steps with Wz (X,,) = 0. Then the algorithm produces an infinite sequence

An A
= X, S X == X B X,

and there exist > 0, a positive integer ng and p, € X,, for n > ng such that
for all n > ng, Apt1(Pr+1) = pn and v, (Z,,) = r by Lemma 6.4 [7] where Z,,
is the weak transform of Zy on X,, and vZ, = Zw,(x,), and Zy is defined by
2) of Definition 2.11.
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Let R; = @Xnoﬂ,pnoﬂ and J; = (Zngti)pn, 4 i for i > 0. We have that
v, (J;) = r for all i. Without loss of generality, we may reindex the R; so that
R; # R;41 for all i and we have an induced sequence

(33) Ry—>Ry >Ry —---.

We can show that this leads to a contradiction, by considering how the quasi
toroidal forms of ¢ o A; transform under blowups. All of the cases are similar.
We will work out in detail the most involved case which is when ¢ o A, has
the quasi toroidal form (qt1) of the conclusions of Lemma 3.1 at p,, (so the
center Z is a point ¢ € V). We assume that this is the case, and we will derive
a contradiction.

There are regular parameters xg, yo, 2o in Ry such that

_ a, b.c d e f .9 h_i
Z,Ro = (20Y0%0> 0Y020 » ToYo 20)-

Let d, = min{a,d, g}, dy, = min{b,e, h} and d. = min{c, f,i}. Then

]. ! bl ! dl 7 ’ ’ hl -/
J0: do_dy dZIqROZ(IS Yo ZSVIO yS Z(J)c7xg Yo Zé)
Zo Yo %o
where ¢/ =a—d,, 0 =b—d,,d =c—d,,d =d—d,, ¢ =e—d,, [ =f—d.,
g =g—dg, W =h—d, and i = i—d,. After permuting z& 5 z5 and 2 yg 2]

and xg/yél,zg, we may assume that
r=vpg,(Jo) =ord(zd gl z{) =a' + b + > 1.
So, after permuting xq, yo, 29, we can assume that ¢/ > 0. Hence
arfl

g Oyl 025 !
Thus H = V(z) C Spec(Rp) is a nonsingular hypersurface such that Zy = (zo)
is contained in A""1(.Jy) (Definition 6.1 [7]). By Lemma 6.21 [7], H satisfies the
conditions of Definition 6.7 [7] and zo = 0 is a formal hypersurface of maximal

contact for Sing(Jy,r). So each R; has regular parameters x;,y;, z; such that
one of the following equations holds.

28yl 28 = d' W — 1)1z € AT (o).

(3.4) Ti = Tig1,Yi = Tip1(Yip1 + Qig1), 20 = Tig12i41, Qiyq € Eor,

(3.5) Ti = Tit1Yit+1, Yi = Yit1, Zi = Yit12i41

if T; is the point p;,

(3.6) Ti = Tit+1,Yi = Yit1, Zi = Ti412i41

if T; is the curve with the formal local equations z; = z; = 0 at p; and
(3.7) Ti = Tit+1,Yi = Yi+1, Zi = Yi+12i4+1

if T; is the curve with the formal local equations y; = z; = 0 at p;.
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Let S; = R;/# R; so that S; has regular parameters z;, y;, and (3.3) induces

an infinite sequence
So—= ST =5 — .
Let Ky = C(Jy) be the coefficient ideal of Jy on H (Definition 6.22 [7]) and
inductively define
1
Ki+1 = ﬁKiSH_l for ¢ > 0

where h = 0 is a local equation of the exceptional locus of Spec(S;11) —
Spec(S;). (If (3.4) or (3.6) holds, then h = x;11 and if (3.5) or (3.7) holds then
h=yii1).

By formula (6.17) [7], we have that

Sing (K, r!) = Sing(J;, r);

in particular, vg,(K;) > r! for all <. In addition, K; is a principal ideal for
i > 0 by Theorem 4.11 [7], so there exist ny and a;, b; such that K; = (xfyf)
for i > n1. We now establish the formula

(38) ait1 + bi—i—l <a;+b;

for 7 > ny which leads to contradiction.

First suppose that there are infinitely many ¢ such that ;41 is the blow up
of the point p;. For these i, S;11 — S; is a quadratic transform and we have
equations

Ti = Tig1,Yi = Tip1 (Yi1 + Qig1) OF T = Tit1Yit1,Yi = Yit1-
Note that by the algorithm (Definition 2.11), we only blow up the point p; if

V(Ri)(mi,zi)(Ji) < r and V(Ri)(yi,zi)(Ji) <r,

and the conditions V(Ri)(m_ﬁz_)(Ji) < r and Z/(Si)(z_)(Ki) < r! are equivalent by

formula (6.17) [7], also v(g,) Ji) <rand v, (K;) < r!are equivalent.

(yi:zi)( (yi)<
Thus if we blow up the point p;, then K; = (z}" yf") with a; = (s, (K;) <!

and b; = v/(s,),,., (K;) <rl Further, (3.4) or (3.5) holds. If (3.4) holds, then

Kipr = (@83 i1 + aip1)™), aipr € B

If ajy1 # 0, then K; 41 = (mﬁJ{bFT!) and we have a;11 = a; + b; — r! and
bi+1 = 0 and clearly (3.8) holds.

If a;41 = 0, we have a;11 = a; +b; — r! and b;11 = b;, and
A1 +bi+1 =a;+b;—rl+b = (G,l—i-bz) — (T!—bi) < a;+ b,
which establishes (3.8). If (3.5) holds, then the same argument shows that (3.8)
also holds.

Now, suppose that there are infinitely many ¢ such that A;;; is the blow
up of a curve containing p;. By the algorithm, we only blow up a curve if
V(Ri) (o, -y (Ji) =T OF V(R,) (Ji) = r (equivalently, a; = v(s,), , (K;) = r! or
bi = V(Sq‘,)(yi)(Ki) = ’l"')

(y;,24)
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If local equations of T; at p; are z; = z; = 0, so that (3.6) holds, then
I/(Ri)(zi,zi)(Ji) =r,and

Kip1 = (2737 "y000)
and (3.8) holds. A similar argument shows that if local equations of T; at p;
are y; = z; = 0, so that (3.7) holds, then (3.8) also holds.

But (3.8) is in contradiction to the assumption p; € Sing(K;,r!) for all i,
which implies that a; + b; > 7! for all . Therefore, Wz(X,,) = 0 after some
finite number n of iterations, in the case when ¢ o A, has quasi-toroidal form
(qt1) at pn,, and similarly in all the other cases. O

4. Toroidalization

In this Section, we first prove that principalization sequences obtained from
the algorithm of Definition 2.11 have the property that the resulting morphism,
after resolution of indeterminancy, is again locally toroidal with respect to the
modified local structure. Then, summing up all our arguments, we deduce
Theorem 2.13 and consequently prove our main result Theorem 1.2.

4.1. Local Toroidalization. Suppose that ¢ : X — Y is a locally toroidal
morphism of nonsingular 3-folds with respect to £ = {U;,D;,V;, E;}; and
m: Y, — Y is the blow up of Z C Y where Z is a point ¢ € V; or a nonsingular
curve C' such that C'N'V; makes SNCs with Ej, for all j € J. Let A: X; — X
be a principalization sequence of Z such that Wz(X;) = 0. For j € J, let
Ulyj = )\_1(Uj) and Vlﬁj = W_l(‘/j), and let Dl)j = ()\|U1,j)*(Dj)red and El,j =
(mlvy; )" (Ej)rea- Let ¢1,; be the morphism giving a commutative diagram

¢ ’.
Uy — Vi

)“Ul,yi l““’l,j

Uj —)V}
Pj

In this subsection we will verify that ¢q ; : Uy ; — Vi ; is toroidal with respect
to Dy and E4j, for all j € J. Consequently, we will prove the following
theorem.

Theorem 4.1. There ezists a sequence of blowups of nonsingular subvarieties
A X1 — X such that X is a resolution of indeterminancy of the rational map
X --+ Y7 and the induced morphism ¢1 : X1 — Y1 which gives the commutative
diagram

XlL)Yl

)\l lﬂ'
X —— Y
©
is locally toroidal w.r.t. Lx, ={U1;,D1,;, V1, E1;}7.

The remainder of this subsection is devoted to the proof of Theorem 4.1.
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Lemma 4.2. For all j € J, we have that Uy ; \ D1; — Vi ; \ E1; is smooth
and Dy ;, B are SNC divisors in Uy ; and Vi ; respectively.

Proof. First we note that F ; is a SNC divisor since E; is and Z N V; makes
SNCs with E;, and D, ; is a SNC divisor by Lemma 3.1 if Z is a point, and by
Lemma 3.2 in case Z is a curve. In addition, since 7 is the blow up of Z and
A is a principalization sequence of Z centered at Wz (X) C ¢~ 1(Z), we have
that

V17j\7'l'71(ZﬁVj) Vj\Zand,
Ui\ (poN)~H(ZNV;) Ui\ ¢~ (ZNV)).

Suppose that j € J. We now verify that Uy ; \ Dy; — Vi ; \ E1; is smooth.
Let py € U \ D, then g1 = ¢1,5(p1) € Vi; \ Er;. Hence ¢* = m(q1) =
©A(p1) € V; \ Ej and p* = A(p1) € ¢ '(¢*) C U; \ D; which implies that
U; — Vj is smooth above a neighborhood of ¢*.

Suppose that Z NV; C Ej, i.e., Z is a point in Ej, or it is a 2F-curve, a
2-curve, a 1"-curve or a l-curve for E;, or ZNV; = 0. So ¢* ¢ Z NV since
q* ¢ Ej, and then p* ¢ Lp;l(Z N V}) C .Dj. Thus Ul,j \Dl,j — Vl,j \ El,j is
smooth at p; due to the isomorphisms (4.1), and since U; \ D; — V; \ E; is
smooth at p*. In particular, if ZNV; =0, then U ; = U; and V; ; =V}, and
SO

(4.1)

111

Urj\D1; =Uj\D; = V;\ Ej = Vi ; \ By
is smooth.
Suppose that ZNV; € E;, i.e., Z is a point in V; \ Ej, or it is a 0T -curve,
or a O-curve for E;. Either ¢* ¢ ZNV; or ¢* € (ZNV;)\ Ej.
If ¢* ¢ ZNVj, then p* ¢ go{l(Zﬂ‘/}-) and Uy ;\ D1,; — Vi ; \ E1; is smooth
at p; due to the isomorphisms (4.1), and since U; \ D; — V; \ E; is smooth at

*

p*.
Suppose that ¢* € (ZNV;)\ E;. Since U; — V; is smooth in a neighborhood
of ¢* and dimU; = dimV; = 3, we have that Oy, o+ —+ Op, . Since \ is a
principalization sequence with W (X;) = 0, py is actually a point above p* in
the blow up of gpj_l(Z NV;), which is a finite number of points if Z is a point,

and it is a curve when Z is a curve. So, @Vl,j’lh = @Ul,j,pr Thus Uy ; — Vi 5
is smooth in a neighborhood of p;.
Therefore, Uy ; \ D1,; — V1,; \ E1,; is smooth. O

Lemma 4.3. Suppose that j € J and g € ZNE;. Then ¢1; : Uy ; — Vi is
toroidal at each point p1 € (pX)~(q) N Uy ; with respect to Ey ; and Dy ;.

Proof. Let p1 € (pA)"'(q) N Uy, then p1 € Dy and ¢1 = ¢1,;(p1) lies in
m1(q)NVi; C Eyj since ¢ € ZN E;. We will use the criteria of Proposition
2.2 to show that ¢, ; is toroidal at p;, by considering the quasi-toroidal form
of Y at py.

Since ¢ € Z N Ej, ¢\ has one of the quasi-toroidal forms of the conclusions
(i), (i), or (iil) of Lemma 3.1 if Z is a point, and when Z is a curve, it is one
of the quasi-toroidal forms of the conclusions (i) through (v) of Lemma 3.2.
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Further, the quasi-toroidal form that holds for ¢ at p; satisfies ZzOx, p, is
principal since Wz(X1) = (). All of the cases are similar. We will work out in
detail the case (qt4) of the conclusion (ii) of Lemma 3.1 (so the center Z = {q}
is a 2-point for Ej).

Suppose that ¢ is a 2-point for E;, and there exist algebraic permissible
parameters u,v,w at g for E;, and (formal) permissible parameters z,y, z at
p1 for Dy ; such that the quasi-toroidal form (qt4) holds for ¢ at p;. Then
zy = 0 is a local equation of Dy ; at p; and, after possibly permuting u, v, we
have the following possibilities for Z,Ox, ,, to be principal.

(qts.1)

(qt4.2)

min{a,d} = a = g and min{b,e} = b = h and Z,0x, ,, = (z°4*). So
there exist permissible parameters uy,vi,w; at ¢ € 7~ 1(q) for By
such that

U =1u1,v =uv,w = u1(w; + ) with a € ¢,

and ujv; = 0 is a local equation of F ; at ¢i, and

u =u= 2%’

v
’L)l:*:.’,td aye b

U

w
w=——o==z

u

where a(e — b) — (d — a)b # 0 since ae — bd # 0. So, toroidal form (T4)
holds.

(9,h) # (0,0), @ # 0 and Z,0x, ,, = (29" (2 + a)). So there exist
permissible parameters uy,vi,w; at ¢1 € 7 '(q) for Ey; such that
u=ujwy,v = viw,w = wy and uyviw; = 0 is a local equation of Ey ;
at ¢; and

u = — = Iy M (2 + )
w
v, = g 29y 4+ )7t
w
wy =w = 29y" (2 + a).
Since ae — bd # 0,
a—qg b—nh a b
rank | d—g e—h | = rank| d e =2
g h g h

and, after possibly permuting ui,v1, w1, we may assume det (2 : g z : Z)

is nonzero. So there exist v1,7v2 € Q such that

(oo ) (%)=(3)
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and we can set

Z=z(z+a)M
7= (e +a)
& = ot~ (gr+h2)

F=(z4 a)lf(gvﬁrhvz) —&

which satisfy

or 0x 0%

or oy 0: a0 0

% B I 0

z Y z

9z 9z 0% 0 0 (1—(g71+h72))a*(971+h72)

ox 8y Oz (070’0)
= (1 — (971 + h72))a71+72*(971+h72) 75 0

since & # 0 and 1 — (971 + hy2) # 0. (Otherwise, if (gy1 + hy2) = 1,
the equation (4.2) implies that

a b v\ _ (0
d e v )\ 0
and since ae — bd # 0, v = 72 = 0 which is in contradiction with the
fact that 1,7, are solutions to the equation (4.2).
Therefore, we obtain permissible parameters Z,4,Z at p; for Dy ;
such that g = 0 is a local equation of D, ; at p; and
up = i,a—ggb—h
vy = id—g?je—h
w, = 95" (2 + &)
where (a — g)(e—h) — (b—h)(d—g) # 0 and & # 0 since o # 0. Thus
toroidal form (T2) holds for p;.

Therefore, in the the case when the quasi-toroidal form (qt4) holds for pA
at pi1, and similarly in other cases, ¢1; : Ui ; — Vi ; is toroidal at p; €
(eA)"H(g) N Uy ; where ¢ € Z N E; with respect to Ey ; and Dy ;. O

We now give the proof of Theorem 4.1.

Proof of Theorem 4.1. We first construct, by Theorem 3.3, a principalization
sequence

An A
A Xy :Xl,n_>X1,n71 —>"'—>X1’1 —1>X():X
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of Z satisfying Wz (X1) = 0, so that the rational map X; --+ Y; is a morphism,
say ¢1, and we have a commutative diagram of morphisms

XlL)Y]_

:| |
X — Y.
%)

We want to show that ¢; : X1 — Y7 is locally toroidal with respect to Lx, =
{U1,,D1,;,V1 5, E1,j}. Suppose that j € J. We must show that ¢y ; : Uy ; —
V1, is toroidal with respect to the divisors E; ; and Dy ;.

By Lemma 4.2, E; ; and D; ; are SNC divisors and Uy ; \ D1 ; = Vi; \ E1;
is smooth. So, by Proposition 2.2, it just remains to verify that one of the
forms (T1) through (T6) holds for each py € D1 ; C Uy ; and 1 = ¢1,;(p1) lies
in El,j C Vvl’j'

since ; : U; — Vj is toroidal, and due to the isomorphisms (4.1) in the
proof of Lemma 4.2, we only need to show that ¢; ; is toroidal at each point
p1 € Dy j with ¢1,;(p1) = ¢1 € 7~ H(ZNV;) and therefore ¢ = w(q1) € Z N E}
since ¢; € Fy ;. This is accomplished by the proof of Lemma 4.3. g

4.2. Proof of the Main Theorem. This subsection is devoted to the proofs
of Theorem 2.13 and finally our main result Theorem 1.2.

Proof of Theorem 2.13. Since ¢ : X — Y is locally toroidal, it clearly satisfies
the conclusions of the theorem. Let

Y=Y, Y, 1= oY Y Y

be an embedded resolution of Ey C Y satisfying the conclusions of Theorem
2.4, where each ; is the blow up of a nonsingular center Z; 1 C Y;_; which is
either a point or a curve. Due to the conclusion 1) of Theorem 2.4, E; ; is a
SNC divisor on V; ; for all ¢, j, and Z; N'V; ; makes SNCs with E; ; on V; ; for
all 4, 5.

Assume that we have constructed the commutative diagram

A2 A1

X, . X, X, X
N Al
Y e Y, - Yy - Y

with ¢ < n+1, satisfying the conclusions of the theorem. Then we consider the
blowup 7; : Y; — Y;_1 of Z;_1 C Y;_1 in the resolution sequence. By Theorem
3.3, there exists a principalization sequence of Z; 4

Ai 0 Xy =Xig, = Xig—1 == Xin = X

with Wz, (X;) = 0, for some finite number k; € N. Further, D; ; = (Aily, ;)"
(Di—1,j)rea is a SNC divisor on U; ; = )\Tl(Ui_Lj) for all 7 by Lemma 3.1 in

(2
case Z;_1 is a point, and by Lemma 3.2 if Z; 1 is a curve.
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Therefore, we gain the morphism X; — Y;, say ¢;, and the commutative
diagram of morphisms

X, -2 vy

x| |

Xi1 —— Y

i—1
where ¢; : X; — Y] islocally toroidal with respect to Lx, = {Ui;, Di j, Vi,j, Fi,j }7
by Theorem 4.1.
In sum, iterative use of this process results in the diagram (L£7) which
satisfies the conclusions of the theorem. O

Now we give the proof of the Main Theorem.

Proof of Theorem 1.2. Due to Theorem 2.13, there exist proper birational mor-
phisms 7 : Y Y and A: X — X such that Y and X are nonsingular, and we
have the commutative diagram

X —Y

such that 3 : X — Y is locally toroidal with respect to L= {UJ,D]7 i E; i,
ie, ¢; = g0|U : U — V is toroidal with respect to l~) and E for all
j € J, where U; = A\=Y(U;), V; = n=(V}), D; = ()\|U) (Dj)rea and E;
(W\‘;}_) (Ej)rea- Further, E = 7*(Eo)red, which contains (Z]EJ Ej)red’ is a
SNC divisor on Y where E is the Zariski closure of E in Y. We will prove
that @ is in fact toroidal with respect to E and D = ¢*(E)eq which is a SNC
divisor on X as well.
We first verify that X \ D — Y \ E is smooth. Let p € X\ D, then q =
é(p) ¢ E, and hence ¢ ¢ E; for all j € J. So p ¢ 3*(F )mdfgoj(E Jred = D
for all j. Suppose that pe U for some j € J. The morphism ¢; is toroidal
w1th respect to D and E by the fact that ¢ is locally toroidal with respect to
={U;,D;,V;, E;};. So ¢ is smooth at p since ¢; is. Thus ¢ : X\D - Y\E
is smooth
Now suppose that p € D and q=¢(p) € E. We must show that there exist
(algebraic) permissible parameters u, v, w at g for E and (formal) permissible
parameters x,y, z at p for D such that one of the forms (T1) through (T6) in
Proposition 2.2 holds.
First, we note that there exist j € .J such that p € U;. Then ¢ € V; and we
will use the fact that 95|Uj =@;: f]j — f/j is toroidal with respect to Ej and
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D to prove that ¢ is also toroidal at p with respect to E and D. Meanwhile,

we show D is a SNC divisor on X.
If ¢ §é , then @; is smooth in a neighborhood of p, and so is ¢. Hence we

have (9 % (9 since dim X = dimY = 3. Thus D is a SNC divisor at P

since E is a SNC dlvisor (at ¢q). So we can assume that g € E

Suppose that ¢ = ¢(p) is a 1-point for E then it is a 1-point for E as
well, and E E are equal in a neighborhood of g. So D D are also equal in a
neighborhood of p. Hence D is a SNC divisor at p. In addition, by Proposition
2.2, there exist (algebraic) permissible parameters u, v, w at ¢ for E]‘ (hence for
E) and (formal) permissible parameters z,y, z at p for D; (so, for D) such that
u = 0 is a local equation of both FE E at ¢, x = 0 is a local equation of both
D], D at p and (T6) holds for p since 90] is toroidal with respect to E and D
Thus ¢ is toroidal at p with respect to E and D.

Suppose that ¢ is a 2- pomt for E then ¢ can be a 2-point or a 1-point for

. If ¢ is a 2-point for E;, we can argue exactly as before to see that D has
SNCS at p as Dj has, and p is either a 2-point or a 1-point for both Dj and D.
In addition, (T4) holds for p in case it is a 2-point, and (T5) holds for p in case
it is a 1-point since ¢; is toroidal with respect to Ej and Dj. So ¢ is toroidal
at p with respect to E and D.

Now suppose that ¢ is a 2-point for E, but it is a 1-point for Ej. By
Proposition 2.2, since ¢; is toroidal with respect to E and D], there exist
(algebraic) permissible parameters u, v, w at g for E; and (formal) permissible
parameters x,y, z at p for D such that v = 0 is a local equation of E at q,
x = 0 is a local equation of Dj at p and (T6) holds for p, i.e.,

u=z%v=y,w=z with a > 0.
We can change the parameters v, w to obtain new permissible parameters u, v, w
at ¢ for both E and F such that ud = 0 is a local equation of E at q and
u = 0 remains as a local equation of E] at q. By the formal inverse function

theorem, the expansions

= oju+ B1v + y1w + higher degree terms in u,v and w

0
(4.3) W = agu+ Bov + Yyow + higher degree terms in u, v and w

& ¢[[u, v, w]], with oy, B,y € €, satisfy

ou ot ow

v
u ? 7,% 1 a1 (65) ﬁ B

O0Adet| Zo G gy |=det| 0 A B det<71 W2>.
gu gL gu 0 71 7 b

SIS
X

In addition, Dj has SNCs at p and there exist algebraic permissible parameters
Z,Y,Zz in O)}p such that # = 0 is a local equation of D; at p and so, there

exists a unit §, € @X » such that ¢ = §,Z (Recall that x = 0 is also a local
equation of Dj at p).
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By substituting (T6) in (4.3), we have
U = a1z 4 1y + 12 + higher degree terms in x,y and z
W = asx® + Py + Y22z + higher degree terms in x,y and z

and
ox oz oz
0 v v ov ov ov _ 1
det d9x 9y Oz = det oz 0y 0Oz = B172 — 7152 mod m,,
ow  dw 0w ow  dw Ow
ox oy oz Ox oy Oz

is a unit in (9~ T Thus z,y = v,z = W are formal regular parameters at p.
Since z = 6,7 and 3,2 € Ox then we have that z, g, Z are regular parameters

in O T and a local equatlon for D at pis
0=uv =2z = 02z"y.
Since a > 0, zy = 0 is a local equation of D at p, showing that D is a SNC

divisor at p.
We have an expression

u=2x% =179, w=2%with det(0 (1)>:a>0.

So toroidal form (T4) holds for p and ¢ is toroidal with respect to E and D.

Suppose that ¢ is a 3-point for E, then ¢ can be a 3-point, a 2-point or a
1-point for E If ¢ is a 3-point for E;, then E E are equal in a neighborhood
of ¢ and D, D are also equal in a nelghborhood ofp Hence D is a SNC divisor
at p. In addltlon, ¢4 is toroidal with respect to E] and DJ and, by Proposition
2.2, there exist (algebraic) permissible parameters u, v, w at ¢ for Ej (hence for
E) and (formal) permissible parameters z,y, z at p for D; (so for D) such that
uvw = 0 is a local equation of both Ej,E at g and, either zyz = 0 is a local
equation of both Ej, D at p and (T1) holds for p, or zy = 0 is a local equation
of both Dj, D at p and (T2) holds for p, or x = 0 is a local equation of both
l:)j, D at p and (T3) holds for p. Thus ¢ is toroidal at p with respect to E and
D.

Suppose that ¢ is a 3-point for E, but it is a 2-point for Ej. Since ¢; is
toroidal with respect to E and DJ, by Proposition 2.2, there exist (algebraic)
permissible parameters u, v, w at ¢ for E and (formal) permlsblble parameters
x,y,z at p for D such that uv = 0 is a local equation of E at ¢ and one of
the toroidal forms (T4) or (T5) holds.

We can change the parameter w to obtain new permissible parameters u, v, w
at ¢ for both E and E such that wod = 0 is a local equation of E at q and

uv = 0 remains as a local equation of E] at ¢. By the formal inverse function
theorem, the expansion

w = au + fv 4+ yw + higher degree terms in u,v and w
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of W in Of/,q = ¢[[u, v, w]], with 04,677 € &, satisfies
i L0
Ofdet| S S G |=det| 01 5 )=y
dw ﬁ Bw 00 v

We first suppose that (T4) holds for permissible parameters u, v, w at ¢ for
Ej and, for permissible parameters x,y, z at p for f?j. So, xy = 0 is a local
equation of Dj at p and, u = 2% v = 2%° w = 2 with ae — bd # 0. In
addition, l~)j is a SNC divisor on Uj at p and there exist algebraic permissible
parameters T,%, Z in O)?,p such that zg = 0 is a local equation of Dj at p
and so, after possibly permuting x,y, there exist units d,d, € @Xm such that
z = 0,% and y = d,y. Then we have

W = az®y’ + Bxy® + vz + higher degree terms in z,y and z

and
o) 2 o)
det | $¢2 2¢ Y = det 0 1 0 =~ mod m
5 B b o0 o0 ow | 0z 00T
ox oy 0z Oz 9y 0z
is a unit in O~ . Thus z,y,Z = w are formal regular parameters at p. Since
=06, and y = 6yy and z € O , we have that Z,y, Z are regular parameters

in OXAP and a local equation for D at p is

a+d b+e~ 5a+d5b+e —a-+d -

0 =wvw = 2% gores.

Y

Now a+d >0 and b+ e > 0 since ae — bd # 0 and a,b,d,e > 0. So zyz =0 is
a local equation of D at p, showing that D is a SNC divisor at p. We have an
expression

u=ax%P v=a%° =2 with ae — bd # 0.
So these parameters and equations satisfy all the conditions of toroidal form
(T1) since

a b 0 a b
det| d e 0 :det(d )zae—bd;ﬁO.
00 1 ¢

Thus ¢ is toroidal at p with respect to E and D.

Now suppose that (T5) holds for permissible parameters u,v,w at q for E ;
and permissible parameters x,y, z at p for D So, x = 0 is a local equation of
Dj at p and, u = 2%,v = (y+o)w—zw1th07éaeéandad>0 In
addition, Dj is a SNC divisor on UJ at p and there exist algebraic permissible
parameters T, ¥, Z in Of,p such that £ = 0 is a local equation of Dj at p and

so, there exists a unit §, € @)} » such that x = §,Z. In this case, we have

W = azx® + Bz(y + o) + vz + higher degree terms in z,y and z
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and, the same as before,

5z L0 0 o
det | 52 22 32 | =det| 0O 1 0 = =~ mod m,,
b o% ow ow  Jw  Ow 0z
9z Oy 9z ox oy 0z
is a unit in (9~ . So, z,y,Z = w are formal regular parameters at p. Since

x = 9,7 and Z E 0% % We have that z, z are linearly independent in mp/m
Thus they extend to a regular system of parameters in O , say 7, 2,9, and

0 =wv = 2T (y + 0)2 = 69Tz (y + 0)2

is a local equation of l~2 at p. We note that a +d > 0 since a,d > 0, so, 2 =0
is a local equation of D at p, which shows that D is a SNC divisor at p.
We have an expression

u=2z% =2 v=2a%(y+0) with a,d >0, o #0,
and here xZ = 0 is a (formal) local equation of D at p. So these parameters
and equations satisfy all the condition of toroidal form (T2) since (d,0) # (0,0)

and
0
det(0 1>—a>0.

Thus ¢ is toroidal at p with respect to E and D.

Finally, suppose that ¢ is a 3-point for 1777 but it is a 1-point for E'j. By
Proposition 2.2, there exist (algebraic) permissible parameters u, v, w at ¢ for
E and (formal) perrmss1ble parameters z,y, z at p for D such that u =0 is a
local equation of Ej, x = 0 is a local equation of Dj at p and (T6) holds for p
since ¢; is toroidal w1th respect to E and D

We can change the parameters v,w to obtaln new permissible parameters
u, U, W at ¢q for both E and F such that ud® = 0 is a local equation of E at q
and u = 0 remains as a local equation of EJ at q.

Completely similar to the case when ¢ is a 2-point for E, but it is a 1-point
for Ej, we see that T,v,w are regular parameters in (’))?7107 where £ = 0 is an
algebraic local equation of DJ, such that zow = 0 is a local equation of D at
p since udw = 0 is a local equation of E at ¢ = o(p) and u = x* = 62z* for
some unit d, € OX and 0 < a € N. So D is a SNC divisor at p.

Also, x,v,w are permissible parameters at p for D such that 2w = 0 is a
local equation of D at p and toroidal form (T1) holds for these parameters at

p and u, v, w at ¢ for E since a > 0. Thus ¢ is toroidal at p with respect to E
and D.

Therefore, ¢ : X — Y is a toroidal morphism with respect to E7 D. O
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